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ABSTRACT

In high dimensional statistics, estimation and inference are often done by making use of the un-
derlying signal structures. We consider the cases of sparse, low rank and shape-restricted signal
structures for a variety of problems, and propose new approaches for estimating related quantities
and make valid inference. The methods we develop can be used in many real world applications
such as gene expression data analysis in genetics, portfolio management in finance and experimen-
tal A/B testing in industry.

Chapter 2 discusses selective inference for group sparse linear models. We develop tools to
construct confidence intervals and p-values for testing selected groups of variables in a linear
model with group sparsity. Chapter 3 studies one dimensional isotonic regression which is an
example of shape-restricted nonparametric regression. We characterize the contractive property of
the isotonic projection with respect to any norm and use this to analyze the convergence proper-
ties of isotonic regression. Chapter 4 considers variable ranking in high dimensional sparse linear
regression with rare and weak signals. We propose a two step approach to rank variables so that
signal variables tend to have higher rank than noise variables. Chapter 5 considers the problem of
decomposing a large covariance matrix into a low rank part plus a diagonally dominant part. We
propose several algorithms to perform such tasks and demonstrate its usefulness in estimating large
covariance matrices for high dimensional data. Chapter 6 discusses estimation and inference for
zero-inflated semi-continuous data. We propose several machine learning approaches to estimate

related quantities in both one sample setting and two group setting.



CHAPTER 1
INTRODUCTION

For high dimensional data, the signals we are trying to recover are often associated with certain
structures: either those signals do have certain characteristics by the nature of the problem, or we
are willing to assume such structures so that we could have sufficient information from data for ac-
curate estimation and inference. Examples of those structures are sparse structure for coefficients
in linear regression, (approximate) low rank structures for signal matrix in covariance matrix es-
timation, and shape-constrained structure for signal sequence in nonparametric regression. In this
thesis, we will cover a handful of scenarios where signals exhibit certain structures and we propose
new methods designed for specific problems.

In Chapter 2, we consider a high dimensional linear model with group sparsity and discuss
how to do inference for groups selected by certain algorithms. The groups of covariates are pre-
determined and the sparsity of coefficient is on group level. We consider three algorithms for
selecting signal groups: forward stepwise regression [1, 2], iterative hard thresholding [3] and
group lasso [4]. For those selected groups, we are willing to do inference on them and we have
to take a smart approach to correct for the fact that we have been using the same data twice. In
this regard, we develop a selective inference method following the methodology proposed in [5]
to produce valid p-values and construct conservative one-sided confidence intervals. These are
finite-sample results and the technical tools we develop can be applied to other potential selection
methods.

In Chapter 3, we look at isotonic regression which is an example of shape restricted nonpara-
metric regression. In this case, we observe noisy data where the underlying signal sequence x
satisfies a monotonicity constraint, that is, x lies in the isotonic cone {x € R" : x; < --- < xp)}.
We study the least squares estimator where the estimated signal is given by the isotonic projection
operator (projection to the isotonic cone) applied on observed data. We find a necessary and suf-
ficient condition characterizing all norms with respect to which this projection is contractive. We

then define a new norm called sliding window norm which we use to establish the convergence
1



properties of isotonic regression and to construct a data adaptive confidence bands for signal se-
quence. In particular, we establish convergence rates in [, norm for signals with bounded variation
and a uniformly bound for locally Lipschitz signals, where both rates match known results in the
literature. The tools we develop can be applied to study the Grenander estimator in shape restricted
density estimation problem as well.

In Chapter 4, we turn to variable ranking problem for high dimensional linear model. The
goal here is to rank the variables to maximize the area under ROC curve with respect to classifying
variables. We assume the Gram matrix of design is the sum of a low rank matrix plus a approximate
sparse matrix, and the coefficients are sparse and individually small, i.e. rare and weak. We propose
a two-step method called factor-adjusted covariate assisted ranking (FA-CAR) to rank variables.
In the FA-step, we use principal component analysis to reduce the linear model into a new one
where the Gram matrix is approximately sparse; in the CAR-step, we exploit the local covariate
structure to rank variables. Compared to marginal ranking, our approach is proved to overcome
the signal cancellation problem. FA-CAR can be extended to the generalized linear model case as
well, where the signal cancellation problem still exists for logistic regression in the random design
case.

In Chapter 5, we consider decomposing a large covariance matrix into the sum of a low rank
matrix and a diagonally dominant matrix, and we call this problem diagonally-dominant principal
component analysis (DD-PCA). We propose two ADMM algorithms and an iterative projection
algorithm for solving different versions of DD-PCA, and demonstrate the usefulness of this new
decomposition through two applications: large covariance matrix estimation and global null testing
problem. In the covariance matrix estimation problem, we combine DD-PCA with the idea of
POET [6] to create a new approach DD-POET, and demonstrate its strength in applications of
portfolio management and high dimensional linear discriminant analysis. In the global null testing
problem, we combine DD-PCA with the idea of Higher Criticism (HC) [7] to obtain DD-HC that
shows better performance than its competitors in numerical studies.

In Chapter 6, we focus on regression problem with zero-inflated semi-continuous responses.



There is few literature in this area and we try to lay out a general framework that enables the
use of advanced machine learning algorithms. We build a generative model for the observed data
and defines some new metrics of interest. We then propose several machine learning algorithms
for estimating related quantities and make some fair comparison. In particular, we discuss how
to estimate the conditional mean of the positive part of response in the one sample setting, and
the heterogeneous treatment effect on the positive part in the two sample setting where we have a
control group and a treatment group. Empirical studies show some interesting results and suggests

research directions for future investigation.

1.1 Summary

This thesis is intended to investigate statistical models with structured signals in different scenarios.
In Chapter 2, we focus on selective inference problem where the coefficients of the linear model is
group sparse. In Chapter 3, we work on isotonic regression where the signal sequence has certain
shape restrictions. Chapter 4 describes variable ranking problem where signals are rare and weak
and the Gram matrix is approximately low rank. In Chapter 5, we suppose a large covariance matrix
can be decomposed into a low rank part plus a diagonally dominant part. Chapter 6 discusses

regression with zero-inflated semi-continuous responses.

1.2 Notation

Throughout we will use the following notation. We will write &2 o for the projection to any closed
and convex set . C R", and e@ip for the projection to its orthogonal complement if .Z is a linear
subspace. Fory € R, dir ¢ (y) = ”g%y”z € £ NS" s the unit vector in the direction of & &y.
This direction is not defined if & ¢y = 0.

For positive sequences {an}; _; and {b,};"_,, we write a, = 0(bp), an = O(b,) and a, < by,
if limy—eo(an/bp) = 0, limsup,,_,..(an/by) < oo, max{a, — by,0} = o(1), respectively. Given

0 < g < oo, for any vector x, ||x||4 denotes the Ly-norm of x; when g = 2 it’s the Euclidean norm

3



and we will sometimes omit the subscript to write it as ||x||. For any m x n matrix A, ||Al|4 de-
. . A . . .
notes the matrix L,-norm of A, i.e. ||Al|; = max Om; when ¢ = 2, it coincides with the
1 a 70 il
the spectral norm, and we will generally omit the subscript to simply write it as ||A]|. ||A||F de-
notes the Frobenius norm and ||A||max denotes the entrywise max norm. When A is symmetric,
Amax (A) and Ajn;,(A) denote the maximum and minimum eigenvalues, respectively. For two sets
S C{1,2,....,m}and # C {1,2,...,n}, A7 denotes the submatrix of A formed by restricting
the rows and columns of A to sets .# and ¢ . For a vector x € R” and set .# C {1,2,...,p}, x7

denotes the sub-vector of x formed by restricting coordinates to set ..



CHAPTER 2
SELECTIVE INFERENCE FOR GROUP SPARSE LINEAR MODEL

Significant progress has been recently made on developing inference tools to complement the
feature selection methods that have been intensively studied in the past decade [8, 9, 5, 10]. The
goal of selective inference is to make accurate uncertainty assessments for the parameters estimated
using a feature selection algorithm, such as the lasso [11]. The fundamental challenge is that
after the data have been used to select a set of coefficients to be studied, this selection event
must then be accounted for when performing inference, using the same data. A specific goal of
selective inference is to provide p-values and confidence intervals for the fitted coefficients. As the
sparsity pattern is chosen using nonlinear estimators, the distribution of the estimated coefficients
is typically non-Gaussian and can have multiple modes, even under a standard Gaussian noise
model, making classical techniques unusable for accurate inference. It is of particular interest to
develop finite-sample, non-asymptotic results.

In this chapter, I we present new results for selective inference in the setting of group spar-
sity [4, 13, 14]. We consider the linear model Y = X3 + .47 (0, Gzln) where X € R"*P is a fixed
design matrix. In many applications, the p columns or features of X are naturally grouped into
blocks 47,...,%5 C {1,...,p}. In the high dimensional setting, the working assumption is that
only a few of the corresponding blocks of the coefficients B contain nonzero elements; that is,
ﬁcgg = 0 for most groups g. This group-sparse model can be viewed as an extension of the standard
sparse regression model. Algorithms for fitting this model, such as the group lasso [4], extend
well-studied methods for sparse linear regression to this grouped setting. We provide a tool for
constructing confidence intervals as well as p-values for testing selected groups. In contrast to the
(non-grouped) sparse regression setting, the confidence interval construction does not follow im-
mediately from the p-value calculation, and requires a careful analysis of non-centered multivariate

normal distributions.

1. The work presented in this chapter is published in Yang et al. [12].



2.1 Problem formulation

We focus on the linear model ¥ = XB + .4(0,621,), where X € R**? is fixed and 62 > 0 is
assumed to be known. More generally, our model is ¥ ~ .4 (u, GZIn) with 4 € R” unknown and
o2 known. For a given block of variables €, C [p], we write X, to denote the 1 X |€| submatrix of
X consisting of all features of this block. For a set . C [G] of blocks, X o consists of all features
that lie in any of the blocks in .%.

When we refer to “selective inference,” we are generally interested in the distribution of subsets
of parameters that have been chosen by some model selection procedure. After choosing a set of
groups . C [G], we would like to test whether the true mean u is correlated with a group X, for
each g € .77 after controlling for the remaining selected groups, i.e. after regressing out all the other

groups, indexed by .%\ g. Thus, the following question is central to selective inference:
Question, o : What is the magnitude of the projection of i onto the span of ny\ng? (2.1)

In particular, we are interested in a hypothesis test to determine if i is orthogonal to this span, that
is, whether block g should be removed from the model with group-sparse support determined by
; this is the question studied by Loftus and Taylor [5] for which they compute p-values. Alterna-
tively, we may be interested in a confidence interval on || &2 ¢ u|», where £ = span(t@fy\ng).
Since . and g are themselves determined by the data Y, any inference on these questions must be

performed “post-selection,” by conditioning on the event that . is the selected set of groups.

2.1.1 Background: the polyhedral lemma

In the more standard sparse regression setting without grouped variables, after selecting a set . C
[p] of features corresponding to columns of X, we might be interested in testing whether the column
X should be included in the model obtained by regressing ¥ onto X A\ We may want to test the
null hypothesis that X]T ,@)%y\j U is zero, or to construct a confidence interval for this inner product.

In the setting where .7 is the output of the lasso, Lee et al. [9] characterize the selection

6



event as a polyhedron in R”: for any set .# C [p] and any signs s € {£1}”, the event that the
lasso (with a fixed regularization parameter A) selects the given support with the given signs is
equivalent to the event Y € & = {y Ay < b}, where A is a fixed matrix and b is a fixed vector,
which are functions of X, .#, s, A. The inequalities are interpreted elementwise, yielding a convex
polyhedron 7. To test the regression question described above, one then tests nT u for a fixed
unit vector 1) o< t@)%y\jX j- The “polyhedral lemma™ [9, Theorem 5.2] proves that the distribution
of nTY, after conditioning on {Y € 2/} and on c_@ﬁY , 1s given by a truncated normal distribution,

with density

f(r) e<exp{~(r—nTw?/26%} - 1{a1(¥) <r <ay(¥)}. (22)

The interval endpoints a(Y),ay(Y) depend on Y only through @#Y and are defined to include
exactly those values of r that are feasible given the event Y € .&7. That is, the interval contains all
values r such that r- 1 + f@ﬁY cd.

Examining (2.2), we see that under the null hypothesis nTu = 0, this is a truncated zero-
mean normal density, which can be used to construct a p-value testing nT u = 0. To construct a
confidence interval for n " i, we can instead use (2.2) with nonzero 1 ' i, which is a truncated

noncentral normal density.

2.1.2 The group-sparse case

In the group-sparse regression setting, Loftus and Taylor [5] extend the work of Lee et al. [9] to
questions where we would like to test &2 ¢, the projection of the mean u to some potentially
multi-dimensional subspace, rather than simply testing nT[,L, which can be interpreted as a projec-
tion to a one-dimensional subspace, .Z = span(n). For a fixed set .o/ C R” and a fixed subspace
Z of dimension k, Loftus and Taylor [5, Theorem 3.1] prove that, after conditioning on {Y € <},
on dir ¢(Y), and on C@jipY, under the null hypothesis &7 -u = 0, the distribution of |2 Y|, is

given by a truncated y;, distribution,

| 2.4Y |2 ~ (0 xi truncated to Zy) where Zy = {r: r-dirg(Y)+ @ipY €} (2.3)
7



In particular, this means that, if we would like to test the null hypothesis & »u = 0, we can
compute a p-value using the truncated y;, distribution as our null distribution. To better understand
this null hypothesis, suppose that we run a group-sparse model selection algorithm that chooses a
set of blocks . C [G]. We might then want to test whether some particular block g € . should
be retained in this model or removed. In that case, we would set .Z = span(e@)%y\ng) and test
whether & o u = 0.

Examining the parallels between this result and the work of Lee et al. [9], where (2.2) gives
either a truncated zero-mean normal or truncated noncentral normal distribution depending on
whether the null hypothesis nT/,L = 0 is true or false, we might expect that the result (2.3) of
Loftus and Taylor [5] can extend in a straightforward way to the case where &2 1 # 0. More
specifically, we might expect that (2.3) might then be replaced by a truncated noncentral )y dis-
tribution, with its noncentrality parameter determined by ||%2 ¢ t||,. However, this turns out not
to be the case. To understand why, observe that |2 »Y ||, and dir »(Y) are the length and the
direction of the vector & «Y; in the inference procedure of Loftus and Taylor [5], they need to
condition on the direction dir ¢ (Y') in order to compute the truncation interval Zy, and then they
perform inference on || &2 &Y ||», the length. These two quantities are independent for a centered
multivariate normal, and therefore if &2 u = 0 then || &2 Y ||, follows a y; distribution even if
we have conditioned on dir ¢ (Y). However, in the general case where &2 -1 # 0, we do not have
independence between the length and the direction of &2 Y, and so while || &2 &Y ||, is marginally
distributed as a noncentral ), this is no longer true after conditioning on dir & (Y).

In the following section, we consider the problem of computing the distribution of || &2 Y|,
after conditioning on dir ¢(Y'), which is the setting that we require for inference. This leads to the
main contribution of this work, where we are able to perform inference on &2 & beyond simply

testing the null hypothesis that & o u = 0.

2.2 Theoretical results

Now we present our key lemma and its application to group sparse regression methods.
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2.2.1 Key lemma: truncated projections of Gaussians

Before presenting our key lemma, we introduce some further notation. Let &7 C R” be any fixed

open set and let .Z C R" be a fixed subspace of dimension k. For any y € <7, consider the set
Ry ={r> O:r-dirg(y)—h@izye g} CR4.

Note that %) is an open subset of R, and its construction does not depend on || & ¢y

1, but we

see that | 2 ¢yl € %y by definition.

Lemma 2.2.1 (Truncated projection). Let .o/ C R" be a fixed open set and let £ C R" be a
fixed subspace of dimension k. Suppose thatY ~ AN (U, Gzln). Then, conditioning on the values of

dir »(Y) and gzjgy and on the event Y € <, the conditional distribution of | 2 &Y ||, has density?

1
F(r) o< #Lexp {_F <r2 —2r- <dirg(Y),u>> } 1{reZy}.
We pause to point out two special cases that are treated in the existing literature.

Special case 1: k=1 and </ is a convex polytope. ~Suppose </ is the convex polytope {y: Ay < b}
for fixed A € R™*" and b € R™. In this case, this almost exactly yields the “polyhedral lemma”
of Lee et al. [9, Theorem 5.2]. Specifically, in their work they perform inference on 17T u for
a fixed vector 1; this corresponds to taking . = span(n) in our notation. Then since k = 1,
Lemma 2.2.1 yields a truncated Gaussian distribution, coinciding with Lee et al. [9]’s result (2.2).
The only difference relative to [9] is that our lemma implicitly conditions on sign(nTY ), which is

not required in [9].

Special case 2: the mean [ is orthogonal to the subspace . In this case, without conditioning
on {Y € &/}, we have Z Y = P (u+ .4 (0,6%1)) = P (A (0,6°1)), and so | P Y ||, ~

G - Xy- Without conditioning on {Y € <7} (or equivalently, taking o7 = R"), the resulting density

2. Here and throughout the paper, we ignore the possibility that ¥ L .# since this has probability zero.
9



is then

f(r) e k=1 /20% {r>0}

which is the density of the y; distribution (rescaled by o), as expected. If we also condition on

{Y € o/} then this is a truncated y;, distribution, as proved in Loftus and Taylor [5, Theorem 3.1].

2.2.2 Selective inference on truncated projections

We now show how the key result in Lemma 2.2.1 can be used for group-sparse inference. In
particular, we show how to compute a p-value for the null hypothesis Hy : 1 1 £, or equivalently,
Hy : || 2|2 = 0. In addition, we show how to compute a one-sided confidence interval for

| 2 o 1L]|2, specifically, how to give a lower bound on the size of this projection.

Theorem 2.2.1 (Selective inference for projections). Under the setting and notation of Lemma 2.2.1,

define
k—1 _—r2/202
ey zpr)y e TP dr

P —1,—1r%/2062 4,

(2.4)

fre@y rk
If u L Z (or, more generally, if (dir »(Y),u) = 0), then P ~ Uniform|0, 1|. Furthermore, for any

desired error level o € (0,1), there is a unique value Ly, € R satisfying

k—1,—(r*—2rLq) /20>
Jreaty a2y, e PR dr

pk—1,—(r?=2rLg) /262 4,

—a, (2.5)
frel@y

and we have

PUlZ 2ull2 > Lo} =2 P{{dire(Y),pu) > Lo} =1—-a.
Finally, the p-value and the confidence interval agree in the sense that P < o if and only if Lo, > O.

From the form of Lemma 2.2.1, we see that we are actually performing inference on (dir (Y ), ).
Since |2 ¢ 1|l > (dir »(Y),u), this means that any lower bound on (dir (Y ), i) also gives a
lower bound on || ¢||,. For the p-value, the statement (dir »(Y), ) = 0 is implied by the

stronger null hypothesis tt L .Z. We can also use Lemma 2.2.1 to give a two-sided confidence
10



interval for (dir ¢ (Y), it); specifically, (dir (Y), u) lies in the interval [Ly 5, L _ ¢ 2] with prob-

ability 1 — . However, in general this cannot be extended to a two-sided interval for || 22 oo 11 ||>.

2.2.3 Application to group sparse regression methods: General recipe

With a fixed design matrix, the outcome of any group-sparse selection method is a function of Y.
For example, a forward stepwise procedure determines a particular sequence of groups of variables.
We call such an outcome a selection event, and assume that the set of all selection events forms a
countable partition of R” into disjoint open sets: R” = U,.e7%.3 Each data vector y € R” determines
a selection event, denoted e(y), and thus y € %(y).

Let .7 (y) C [G] be the set of feature groups that are selected for testing. This is assumed to be

a function of e(y), i.e. /' (y) = .7 forall y € &7, For any g € .7, define £, ; = span(gz)% Xg);

Te\g
this is the subspace of R" indicating correlation with group X, beyond what can be explained by
the other selected groups, X S\g

Write Zy = {r>0:r-U+YL E%(Y)},WhereU:dirg Y) andYL:@i}(y) Y. If we
e e N4

) (
condition on the event {Y € <7 } for some e, then as soon as we have calculated the region Zy C
R, Theorem 2.2.1 will allow us to perform inference on the quantity of interest ||& & B Wl by
evaluating the expressions (2.4) and (2.5). In other words, we are testing whether u is significantly
correlated with the group Xy, after controlling for all the other selected groups, .7 (Y)\g = -7 \¢g.

To evaluate these expressions accurately, ideally we would like an explicit characterization of

the region Zy C Ry. To gain a better intuition for this set, define zy(r) =r-U +Y| € R" for

r > 0, and note that zy (r) =Y when we plug in r = || @ggm gY||2. Then we see that
Ry ={r>0:e(zy(r)) =e(Y)}. (2.6)

In other words, we need to find the range of values of r such that, if we replace ¥ with zy (r), then

this does not change the output of the model selection algorithm, i.e. e(zy(r)) = e(Y). For the

3. Since the distribution of Y is continuous on R", we ignore sets of measure zero without further comment.
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forward stepwise and IHT methods, we find that we can calculate Zy explicitly. For the group
lasso, we cannot calculate Zy explicitly, but we can nonetheless compute the integrals required
by Theorem 2.2.1 through numerical approximations. We present the details for each of these

methods in the following three sections.

2.2.4  Application to Forward stepwise regression

Forward stepwise regression [2, 1] is a simple and widely used method. We will use the following

version:* for design matrix X and response ¥ =y,
1. Initialize the residual €y = y and the model .7 = @.
2. Fort=1,2,...,T,
(2) Let g = argmaxgergp 7 {|1Xg & 1ll2}-

(b) Update the model, .%; = {g1,...,g}, and update the residual, & = @f(—y y.
t

Testing all groups at time T. First we consider the inference procedure where, at time 7, we

would like to test each selected group g; for r = 1,...,T. Our selection event e(Y) is the ordered
sequence g1,...,g7 of selected groups. For a response vector Y =y, this selection event is equiv-
alent to
T oL T gpL
HXg"gZka—lsz > || Xq @ka_]yﬂz forallk=1,...,T, forall g & .7. (2.7)

Now we would like to perform inference on the group g = g, while controlling for the other
groups in .7 (Y) = /7. Define U, Y, and zy(r) as before. Then, to determine Zy = {r > 0:

2y (r) € v}, we check whether all of the inequalities in (2.7) are satisfied with y = zy (r): for

4. In practice, we would add some correction for the scale of the columns of X, or for the number of features in
group g; this can be accomplished with simple modifications of the forward stepwise procedure.

12



eachk=1,...,T and each g ¢ .7}, the corresponding inequality of (2.7) can be expressed as
2 T ol 2 T ool T opL T gpl 2
X Px,, Ula+2r- X Py, UXgPx, Y1) +IXePx, Yilla

2 iy T gk 2 T ol T ol T ol 2
> X P, Ulb+2r-Xg P%, U.Xe Px, Yi)+IX, Px, Yila

Solving this quadratic inequality over r € R4, we obtain a region .% , C Ry which is either a
single interval or a union of two disjoint intervals, whose endpoints we can calculate explicitly
with the quadratic formula. The set Zy is then given by all values r that satisfy the full set of
inequalities:

Ay = ) N Fe

k=1,...T g€[G]\.%
This is a union of finitely many disjoint intervals, whose endpoints are calculated explicitly as

above.

Sequential testing. Now suppose we carry out a sequential inference procedure, testing group gr
at its time of selection, controlling only for the previously selected groups .%;_ ;. In fact, this is a
special case of the non-sequential procedure above, which shows how to test g7 while controlling
for S7\gr = S7_1. Applying this method at each stage of the algorithm yields a sequential test-
ing procedure. (The method developed in [5] computes p-values for this problem, testing whether
u L ngyt_] Xg, at each time ¢.) Detailed pseudo-code of our inference algorithm for forward se-
lection is presented in Algorithm 1 . Here, we compute the P value as well as confidence interval
for each selected group conditioned on our previous selections. The algorithm is efficient and only
overhead above the Forward Selection method is computation of the integral of a one-dimensional

density over different intervals (see Step 15).

2.2.5 Application to Iterative hard thresholding (IHT)

The iterative hard thresholding algorithm finds a k-group-sparse solution to the linear regression

problem, iterating gradient descent steps with hard thresholding to update the model choice as
13



Algorithm 1 Post-selection Inference for Forward Selection
1: Input : Response Y, design matrix X, groups %7,...,%c C {1,..., p}, maximum number of
selected groups 7', desired accuracy o
2: Initialize : YO = g, residual gy =Y, Zy = R+
3: fort=1,2,...,T do
4: = argmax {||XT8 2}
5:  Update the model 5”; {g1,...,&}, and the residual, & = QL Y

P
. 1 %Y
6: .,% {— Spal’l(gzxytingt), Ut H(@ tyH s J_ — L@D%Y

. forg ¢ . do
. T gpl 2 T op L 2
8: ar,g <= Hng@th_lUtHz - HXg gxyt_lUtHz
. T op L T gp L t T op L T op L t
T op Ll 2 T op L 2
12: Ly %:@yﬂ%,g
13:  end for

k—1,—12 /262
7 7 e dr
frE,%y,r>Hf_%YH2

—_2/252
fre%’y rk—=1p=12/20% 4

4. B =

2 2
, , 1, (2 —2rB) /262 ..
fre%y,r>“e%%YH2

fre% rk—1o—(r2=2rB)/202 4,

15 L, = st =a

16: end for
17: Output : Selected groups {gy,...,g7}, p-values {Pj,...,Pr}, confidence interval lower
bounds {LL,...,LL}

needed [15, 3]. Given k£ > 1, number of iterations 7', step sizes 1), design matrix X and response

Y =y,
1. Initialize the coefficient vector, by = 0 € R? (or any other desired initial point).
2. Fort=1,2,...,T,
(a) Take a gradient step, by =b,_; — X" (Xb,_; — y).

(b) Compute || (B,)%g ||» for each g € [G] and let .#; C [G] index the k largest norms.

(c) Update the fitted coefficients by via (by) ; = b; -1 { J € Uge.7, % }

Here we are typically interested in testing Question, g, for each g € 7. We condition on the

selection event, e(Y), given by the sequence of k-group-sparse models .7, ..., .7 selected at each
14



stage of the algorithm, which is characterized by the inequalities
I(br), |l > [|(br)eg, |l forallz=1,....T,and all g € S4,h & ;. (2.8)

Fixing a group g € .7 to test, determining Zy = {r > 0: zy(r) € Jz%e(y)} involves checking
whether all of the inequalities in (2.8) are satisfied with y = zy(r). First, with the response Y
replaced by y = zy(r), we show that we can write b; =r-c;+d; for each t = 1,...,T, where

¢t,dy € RP are independent of r; we derive ¢;,d; inductively as

oy =1xTy, a=0,—LX"X)Py 1+ LXTU, s
ort > 2.

dy=(I-1X"X)bo+ XY, |d=(1,-L1X'X)2y d_+2X"Y,
In fact, at time t = 1,

- 1

by =by—n1Vf(bo) =bo—m (;XT(Xbo _ZY(r)))

' [m m 771
n

- XTU} + [(I X T X)bg XTYL] = rc1+d.
Next, at each time r = 2,...,T, assume that B,_l = ¢;—1r+d,_1. Then, writing &4 | as the
matrix in RP*? which acts as the identity on groups in .%;_1 and sets all other groups to zero, we

have b,_| = 32%715,_1 =Py q1r+Pg di_1,and so

~ 1
by =b; 1 =N Vf(b—1)=bi_1—1 <ZXT(th—1 —ZY(F)))

Nt

:r~[(1p anTX)@y e 1+”—XTU}+[(IP Ix'%)2., - 1+n—XTYL]_ recitdy.

Now we compute the region Zy. For eacht = 1,....T and each g € .%;,h & .}, the corre-
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sponding inequality in (2.8), after writing b; = r-c; +d;, can be expressed as

(e g3 +2r (e, (d)g,) + 1 (d)g, 13> -l (e)eg, |13 +27 ((e)g (dr) g, )+ 11 (), 13-

As for the forward stepwise procedure, solving this quadratic inequality over r € R4, we obtain
a region .%; , , C Ry that is either a single interval or a union of two disjoint intervals whose
endpoints we can calculate explicitly. Finally, we obtain Zy = (=1, 7 ee.7, ﬂhe[G]\ 7 It.a.h-

2.2.6 Application to Group Lasso

The group lasso, first introduced by Yuan and Lin [4], is a convex optimization method for lin-
ear regression where the form of the penalty is designed to encourage group-wise sparsity of the

solution. It is an extension of the lasso method [11] for linear regression. The method is given by

-~

) 1
B = argming{ 51y~ Xb|3+ 1 Lyllbe 1> }.

where A > 0 is a penalty parameter. The penalty ZgHb(gg |2 promotes sparsity at the group level.?
For this method, we perform inference on the group support . of the fitted model E . We
would like to test Question, o for each g € .. In this setting, for groups of size > 2, we believe
that it is not possible to analytically calculate Zy, and furthermore, that there is no additional
information that we can condition on to make this computation possible, without losing all power
to do inference.
We thus propose a numerical approximation that circumvents the need for an explicit calcula-

tion of Zy. Examining the calculation of the p-value P and the lower bound L in Theorem 2.2.1,

5. Our method can also be applied to a modification of group lasso designed for overlapping groups [13] with a
nearly identical procedure but we do not give details here.
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we see that we can write P = fy(0) and can find L as the unique solution to fy(Lg) = o, where

2
Ero |/ 1{r € By,r> | 2Y )]

fr(t) =
Y< ) Erwc.xk |:€rt/62 -1 {r € %Y}]

where we treat " as fixed in this calculation and set k = dim(.%") = rank(X g\ ,). Both the nu-
merator and denominator can be approximated by taking a large number B of samples r ~ o - x;
and taking the empirical expectations. Checking r € Zy is equivalent to running the group lasso
with the response replaced by y = zy(r), and checking if the resulting selected model remains
unchanged.

This may be problematic, however, if Zy is in the tails of the & - y;, distribution. We implement
an importance sampling approach by repeatedly drawing r ~ y for some density y; we find that
v =||Z4Y|2+.4(0,06%) works well in practice. Given samples 1, ..., rg ~ W we then estimate

- 2
£y VB /Oy € Gy, my > | P Y1)

Zb%l;b()rb) /9% 1 {r, € Ay}

fr () = fr (1) =

where Y.y, is the density of the o - ) distribution. We then estimate P ~ P= fy (0). Finally, since

~

fy (¢) is continuous and strictly increasing in ¢, we estimate Ly, by numerically solving fr (1) =c.

2.3 Empirical results

We present results from experiments on simulated and real data, performed in R [16].

2.3.1 Simulated data

We fix sample size n = 500 and G = 50 groups each of size 10. For each trial, we generate a design
matrix X with i.i.d. .4#7(0,1/n) entries, set B with its first 50 entries (corresponding to first s =5

groups) equal to T and all other entries equal to 0, and set Y = X3 + .47(0,1,).
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IHT We run IHT to select k = 10 groups over T = 5 iterations, with step sizes 1); = 2 and initial
point by = 0. For a moderate signal strength T = 1.5, we plot the p-values for each selected group
across 200 trials in Figure 2.1; each group displays p-values only for those trials in which it was
selected. The histogram of p-values for the s true signals and for the G — s nulls are also shown.
We see that, at this moderate signal strength, the the distribution of p-values for the true signals
concentrates near zero while the null p-values are roughly uniformly distributed.

Next we look at the confidence intervals given by our method, examining their empirical cover-
age across different signal strengths 7 in Figure 2.2. We fix confidence level 0.9 (i.e. « = 0.1) and
run 2,000 trials to obtain empirical coverage with respect to both || 2 ¢ ||, and (dir (), 1), with
results shown separately for true signals and for nulls. For true signals, we see that the confidence
interval for |22 ||, is somewhat conservative while the coverage for (dir (Y, ut) is right at the
target level, as expected from our theory. As signal strength T increases, the gap is reduced for the
true signals; this is because dir ¢»(Y) becomes an increasingly more accurate estimate of dir ¢ (1),
and so the gap in the inequality || &2 ¢ u||» > (dir »(Y), 1t) is reduced. For the nulls, if the set of se-
lected groups contains the support of the true model, which is nearly always true for higher signal
levels 7 in this experiment, then the two are equivalent (as || &2 ¢ 1|, = (dir »(Y), 1) =0), and cov-
erage is at the target level. At low signal levels 7, however, one or more of the s true groups is oc-
casionally missed, in which case we again have a gap in the inequality || &2 ¢ p||p > (dir (Y ), u).

Signals
[

1.0 - .. L0

o sl
08 i, i Fos
0.6 A
;
0.4 « 04

02 ko2

Histogram of p-values (signals)
(s|inu) sanjea-d jo weiboisiH

0.0 - ‘-~ Loo

P ) e smes mme o o o @0

5 10 15 20 25 30 35 40 45 50
Group number (5 signals, 45 nulls)

Figure 2.1: Iterative hard thresholding (IHT). For each group, we plot its p-value for each trial in
which that group was selected, for 200 trials. Histograms of the p-values for true signals (left, red)
and for nulls (right, gray) are attached.
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Figure 2.2: Iterative hard thresholding (IHT). Empirical coverage over 200 trials with signal
strength 7. “Norm” and “inner product” refer to coverage of || &2 ||, and (dir »(Y),u), re-
spectively.

Group lasso The group lasso is run with penalty parameter A = 4. The group lasso algorithm
is run via the R package gglasso [17]. Figure 2.3 shows the p-values obtained with the group
lasso, while Figure 2.4 displays the coverage for the norms || &2 ¢ i||, and the inner products
(dir (Y), u); these plots are produced exactly as Figures 2.1 and 2.2 for IHT, except that only 200
trials are shown for the coverage plot due to the slower run time of this method. We observe very

similar trends for this method as for IHT.

Forward stepwise The forward stepwise method is implemented with 7 = 10 many steps, and
p-values and confidence intervals are computed by considering all 10 selected groups simultane-
ously at the end of the procedure (rather than sequentially) so that the results are more compara-
ble to the other two methods. Figure 2.5 shows the p-values obtained with the forward stepwise
method, while Figure 2.6 displays the coverage for the norms || &2 ¢ || and the inner products
(dir (YY), 1t); these plots are produced exactly as Figures 2.1 and 2.2 for IHT. We again observe

similar trends in the results.

2.3.2 California health data

We examine the 2015 California county health data® which was also studied by Loftus and Taylor

[5]. We fit a linear model where the response is the log-years of potential life lost and the covariates

6. Available at http://www.countyhealthrankings.org
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Figure 2.3: Group lasso. For each group, we plot its p-value for each trial in which that group was
selected, for 200 trials. Histograms of the p-values for true signals (left, red) and for nulls (right,
gray) are attached.
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Figure 2.4: Group lasso. Empirical coverage over 200 trials with signal strength 7. “Norm” and
“inner product” refer to coverage of || &2 ¢ u||> and (dir »(Y'), 1), respectively.

are the 34 predictors in this data set. We first let each predictor be its own group (i.e., group size
1) and obtain p-values by running each of the three algorithms considered in Section 2.2. Next,
we form a grouped model by expanding each predictor into a group of size three using the first
three non-constant Legendre polynomials, thus expanding predictor X ; to the group (X, %(3X§ —
1), %(SXi? —3X;)). In each case we set parameters so that 8 groups are selected. The selected
groups and their corresponding p-values are given in Table 2.1; interestingly, even when the same
predictor is selected by multiple methods, its p-value can differ substantially across the different

methods.
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Figure 2.5: Forward stepwise regression. For each group, we plot its p-value for each trial in which
that group was selected, for 200 trials. Histograms of the p-values for true signals (left, red) and
for nulls (right, gray) are attached.
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Figure 2.6: Forward stepwise regression. Empirical coverage over 2000 trials with signal strength
7. “Norm” and “inner product” refer to coverage of || &2 - 1||» and (dir »(Y), 1), respectively.

2.4 Proofs

2.4.1 Proof of Theorem 2.2.1

For any y € .o/, define a function f, : R — [0, 1] as

—1 —(r2—2rt)/262
_ Jreayrs 2" e dr
k—1,—(r?=2rt) /262 4,

5(@) [y

(As always we ignore the case &y = 0 to avoid degeneracy.) By examining the integrals,
we can immediately see that, for any fixed y, fy(¢) is strictly increasing as a function of 7, with
lim; o fy(t) = 0 and lim; e fy(¢) = 1. These properties guarantee that, for any fixed y and any

fixed o € (0, 1), there is a unique r € R with f,(¢) = a, i.e. this proves the existence and uniqueness
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Group size Forward stepwise p-value / seq. p-value Iterative hard thresholding p-value Group lasso p-value
80th percentile income 0.116 /7 0.000 80th percentile income 0.000 80th percentile income 0.000
Injury death rate 0.000 / 0.000 Injury death rate 0.000 % Obese 0.007
Violent crime rate 0.016 /7 0.000 % Smokers 0.004 % Physically inactive 0.040
1 % Receiving HbAlc 0.591/0.839 | % Single-parent household 0.009 Violent crime rate 0.055
% Obese 0.481/0.464 % Children in poverty 0.332 | % Single-parent household  0.075
Chlamydia rate 0.944/0.975 | Physically unhealthy days 0.716 Injury death rate 0.235
% Physically inactive 0.654/0.812 | Food environment index  0.807 % Smokers 0.701
% Alcohol-impaired 0.104/0.104 | Mentally unhealthy days  0.957 | Preventable hospital stays rate 0.932
80th percentile income 0.001 /7 0.000 Injury death rate 0.000 80th percentile income 0.000
Injury death rate 0.044 /7 0.000 80th percentile income 0.000 Injury death rate 0.000
Violent crime rate 0.793/0.617 % Smokers 0.000 | % Single-parent household  0.038
3 % Physically inactive 0.507 /0.249 | % Single-parent household 0.005 % Physically inactive 0.043
% Alcohol-impaired 0.892/0.933 | Food environment index  0.057 % Obese 0.339
% Severe housing problems  0.119/0.496 % Children in poverty 0.388 % Alcohol-impaired 0.366
Chlamydia rate 0.188/0.099 | Physically unhealthy days 0.713 % Smokers 0.372
Preventable hospital stays rate  0.421/0.421 | Mentally unhealthy days  0.977 Violent crime rate 0.629

Table 2.1: Selective p-values for selected groups in the California county health data experiment.
The predictors obtained with forward stepwise are tested both simultaneously at the end of the
procedure (first p-value shown), and also tested sequentially (second p-value shown), and are
displayed in the selected order. For IHT and group lasso the predictors are shown in order of
increasing selective p-value.

of L as required.
Furthermore, Lemma 2.2.1 immediately implies that, after conditioning on the event Y € o7,

and on the values of dir ~(Y) and ‘@?Y , the conditional density of || &2 Y|, is
o fh=1 = (P =2r1y))20% 4 (re %y

forty := (dir »(Y'), 1), and therefore, fy (ty ) ~ Uniform[0, 1]. In the case that u | .Z, we have ty =
0 always and therefore P = fy (0) ~ Uniform|0, 1], as desired. In the general case, by definition of

Lg, we have fy(Lg) = a and so, again using the fact that fy (+) is strictly increasing,

frty) <a= fy(La) & ty <La,

and so by definition of ry,

P{{dir(¥),1) < La} = Plty < Lo} =P{fy(ty) < a} = .
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Furthermore, we know that | &2 ||, > (dir (Y), 1) = ty, and so

P{Zzull2 <La} <P{{diry(Y),p) <La} = c.

Finally, we see that since P = fy (0) while o = fy(L¢), P < a if and only if 0 < Lg.

2.4.2 Proof of Lemma 2.2.1

We begin with the following elementary calculation (for completeness the proof is given below):

Lemma 2.4.1. Suppose that Y ~ A (fi,6°1}). Let R=||Y |, € Ry and U = dir(Y) € S*~! be the

radius and direction of the random vector Y. Then the Jjoint distribution of (R,U) has density
f(ru)e< rklexp{—% (r2 —2r- (u,ﬁ)) } for (r,u) e Ry x sk=1,
Next, let V € Rk be an orthonormal basis for .# and let
Y=V'Y~#(ii,6%T;,) where I =V .

Now let R=||Y || = || 2 »Y |, and let U = dir(Y) = V| dir &(Y); note that dir &»(Y) = VU.
Defining W = QZDJQY ,wesee thatY =r-Vu-+w, and that Y L W by properties of the normal
distribution. Combining this with the result of Lemma 2.4.1, we see that the joint density of

(R,U,W) is given by

1 - 1
fruw(ru,w) e k1 exp {_F (rz —2r- (u,u)) } -exp {_FHW_ c@fg.‘l”%}

for (r,u,w) € Ry x SK=1 % %, . After conditioning on the event {Y € <7}, this density becomes
o< K= lexp 1 (r2—2r-<u,ﬁ)) -exp _LHW_c@DJ?’LLH% 1{r-Vu+we o}.
202 202
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Next note that the event {Y € .o/ } is equivalent to {R € Zy } where Zy = {r>0:r-VU+W € &/},

and so the conditional density of R, after conditioning on U, W, and on the event Y € .7, is

o< rklexp{—ﬁ <r2—2r~<U,ﬁ>>}'1{R€=@Y}7

as desired. Now we prove our supporting result, Lemma 2.4.1.

Proof of Lemma 2.4.1. 1t’s easier to work with the parametrization (Z,U) where Z = log(R). By a

simple change of variables calculation, the claim in the lemma is equivalent to showing that

1 ~
o oKz _ 22 9,7, k—1
fzu(z,u) o< e exp{ 352 (e 2e <u,,u>> } for (z,u) e R x S§* .

Fix any € € (0, 1) and, for each (z,u) € R x SK=!, consider the region (z — €,z+€) x €€ C R x
S¥=1, where €¢ is a spherical cap, €€ .= {v € S*"! : ||y —u||» < €}. Let s¢ be the surface area of
CE C sk—1 (note that this surface area does not depend on u since it’s rotation invariant).

To check that our density is correct, it is sufficient to check that

P{(Z,U)€ (z—&,z+€) x CF } =
1

Volume ((z—€,z4+¢€) x €€) - -exp{ ———
ume ((z—€,2+€) X E; ) -e XP{ P

(eZZ—zeZ-<u,a>)}-<1+o<1>>,

where the o(1) term is with respect to the limit € — 0 while (z,u) is held fixed, and where the con-
stant of proportionality is independent of € and of z, u. We can also calculate Volume ((z — €,z+€) x €%) =
2¢€ - Se.

Now consider

y
v~ {y eR: 2 e 6 tog(lbll) <z—s,z+s>} R,

We have
P{(Z,U)€ (z—€,z+€)xE:} :IP{IN/ € @fu}
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Since %5, = Ure(e—¢ ee+e) (T %E), and the surface area of - CE C t-S¥~ 1 is equal to set* !, we

can also calculate

eZ+8 1 eZ+8 1

Volume(%5,) :/ set*ldt = zsefk = s (FEHE) _ke=E)y —0g 5. 6K2. (14-0(1)),

t=e%i € t=ei"€ k

since ek(21€) — ok(2=€) — k2. 2ke . (14 0(1)). And, since maxycoye [y — e ull — 0 as € =0,

then for any y € %, , the density of Y at this point is given by
y

z,u

1 — L ly—m|? 1 — L |etu—pi|?
fp0) = (2%02)ne PHE (2%02)'16 207! HZ‘(lﬂLO(l)),

where again the o(1) term is with respect to the limit € — 0 while (z,u) is held fixed. So, we have

P{(Z,U) € (z—¢&,2+€) xE} P{Ye%vu} /ye%?ufy(y) dy
= Volume (%%, )-;eiﬁ”eauiﬁ”% (140(1))
“/(@rel)yn
k — s lletu—pl3
=2¢-s5¢-€“- (1+0(1))- e 20° 2 (1+0(1))

1
V(2roZ)n

1 ~ 1 -
=2¢-5¢ .ekZ.e:)<p{—2T._2 <e21_2ez, <M7H>> } [(—e 5oz 43

— (1+o(1),

which gives the desired result since the term in square brackets is constant with respect to z,u, €.

O
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CHAPTER 3
CONTRACTIONS AND UNIFORM CONVERGENCE OF ISOTONIC

REGRESSION

Isotonic regression is a powerful nonparametric tool used for estimating a monotone signal from
noisy data. Specifically, our data consists of observations yi,...,y, € R, which are assumed to
be noisy observations of some monotone increasing signal—for instance, we might assume that

E[yi] <--- <E|[yy]. Isotonic (least-squares) regression solves the optimization problem
Minimize ||y —x||% subjecttox; < --- < xp

in order to estimate the underlying signal.
This regression problem can be viewed as a convex projection, since #ig, = {x € R : x| <

-+ < xp} is a convex cone. We will write

is0(y) = Pz, (v) = argmin {[|y — x[|3 : 5y < - < xa )

xeR”

to denote the projection to this cone, which solves the least-squares isotonic regression problem.
This projection can be computed in finite time with the Pool Adjacent Violators Algorithm (PAVA),
developed by Barlow et al. [18].

In fact, mapping y to iso(y) is known to also solve the isotonic binary regression problem.
This arises when the data is binary, that is, y € {0, 1}"". If we assume that y; ~ Bernoulli(x;), then
the constrained maximum likelihood estimator is exactly equal to the projection iso(y) (Robertson
et al. [19]).

In this Chapter, ! we examine the properties of the isotonic projection operator x — iso(x),
with respect to different norms |[|-|| on R". We examine the conditions on ||-|| needed in order to

ensure that x — iso(x) is contractive with respect to this norm, and in particular, we define the

1. The work presented in this chapter is published in Yang et al. [20].
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new “sliding window norm” which measures weighted averages over “windows” of the vector
x, i.e. contiguous stretches of the form (x;,x;y1,...,xj_1,x;) for some indices 1 <i < j <n.
This sliding window norm then provides a tool for analyzing the convergence behavior of isotonic
regression in a setting where our data is given by y; = x; + noise. If the underlying signal x is
believed to be (approximately) monotone increasing, then iso(y) will provide a substantially better
estimate of x than the observed vector y itself. By using our results on contractions with respect

to the isotonic projection operator, we obtain clean, finite-sample bounds on the pointwise errors,

}x,- —iso(y);|, which are locally adaptive to the behavior of the signal x in the region around the

index i and hold uniformly over the entire sequence.

3.1 Related work

There is extensive literature studying convergence rates of univariate isotonic regression, in both
finite-sample and asymptotic settings. For an asymptotic formulation of the problem, since the
signal x € R” must necessarily change as n — oo, a standard method for framing this as a sequence
of problems indexed by n is to consider a fixed function f : [0, 1] — oo, and then for each n, define
x; = f(i/n) (or more generally, x; = f(¢;) for points #; that are roughly uniformly spaced). Most
models in the literature assume that y; = x; + ¢ - ;, where the noise terms &; are i.i.d. standard nor-
mal variables (or, more generally, are zero-mean variables that satisfy some moment assumptions
or are subgaussian).

One class of existing results treats global convergence rates, where the goal is to bound the error
|[x —iso(y)||2, or more generally to bound ||x —iso(y)||, for some ¢, norm. The estimation error
under the /> norm was studied by Van de Geer [21], Wang and Chen [22], Meyer and Woodroofe
[23], among others. Van de Geer [24] obtains the asymptotic risk bounds for certain ‘bounded’
isotonic regression under Hellinger distance, whereas Zhang [25] establishes the non-asymptotic
risk bounds for general £;, norm—in particular, for p = 2, they show that the least-squares estimator
iso(y) of the signal x has error scaling as ||x — ][5 /v/7 ~ n~1/3. Recent work by Chatterjee et al.

[26] considers non-asymptotic minimax rates for the estimation error, focusing specifically on
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||x — X]|» for any estimator X to obtain a minimax rate. Under a Gaussian noise model, they prove
that the minimax rate scales as ||x—x]||o/\/n > n~1/3 over the class of monotone and Lipschitz
signals x, which matches the error rate of the constrained maximum likelihood estimator (i.e. the
isotonic least-squares projection, iso(y)) established earlier. They also study minimax rates in
a range of settings, including piecewise constant signals, which we will discuss later on.2 The
piecewise constant case is further studied by Gao et al. [27], where they prove that the sharp
adaptation rate in the mean squared risk in this case can be achieved by a penalized lease square
estimator.

A separate class of results considers local convergence rates, where the error at a particular
index, i.e. !x,— — iso(y)l-‘ for some particular i/, may scale differently in different regions of the
vector. In an asymptotic setting, where n — oo and the underlying signal comes from a function
£:[0,1] = R, we may consider an estimator f : [0,1] — R, where f(z) is estimated via iso(y);
for t ~ i/n. Results in the literature for this setting study the asymptotic rate of convergence
of |£(t)— f(z)

convergence rate as well as the limiting distribution when f’(¢) is positive, whereas Wright [29]

, which depends on the local properties of f near . Brunk [28] establishes the

generalizes the result to the case of ¢ lying in a flat region, i.e. f’(¢) = 0. Cator [30] shows that the
isotonic estimator adapts to the unknown function locally and is asymptotically minimax optimal
for local behavior. Relatedly, Diimbgen [31] gives confidence bands in the related Gaussian white
noise model, by taking averages over windows of the data curve, i.e. ranges of the form [z, 1] near
the point ¢ of interest.

In addition, many researchers have considered the related problem of monotone density es-
timation, where we aim to estimate a monotone decreasing density from n samples drawn from
that distribution. This problem was first studied by Grenander [32], and has attracted much atten-
tion since then, see Rao [33], Groeneboom [34], Birgé [35], Birgé and Massart [36], Carolan and

Dykstra [37], Balabdaoui et al. [38], Jankowski [39], among others. Birgé [35] proves a n~1/3

2. Chatterjee et al. [26]’s results, which they describe as “local minimax” bounds, are “local” in the sense that the
risk bound they provide is specific to an individual signal x € R", but the error is nonetheless measured with respect
to the ¢, norm, i.e. “globally” over the entire length of the signal.
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minimax rate for the ¢, error in estimating the true monotone density f(7)—the same rate as for
the isotonic regression problem. The pointwise i.e. fo, error has also been studied—Durot et al.
[40] shows that, for Lipschitz and bounded densities on [0, 1], asymptotically the error rate for

estimating f(¢) scales as (n/log(n))_l/3

, uniformly over all # bounded away from the endpoints.
Adaptive convergence rates are studied by Cator [30]. Later we will show that our results yield a
non-asymptotic error bound for this problem as well, which matches this known rate.

Several related problems for isotonic regression have also been studied. First, assuming the
model y; = x; + o - € for standard normal error terms §g;, estimating ¢ has been studied by Meyer
and Woodroofe [23], among others. Estimators of ¢ for general distribution of &; are also available,
see Rice [41], Gasser et al. [42]. We discuss the relevance of these tools for constructing our
confidence bands in Section 3.3. Second, we can hope that our estimator iso(y) can recover x
accurately only if x itself is monotone (or approximately monotone); thus, testing this hypothesis
is important for knowing whether our confidence band can be expected to cover x itself or only
its best monotone approximation, iso(x). Drton and Klivans [43] study the problem of testing the
null hypothesis x € ¥, (or more generally, whether the signal x belongs to some arbitrary pre-
specified cone %), based on the volumes of lower-dimensional faces of the cone (see Drton and
Klivans [43, Theorem 2 and Section 3]).

Recently, there is some work that considers isotonic regression beyond the univariate case.
Chatterjee et al. [44] studies isotonic regression in dimension d = 2 and they show that the least
square estimator is nearly rate minimax up to a logarithmic factor for a wide range of scenarios un-
der Gaussian noise. Han et al. [45] extends the results of Chatterjee et al. [44] to the d > 2 case and

also proves parallel results for random designs. Deng and Zhang [46] considers block estimators

for isotonic regression on a general graph and develops /4 risk bounds for such estimators.

3.2 Contraction results

We will establish the contraction results and define a new norm called “sliding window norm”.
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3.2.1 Contractions under isotonic projection

In this section, we examine the contractive behavior of the isotonic projection,

iso(x) = argmin { [[x —yll2 1 y1 <+ <ya},
yeR”?

with respect to various norms on R, Since this operator projects x onto a convex set (the cone

Hiso Of all ordered vectors), it is trivially true that

[liso(x) —iso(y)[l2 < [lx—yll2,

but we may ask whether the same property holds when we consider norms other than the ¢, norm.

Formally, we defined our question as follows:

Definition 3.2.1. For a seminorm ||-|| on R”, we say that isotonic projection is contractive with
respect to ||-|| if

|liso(x) —iso(y)|| < |lx—y|| for all x,y € R".

We recall that a seminorm must satisfy a scaling law, ||c-x|| = |c| - [|x

, and the triangle inequal-
ity, [|x+y|| < ||x|| + [[y||, but may have ||x|| = 0 even if x # 0. From this point on, for simplicity,
we will simply say “norm” to refer to any seminorm.

For which types of norms can we expect this contraction property to hold? To answer this

question, we first define a simple property to help our analysis:

Definition 3.2.2. For a norm ||-|| on R”, we say that ||-|| is nonincreasing under neighbor averaging

forallxe R"andalli=1,...,n—1.

(NUNA) if
Xp+Xi 1 Xi+Xip1
2 72

sttt iszeen) [ <

Our first main result proves that the NUNA property exactly characterizes the contractive be-

havior of isotonic projection—NUNA is both necessary and sufficient for isotonic projection to be
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contractive.

Theorem 3.2.1. For any norm ||-|| on R", isotonic projection is contractive with respect to ||-|| if

and only if ||-|| is nonincreasing under neighbor averaging (NUNA).

In particular, this theorem allows us to easily prove that isotonic projection is contractive with

respect to the £, norm for any p € [1,0], and more generally as well, via the following lemma:

Lemma 3.2.1. Suppose that ||-|| is a norm that is invariant to permutations of the entries of the
vector, that is, for any x € R" and any permutation w on {1,... n},
Ixl| = llxz || where xz == (xz(1y, - - Xz (n))-

(In particular, the £, norm, for any p € [1,|, satisfies this property.) Then ||-|| satisfies the NUNA

property, and therefore isotonic projection is a contraction with respect to ||-||.

Proof of Lemma 3.2.1. Let  swap indices i and i + 1, so that

X = (X1 e X 1y X 15X X425+ 5 Xn)-
Then
Xi+x01 xi+xi01 X+x 1
‘ (.x],...,xi_17 ! 21+ ; 4 2l+ 7xi_~_27,..7x;1)H: 2” §§(||x||+||x7£||):”'x||7
where we apply the triangle inequality, and the assumption that ||xz|| = ||x||. This proves that |||

satisfies NUNA. By Theorem 3.2.1, this implies that isotonic projection is contractive with respect

t |- 0

3.2.2 The sliding window norm

We now introduce a sliding window norm, which will later be a useful tool for obtaining uniform

convergence guarantees for isotonic regression. For any pair of indices 1 <i < j <n, we writei: j
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to denote the stretch of j — i+ 1 many coordinates indexed by {i, ..., j},

X = (xl,...,xi_l,xi,...,xj,xj+1,...,xn).
——

window i:j

Fix any function

v :{l,...,n} — Ry such that y is nondecreasing and i — i/ (i) is concave.

The sliding window norm is defined as

SW _ { - . }
X = max Xj. il —i+1
H Hq/ 1<i%j<n ‘ l.]‘ W(] ) )
where X; j = % denotes the average over the window i : j.

3.1

The following key lemma proves that our contraction theorem, Theorem 3.2.1, can be applied

to this sliding window norm.

Lemma 3.2.2. For any function y satisfying the conditions (3.1), the sliding window norm ||-|

SW
[

satisfies the NUNA property, and therefore, isotonic projection is contractive with respect to this

normi.

This lemma is a key ingredient to our convergence analyses for isotonic regression. It will

allow us to use the sliding window norm to understand the behavior of iso(y) as an estimator of

iso(x), where y is a vector of noisy observations of some target signal x. In particular, we will

consider the special case of subgaussian noise 3 The following lemma can be proved with a very

basic union bound argument:

Lemma 3.2.3. Let x € R" be a fixed vector, and let y; = x; + G€;, where the €;’s are independent,

3. We call a random variable X subgaussian if P{|X —E[X]| >t} < 2exp(—t?/2) for any ¢ > 0.
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zero-mean, and subgaussian. Then taking y (i) = \/f, we have

E [||x—y||3,w} < \/ZGzlog(nz—f—n) and E [( ||x—y||3,w)2] < 862log(n®+n),

and for any 6 > 0,

2
P y|x—yH§I,Wg\/zc210g<” ;”) >1-8.

As a specific example, in a Bernoulli model, if the signal is given by x € [0, 1] and our obser-
vations are given by y; ~ Bernoulli(x;) (each drawn independently), then this model satisfies the

subgaussian noise model with o = 1.

3.3 Convergence rates and estimation bands

In this section, we will develop a range of results bounding our estimation error when we observe
a (nearly) monotone signal plus noise. These results will all use the sliding window contraction

result in Lemma 3.2.2 as the main ingredient in our analysis.

3.3.1 A deterministic result

We begin with a deterministic statement that is a straightforward consequence of the sliding win-

dow contraction result:

Theorem 3.3.1. For any x,y € R", for all indices k =1,...,n,

max < iso(y) _—||x—y]|3,W <iso(x)y <  min iso(y) +—Hx—y|]3,W
1Sk |0 R T Ty Gy [ SRS ey | O R ) T Ty ()
(3.2)
and
| e=yI3YY . | le—yl3"
lrgnnilék { ISO()C) (k—m+1):k — W < |So(y)k < lgmrél}?lk—kl 'So(x)k:(k+m_1) + W
(3.3)
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Note that these two statements are symmetric; they are identical up to reversing the roles of x

and y.

_ISW
Proof of Theorem 3.3.1. We have iso(x). 2 i50(X) (4 _p41):k = 150(Y) (k—m-1):k — b=y , where

: y(m)
the first inequality uses the monotonicity of iso(x) while the second uses the definition of the
sliding window norm along with the fact that ||iso(x) —iso(y) H%/W <||x —yH%,W by Lemma 3.2.2.

This proves the lower bound for (3.2); the upper bound, and the symmetric result (3.3), are proved

analogously. 0

This simple reformulation of our contraction result, in fact forms the backbone of all our esti-
mation band guarantees.

These bounds bound the difference between iso(x) and iso(y), computed using either y (as
in (3.2)) or x (as in (3.3)). Thus far, the two results are entirely symmetrical—they are the same if
we swap the vectors x and y.

We will next study the statistical setting where we aim to estimate a signal x based on noisy
observations y, in which case the vectors x and y play distinct roles, and so the two versions of the
bands will carry entirely different meanings. Before proceeding, we note that the above bounds
cannot give results on x itself, but only on its projection iso(x). If x is far from monotonic, we
cannot hope that the monotonic vector iso(y) would give a good estimate of x. We will consider a

relaxed monotonicity constraint: we say that x € R" is &,-monotone if
Xi <xjtégg foralll <i<j<n.

(If x is monotonic then we can simply set g5, = 0.) We find that g, corresponds roughly to the

(s distance between x and its isotonic projection iso(x):

Lemma 3.3.1. For any x € R" that is €g,-monotone,

[l = is0(x) [|eo < &iso-
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Conversely, any x € R" with ||x —iso(x) || < € must be (2€)-monotone.

With this in place, we turn to our results for the statistical setting.

3.3.2  Statistical setting

We will consider a subgaussian noise model, where x € R" is a fixed signal, and the observation

vector y is generated as

yv; = x; + 0€&;, where the &;’s are independent, zero-mean, and subgaussian. (3.4)

Lemma 3.2.3 proves that, in this case, setting y(m) = y/m would yield ||x — yHISI,W < \/262 log (”Z(Sj)
with probability at least 1 — §. Of course, we could consider other models as well, e.g. involving
correlated noise or heavy-tailed noise, but restrict our attention to this simple model for the sake of
giving an intuitive illustration of our results.

In order for this bound on the sliding window to be useful in practice, we need to obtain a
bound or an estimate for the noise level 6. Under the Bernoulli model y; ~ Bernoulli(x;), we can
simply set 0 = 1. More generally, it may be possible to estimate o from the data itself, for instance
if the noise terms §&; are i.i.d. standard normal, Meyer and Woodroofe [23] propose estimating the
noise level ¢ with the maximum likelihood estimator (MLE), 6% = %Zi(y,- —iso(y);)?, or the

bias-corrected MLE given by

5 Yilyi—iso(y);)?
- — ¢y -df(iso(y))’

where ¢y is a known constant while df (iso(y)) is the number of “degrees of freedom” in the mono-
tone vector iso(y), i.e. the number of distinct values in this vector.
We next consider the two different types of statistical guarantees that can be obtained, using

the two symmetric formulations in Theorem 3.3.1 above.
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3.3.3 Data-adaptive bands

We first consider the problem of providing a confidence band for the signal x in a practical setting,
where we can only observe the noisy data y and do not have access to other information. In this
setting, the bound (3.2) in Theorem 3.3.1, combined with Lemma 3.2.3’s bound on ||x — yHlSI,W for

the subgaussian model, yields the following result:

Theorem 3.3.2. For any signal x € R" and any 6 > 0, under the subgaussian noise model (3.4),

then with probability at least 1 — 0, forallk =1,...,n,

\

o 202log (”?”)
max 10(Y) (k—m+1):k — .
/ (3.5)
. 202log (”?”)
< ol < <k SOWkherm1) +\ m
If additionally x is &g,-monotone, then we also have
202log ("%"”)
max 1S0(Y) (k—m-+1):k — p” ~ &iso
(3.6)
L 202log (”23"")
SOes o 1500k m—1) m  Eiso-

We emphasize that these bounds give us a uniform confidence band for iso(x) (or for x itself, if
it is monotone) that can be computed without assuming anything about the properties of the signal;
for instance, we do not assume that the signal is Lipschitz with some known constant, or anything
of this sort. We only need to know the noise level ¢, which can be estimated as discussed in
Section 3.3.2. In this sense, the bounds are data-adaptive—they are computed using the observed

projection iso(y), and adapt to the properties of the signal (for instance, if x is locally constant near
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k, then the upper and lower confidence bounds will be closer together).

Comparison to existing work The flavor of our data-adaptive band is close to that given in
Diimbgen [31], where the author gives confidence bands for signals in a continuous Gaussian
white noise model. Although in Section 5 of Diimbgen [31] the result is applied to the discrete
case, the confidence band there is only valid asymptotically as pointed our by the author, whereas
our band is valid for finite samples. Moreover, the computation of the band in Diimbgen [31]
involves Monte Carlo simulation to estimate several key quantiles, and hence is much heavier than
the computation of our band. Another difference is that Diimbgen [31] employes kernel estimators

in their bands while we use the isotonic least squares estimator in our construction.

3.3.4 Convergence rates

While the results of Theorem 3.3.2 give data-adaptive bounds that do not depend on properties
of x, from a theoretical point of view we would also like to understand how the estimation error
depends on these properties. For the data-adaptive bands, we used the result (3.2) relating iso(x)
and iso(y), but for this question, we will use the symmetric result (3.3) instead, which immediately

yields the following theorem.

Theorem 3.3.3. For any signal x € R" and any 6 > 0, under the subgaussian noise model (3.4),

then with probability at least 1 — 0, forallk =1,...,n,

262log (”2(;”)
= min, ¢ (iso(~is0(x) s 1) + —
262log ("2+n>
<iso(y)r —iso(x)y <  min (iso(x) —iso(x); ) + 0 (3.7
< k kS I <men ket 1 k:(k+m—1) k m '
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If additionally x is €,-monotone, then we also have

262log (”2g”>
T e e B
202log (”i;“")
<i —xi < i Xk — Eiso- (3.8
<iso(y)x —x < <l (xk.(k-i—m—l) xk) + - +Eiso-  (3.8)

Proof of Theorem 3.3.3. For the first bound (3.7), we simply subtract iso(x); from the inequali-
ties (3.3). For the second bound (3.8) in the case that x is approximately monotone, we instead
subtract x;, from (3.3), and also use the fact that ||x —iso(x) || < &g, by Lemma 3.3.1, which im-
plies that |3_Ck:(k+m—1) _Wk:(kﬂn—l)‘ < €0, and similarly |’_C(k—m+1):k _w(k—mﬂ):k’ <

Eiso- ]

Comparison to existing work In the monotone setting (i.e. x = iso(x)), Chatterjee et al. [26]
derive related results bounding the pointwise error ‘xk —iso(y)k ‘ Specifically, they use the “min-
max” formulation of the isotonic projection, iso(y); = min j>kMax;<y;. j, and give the following

argument:

iso — X, = min maxy;. =X
(V)k — Xk i AT k1) Tk

< min maxXx;. _ 1y — Xz | +max |x.. 1y — Vi _
_lgmgn—k—i—l{(igk i:(k+m—1) k) igk‘ i:(k+m—1) — Yiz(k+m 1)‘}

< 1gmrgnfik+1{ (xk:(k+m—1) —xk> +r{1§a,§ |xi:(k+m—1) _yi:(k+m—1)| }»

J/

(Err)

where the first step defines m = j — k+ 1 and uses the “minmax” formulation, while the third
uses the assumption that x is monotone. They then bound the error term (Err) in expectation. We
sw
. . x— L .
can instead bound it as (Err) < %, which is exactly the same as the upper bound in our

result (3.8). Their “minmax” strategy can analogously be used to obtain the corresponding lower
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bound as well.

3.3.5 Locally constant and locally Lipschitz signals

If the signal x is monotone, Chatterjee et al. [26]’s results, which are analogous to our bounds
in (3.8), yield implications for many different classes of signals: for instance, they show that for a

piecewise constant signal x taking only s many unique values, the ¢, error scales as

1 _ 5 16562 en
~lx— < log ().
e iso) 3 < - log (“

‘We therefore see that

i —so(y)y] < 1/ 125 (3.9)

for “most” indices k when the signal is piecewise constant.
We can instead consider a Lipschitz signal: we say that x is L-Lipschitz if |x; —x;1 1| < L/n for
all i. (Rescaling by n is natural as we often think of x; = f(i/n) for some underlying function f).

In this setting, our results in Theorem 3.3.3 immediately yield the bound

2 2+
|xg —iso(y)i| < min Lim=1) + 207 loe (" 0 n>
« Yk = 1<m<kA(n—k+1) 2n m ’

(3.10)

where the term L(g;l) is a bound on <7_Ck:(k+m—1) —xk> and (xk_)_c(k—m—l—]):k) when x is L-

. 2/3
52 +
ny/o log(”an)

Lipschitz. It’s easy to see that the optimal scaling is achieved by taking m = T ,

in which case we obtain the bound

3| Lo2log (”2;”)

n

|xg —iso(y)g| <2 (3.11)

for all m < k <n—m+ 1. (For indices k nearer to the endpoints, we are forced to choose a smaller
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m, and the scaling will be worse.)

We can also compute convergence rates in a more general setting, where the signal x is locally
Lipschitz—its behavior may vary across different regions of the signal. As discussed in Section 3.1,
many papers in the literature consider asymptotic local convergence rates—local in the sense of
giving pointwise error bounds, which for a single signal x = (xy,...,x,), may be larger for indices
i falling within a region of the signal that is strictly increasing, and smaller for indices i falling into

~1/3

a locally flat region. We would hope to see some interpolation between the n rate expected

for a strictly increasing stretch of the signal, as in (3.11), versus the improved parametric rate of

n—1/2

in a locally constant region as in (3.9).

Our confidence bands can also be viewed as providing error bounds that are local in this sense,
i.e. that adapt to the local behavior of the signal x as we move from index i = 1 to i = n. To make
this more precise, we will show how our bounds scale locally with the sample size n to obtain the
n~1/3 and n=1/2 rates described above. Consider any monotone signal x. Suppose the signal x is

locally constant near k, with x;_ ., | =-+- =X} =+ = X4, for some positive constant ¢ > 0.

Then our bound (3.8) applied with m = cn yields

c2log(n)
R

o —iso()k| < (3.12)

For other indices, however, Wherezth36 signal is locally strictly increasing with a Lipschitz constant
L, then taking m ~ (%) / yields the n1/3 scaling obtained above in (3.11). It is of
course also possible to achieve an interpolation between the n~1/2 and n~1/3 rates via our results,
as well.

Many works in the literature consider the local adaptivity problem in an asymptotic setting;
here we will describe the results of Cator [30]. Consider an asymptotic setting where the signal
x = (x1,...,X,) comes from measuring (at n many points) a monotone function f: [0, 1] — R, and
we are interested in the local convergence rate at some fixed ¢ € (0, 1). Cator [30] show that if the

first o derivatives of f at ¢ satisfy f(l)(t) == f<0‘_1)(t) = 0and f(“) () > 0, the convergence
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rate for estimating f(¢) scales as n~@/(2e+1) 1 particular, if oo = 1 (f is strictly increasing at t)
then they obtain the n~1/3 rate seen before, while if a = oo (f is locally constant near t) then they
obtain the faster parametric n~1/2 rate. Of course, any o in between 1 and oo will produce some
power of n between these two. Our work can be viewed as a finite-sample version of these types

of results.

3.3.6 Convergence rates in the ¢, norm

We next show that the tools developed in this paper can be used to yield a bound on the ¢, error,

1/3 —1/3 elemen-

achieving the same n~ '/~ scaling as in Chatterjee et al. [26]. While achieving an n
twise requires a Lipschitz condition on the signal (as in our result (3.11) above), here we do not

assume any Lipschitz conditions and require only a bound on the total variation,
V :=iso(x), —iso(x)q.

Our proof uses similar techniques as Chatterjee et al. [26]’s result.

Theorem 3.3.4. For any signal x € R", under the subgaussian noise model (3.4), we have

2/3
chlog(Zn)> / +966210g2(2n)

%Hiso(y) —iso(x)||3 < 48 ( .

n

o2log*(2n)

Aslong as n > V2

, the first term is the dominant one, matching the result of Chatterjee
et al. [26, Theorem 4.1] with a slight improvement in the log term. (The constants in this result are

of course far from optimal.)

3.4 Density Estimation

As a second application of the tools developed for the sliding window norm, we consider the

problem of estimating a monotone nonincreasing density g on the interval [0, 1], using n samples
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drawn from this density.
Let Zy,...,Z, i g be n samples drawn from the target density f, sorted into an ordered list
Z(1)y < -+ < Z(). The Grenander estimator for the monotone density g is defined as follows. Let

(A;n be the empirical cumulative distribution function for this sample,
~ 1 &
Gu(t) = - Y 1{z; <1},
i=1

and let (A?G ren b€ the minimal concave upper bound on Gp. Finally, define the Grenander estimator
of the density, denoted by g en. as the left-continuous piecewise constant first derivative of 66 ren-
This process is illustrated in Figure 3.1. It is known (Robertson et al. [19]) that g¢ e, can be
computed with a simple isotonic projection of a sequence. Namely, fori=1,...,n,lety; = n(Z(l-) —
Z(i—l)) where we set Z) = 0, and calculate the isotonic projection iso(y). Then the Grenander

estimator is given by
.

/iso(y)1, 0<t<Zy,

1/iso(y)a, Z) <t <Zp),

8Gren = 1 ... (313)
LisoWs Ziu_1) <1 < Zpn)

0, Z(n)<l‘§1.

\

If we assume that f is Lipschitz and lower-bounded, then our error bounds for isotonic regres-

sion transfer easily into this setting, yielding the following theorem:

Theorem 3.4.1. Let g : [0,1] — [c,) be a nonincreasing L-Lipschitz density, let Zy,...,Z, be

i.i.d. draws from g, and define the Grenander estimator ggen as in (3.13). Then for any & > 0, if

A;:9<l+i) \3/10g((n2+n)/8)< 1

c 23 n ~c+L’
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Figure 3.1: Illustration of the Grenander estimator for a monotone decreasing density.

then
—~ A
P sup ’g(t)_gGren(t)’ < I " >1-24.
A<t<1—A L. <_C+L_ >

This result is similar to that of Durot et al. [40], which also obtains a (n/log(n))~!/3 con-
vergence rate uniformly over ¢ (although in their work, ¢ is allowed to be slightly closer to the
endpoints, by a log factor). Their results are asymptotic, while our work gives a finite-sample
guarantee. As mentioned in Section 3.1, Cator [30] also derives locally adaptive error bounds
whose scaling depends on the local Lipschitz behavior or local derivatives of f. Our locally adap-
tive results for sequences may also be applied here to obtain a locally adaptive confidence band on

the density g, but we do not give details here.
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(a) Signal (b) Results for n = 1000

Figure 3.2: (a) The function f(¢) used to generate signals x € R" for various n, with flat and
increasing regions highlighted. (b) At sample size n = 1000, the observed data y, estimated signal
iso(y), and data-adaptive confidence band computed as in (3.5).

3.5 Numerical Study

In this section, we run a simple simulation to demonstrate the local adaptivity of our confidence

bands. The signal is generated from an underlying function f(¢) defined over ¢ € [0, 1], with

(

-10, 0<r<0.3,
f(#) = { linearly increasing from —10 to 10, 0.3 <t <0.7,

10, 0.7<t <1,

\

as illustrated in Figure 3.2(a). For a fixed sample size n, we setx; = f <ﬁ> and y; =x;+N(0,1).
We then compute a data-adaptive confidence band as given in (3.6), with known noise level o =1,
with target coverage level 1 — 6 = 0.9, and with €, = 0 as the signal x is known to be monotone.

For sample size n = 1000, the resulting estimate iso(y) and confidence band are illustrated in

Figure 3.2(b).
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(a) Results for flat regions (b) Results for increasing region

Figure 3.3: For each sample size 700 < n < 1000, log mean width of the confidence band over a
region. (a) Flat region: t € [0.1,0.2] U[0.8,0.9], where slope ~ —1/2, i.e. pointwise error scales as
(n/log(n))~1/2, as predicted in (3.12). (b) Increasing region: € [0.4,0.6], where slope ~ —1/3,
as predicted in (3.11).

We then repeat this experiment at sample sizes n = 700,701,702,...,1000. For each sample
size n, we take the mean width of the confidence band averaged over (a) the locally constant (“flat”)
regions of the signal, defined by all indices i corresponding to values 7 € [0.1,0.2] U[0.8,0.9], and
(b) a strictly increasing region, defined by indices i corresponding to ¢ € [0.4,0.6]. (These regions
are illustrated in Figure 3.2(a).)

Our theory predicts that the mean confidence band width scales as ~ @ in the flat regions,
and ~ \3/@ in the increasing region. To test this, we take a linear regression of the log of the
mean confidence band width against log (@) , and find a slope ~ —1/2 in the flat regions and
~ —1/3 in the increasing region, confirming our theory. These results are illustrated in Figure 3.3.

Note that our data-adaptive estimation bands given by Theorem 3.3.2 are calculated without
using prior knowledge of the signal’s local behavior (locally constant / locally Lipschitz)—the

confidence bands computed in Theorem 3.3.2 are able to adapt to this unknown structure automat-

ically.
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We next check the empirical coverage level of these confidence bands. Ideally we would want
to see that, over repeated simulations, the true monotone sequence x = (xy,...,x,) lies entirely
in the band roughly 1 — & = 90% of the time. While our theory guarantees that coverage will
hold with probability at least 90%, our bounds are of course somewhat conservative. We observe
empirically that the coverage is in fact too high—it is essentially 100%—but nonetheless, the width
of the confidence band is not too conservative. In particular, shrinking the width of the confidence
band by a factor of ~ 0.855 empirically leads to achieving the target 90% coverage level; in other
words, our confidence bands are around 17% too wide. (Of course, this ratio is specific to our

choice of data distribution, and is likely to vary in different settings.)

3.6 Proofs of Theorems

3.6.1 Proof for contractive isotonic projection

In this section, we prove our main result Theorem 3.2.1 showing that, for any semi-norm, the
nonincreasing-under-neighbor-averaging (NUNA) property is necessary and sufficient for isotonic
projection to be contractive under this semi-norm.

Before proving the theorem, we introduce a few definitions. First, for any indexi=1,...,n—1,

we define the matrix
L; 0 O 0

0 12 12 0
A; = /2 € R™", (3.14)

0 212 0

0 0 0 L,

which averages entries i and i + 1. That is,

X+ X4l X+ X
Al'x: (xl,...,xi_l, 3 y ) s X425+ Xn | -

We also define an algorithm for isotonic projection that differs from PAVA, and in fact does not
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converge in finite time, but is useful for the purpose of theoretical analysis. For any x € R" and

any index i =1,...,n— 1, define

X, if x; < Xjyq,
iso;(x) =

Aix, ifx; > Xiy1-

In other words, if neighboring entries i and i 4+ 1 violate the monotonicity constraint, then we
average them. The following lemma shows that, by iterating this step infinitely many times (while

cycling through the indices i = 1,...,n— 1), we converge to the isotonic projection of x.

Lemma 3.6.1. Fix any x = x0) e R" and define
) —iso;, (xU~D where i = 1 +mod(r — 1,n—1) fort = 1,2,3,...... (3.15)

Then

. ([) .
tl;ngox = iso(x).

With this slow projection algorithm in place, we turn to the proof of our theorem.

Proof of Theorem 3.2.1. First suppose that ||| satisfies the NUNA property. We will prove that,

for any x,y € R"” and any index i =1,...,n— 1,
[liso;(x) —iso; (y)[| < [x— . (3.16)

If this is true, then by Lemma 3.6.1, this is sufficient to see that isotonic projection is contrac-
tive with respect to |||, since the map x — iso(x) is just a composition of (infinitely many)
steps of the form x — iso;(x). More concretely, defining x®) and y(t) as in Lemma 3.6.1, (3.16)
proves that |[x() — yO || < [x(t=1D — =1l for each r > 1. Applying this inductively proves that
1x(t) — () || < ||x — y|| forall # > 1, and then taking the limit as f — o, we obtain |[iso(x) — iso(y)|| <
e =yll-
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Now we turn to proving (3.16). We will split into four cases.

e Case 1: x; <x;y1 and y; <y;, . In this case, iso;(x) = x and iso;(y) = y, and so trivially,
liso; (x) —iso; (y)|| = [[x— |-

e Case 2: x; > x;41 and y; > y;41. In this case, we have

i : X; +X;
['Soi(x)]i = [lsoi(x)]i+] = TH

and

isoi()]; = [isoi ()], = 220,

while all entries j ¢ {i,i+ 1} are unchanged. Therefore, we can write
is0;(x) —is0;(y) =A; - (x —y).
Since ||-|| satisfies the NUNA property, therefore,
liso; (x) —isoi(y)|| = [[Ai- (x =y)[| < [lx=]-

e Case 3: x; <x;y1andy; > y; ;1. Let

. Vi~ Yit1
Xit1 —Xi+Yi—Yitr1

Note that 7 € [0, 1] by the definition of this case. A trivial calculation shows that

isoi(x) —isoy(3)] = i — 2L = (1—1/2) - (51— 32) /2 (351 — 1)
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and

[is0; (x) —is0;(y)] 1y = Xit1— H% =1/2-(x;—y;) + (1 =1/2) - (i1 — Yig1)

This means that we have

isoj(x) —iso;(y) = (1 —¢)- (x—y)+1-A;- (x—Y),

and so

[liso;(x) —iso;(y)|| < (1 —=1)-[lx=yl[+1- [|A;- (x=y)I| < llx—yll,
since ||-|| satisfies NUNA.
e Case 4: x; > x; 41 and y; < y;;1. By symmetry, this is equivalent to Case 3.

This proves (3.16), and therefore, is sufficient to show that isotonic projection is a contraction with
respect to |||

Now we prove the converse. Suppose that ||-|| does not satisfy NUNA. Then we can find some
x and some i such that

1Az > ]|

Without loss of generality we can assume x; < x;41 (otherwise simply replace x with —x—since
|-|| is a norm, we will have ||—A;x|| = ||A;x|| > ||x]| = ||—x|])-
Let B = maxj<;j<p—1 ‘)Cj —Xjt1 ’, andlet A=x; | —x; € [O,B].
Now define
y=A-(i-1)B,A—(i—2)B,...,A—B, A , 0 B?2B,....(n—i—1)B),

~—
entry i entry i+ 1
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and z = y+x. We can check that iso(z) = z, since

xj+1—x]~—|—BZO, if j#1,
Tj+1 =2 =
xi+1—x,-—A:O, iiji.

On the other hand, using the fact that 0 < A < B, we have

A A
72727

iso(y) = (A—(i—l)B,A—(i—Z)B,...,A—B B,2B,...,(n—i—1)B>,

and so
iso(z) —iso(y) = (z—y)+ (y—iso(y)) =x+ (0,...,0,%,—%,0,...,0)

Xi+Xip1 Xi+Xiy1
2 ’ 2

= (Xl,XZ,...,Xil, axi+2axi+3a"'7xn> =Ajx.

Therefore, |/iso(z) —iso(y)|| > ||z —y||, proving that isotonic projection is not contractive with re-

spect to ||-||.

3.6.2 Proof of {5 error rate (Theorem 3.3.4)

First we define the cube A = [iso(x),iso(x),]" C R", and let z = P4 (iso(y)) be the projection of
iso(y) to this cube, which is computed by truncating each entry iso(y); to the range [iso(x)1,iso(x)].
Note that iso(x) 4z is now a monotone vector with range given by (iso(x)+z), — (iso(x)+z); <2V.

Now, fix any integer M > 1 and find integers
O=kyp<---<ky=n

such that
: : 2V
(iso(x) +2)k,, — (is0(x) +2), | +1| < i forallm=1,...,M,
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which we can find since the total variation of the vector iso(x) + z is bounded by 2V (Lemma 11.1
in Chatterjee et al. [26]).
Foreachm=1,... .M, let I, = {k;,_1+1,... ,kn} be the set of indices in the mth bin. We can

calculate

max(z —iso(x)); — min(z —iso(x));
i€l iel,

< maxz; + maxiso(x); — minz; — miniso(x);
i€l i€ly i€l, iel,

= (150(x) + 2, — (50(x) + g 1< or-

This implies that

: — 2V
I(z—iso(x))p,, — (z—iso(x))y, 1y, 2 < 7 VVkm — k1.

We also have
Iz —iso(x) 13"

N

by our choice of the sliding window norm. Next, by the triangle inequality we have

2z, —iso(x)z,, 13
. - 2
< (HZI,,, 15, —iso(x); -1z, |2 + || (z—iso(x))y, — (z—iso(x)); -1z, Hz)

= (‘Zlm — iso(x)1m| ki — k1 + || (z—iso(x))y,, — (z—iso(x)); - 11m||2>2

. 2V . _ 2 8V
< (1l isoIF" 4 3 Vn—Fut) < 201l iso)IF) + S G ko)

Therefore,

. 2 M . ) ) SWH 2 gv2 M
Je=iso()I3 = Y. lla, —iso(x)s, I3 < 20 (e —isol)ISV)*+ = ¥ (m— k1),
m=1

m=1
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Since Z%Izl (km — kyy,—1) = n trivially, we can simplify this to

8V2n
M?

. 2 . SWH2
2~ iso(x)[3 < 20 ( |}z iso(x) 3 )2 +

Now, since z is the projection of iso(y) to the range [iso(x)],iso(x),], it follows trivially that
||z —iso(x) H%,W < |liso(x) —iso(y) H%,W and therefore is bounded by ||x — yHlSI,W by our contraction

result. Therefore,
8V2n
M2

: 2 SWH 2
lz—iso(x)ll3 < 2M (Ilx —ylly™ )"+

Next, we have

liso(y) —iso(x)||3 < 2||z —iso(x) |3 +2liso(y) — z3

n
=2||z—iso(x Hz—l—ZZ —iso(y +—l—22(iso(y)i—zi)i
i=1

16V2 n n 2
e +2Z iso(x); —iso(y Z iso(y); —iso(x)n)% .

<am(fx—yI5V) +

It remains to bound these last two terms. First we bound Y | (iso(x)] — iso(y)i)i. If iso(y) >

iso(x)1 then this term is zero, so now we focus on the case that iso(y)| < iso(x)j. Forany 1 < j <1,

we have
iso(x) j —iso(y)j > iso(x)1 —iso(y);
and so W
| | =113}
iso(x)1 —iso(y); < iso(x);.; —iso(y)y,; < G
Therefore,

n ) e—yIg\* w2
Z, iso(x)1 —iso(y)i)3 < ) i = (llx=ylly™ )" - 2log(2n),

by bounding the harmonic series 1+ % +---+ 1. We also have £, (iso(y); —iso(x)n)3 < ([|Jx— y||lSI,W )2 :
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2log(2n) by an identical argument. Combining everything, then,

2
. : wh2  16V<en W2
liso(y) ~iso()[3 < 4M ([lx = y[y")" + = 7= +8(lx—yly") “log(2n).
Setting
2v2/3,1/3
M = [My] where M = SW 73
(I =yly™)
we obtain
2y2/3,1/3
. . 2 SWH2
umw—mmms4(m_ﬂyym+luWww)

16V2n

_|_
( 2V2/3n1/3 )
T owh2/3
(Ix=yI3%)

After simplifying (and assuming n > 2 to avoid triviality), this bound becomes

SWH2
5 +8(llx =yl ) log(2n).

SW\4/3
1 12v23(|]x -y 1210e(2n
~Jliso(y) —iso(x)||3 < ( v) | 12l0g(2n)
n n2/3

SWH2
(S A

Applying Lemma 3.2.3, we have E [( eyl )2] < 862 1og(2n) which implies that

E [( le—ylI3Y )4/3] < (806%1og(2n))?/? = 46*/310g%/3 (2n)

Plugging this in, we then have

n n

2 2/3 212
E{%Hiso(y)_iso(x)”%} < g <VG 10g(2n)> | 9662 log’(2n)
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3.6.3 Proof of density estimation result (Theorem 3.4.1)

Let G(t) = [!_g(s) ds be the cumulative distribution function for the density g. Since g(t) > ¢
everywhere, this means that G(7) is strictly increasing, and is therefore invertible. Using this lower

bound on g, and the assumption that g is L-Lipschitz, we can furthermore calculate

-1
0= (G710 = i< b and (6710 - M <L an
Let
X;=n <G_1(i/n) ~G! ((i— 1)/n)> and y; = n(Z(l-) _Z(i—l))
fori=1,...,n, where Z(O) := 0. Note that x gives the difference in quantiles of the distribution,

while y estimates these gaps empirically.

The following lemma gives a concentration result on the Z(i) ’s:

Lemma 3.6.2. Let Z(l) <. < Z(n) be the order statistics of Z,...,Zy id g, where the density

g:10,1] = [c,o0) is L-Lipschitz. Then for any 6 > 0, with probability at least 1 — §,

n

2~ G\ ifn)| < ‘—‘\/ log((x” +n)/9) (.18)

foralll <i<n, and

(20~ 2) — (671 i) —G7(i/m) |

_ V/3li— jllog((n +n)/8) +2log((n* +1)/8) N AL|i — j|y/log((n* +n)/9)
- cn c3n3/2

(3.19)

foralll <i< j<n.

From now on, we assume that these bounds (3.18) and (3.19) both hold. Plugging our defini-
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tions of x and y into these two bounds, this proves that

3| < VAU DIos((2 - )/8) + 2log(( £1)/8) 4L \/10g<<n2+n>/5>

c-(j—i+1) c n

forall 1 <i<j<n (Ifi=1 then we use the bound (3.18) while if i > 1 then we use the
bound (3.19).)

Now, defining

i

L. (/3i10g (2 + 1)/8) + 2log (12 +1)/3)) + 4 .. Reelln 0]

we see that

SW - — .
lx =yl lglpgafén}xz., Vil w(j—i+1) <
(Note that y is nondecreasing and i — i/ /(i) is concave, as required by (3.1).)

Next we check that x is a Lipschitz sequence. We have

n g —x) = (G_l (#) —G_l(i/n)> + <G_1 ((i—1)/n) —G_l(i/n))

RN 1 1, .y fi+s 1
=@ i3 ()

_ 1 1, i—1+1 1
G Y (; (g o
(G (ifn) =+ 567 (=)
for some s,¢ € [0, 1], by Taylor’s theorem. The first-order terms cancel, and we know by (3.17)

that (G_1 )" is bounded by C% Therefore, x is c%—Lipschitz. Finally, x is monotone nondecreasing

since g is a monotone nonincreasing density.

_lISW
We then apply the calculations (3.10) for the Lipschitz signal setting (with % taking the
20%10g ("5 ) . . |
place of \| —————, which was specific to the subgaussian noise model setting). We see that
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for any index m > 1,

_ e=yI3Y  Lom—1)
mgkglffmﬂ |xk ; |so(y)k| = y(m) 2nc3
L (/amlog((n2 T m)/8) + 2log(n® + n)/8) ) + 4k ../ 12l 0)/0) L L)
- m 2ne3

2/3
Set m = R Vlog((n?+n /5)) -‘ Since A < 7 < 1 we know log((n 24+n)/8) <n, so we

can simplify the above bound to

max !xk—iso k| < (

m<k<n—m+1 c 3 n

4 4 SL) §/1og((n2 +n)/8)

Now we show how this uniform bound on the difference x — y, translates to an error bound on
the Grenander density estimator gge,. First, we check that Z(m) < A and Zin—mr1) = 1—-A We

have

y(m)

1> [x=yl5" = wim) - [Rim — F1m| = n- |G (m/n) = Z (|-

We also know that G~ (m/n) < 2 since G~ !is (1/c)-Lipschitz as calculated in (3.17), and so

Zm <G Yom/n) + nwngm) <
m V/3mlog((n2 +n)/8)+2log((n*+n)/8) 4Lm+/log((n2+n)/8)
cn + cn + c3n3/2

o) o

using the fact that log((n? +n)/8) < n as before. Similarly Zip—my1) = 1 —A.

Next, for any # with A <t < 1 — A, find index k such that

Z(k—l) <tr< Z(k)'
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By the work above we will have m < k <n—m+ 1. Then gge,(f) = |so( 00 by definition of the

Grenander estimator. Therefore, we have

1 1
~liso(y)r X

|§Gren(t)_g(t)| =l —g(t)].

By Lemma 3.6.2, we know

Zpy <G (lf> +4 \3/10g((n2 +1)/9)

n

and

(k=1 4 3/log((n?+n)/8)
)

C n

so we have

o <k— 1> _é_l\3/log((n2+n)/5) e (§> +4_1\3/10g((n2+n)/5)

We calculate

() () e (5 e e

by Taylor’s theorem for some s € [0, 1], and so

e (52) oo (52
<tfot(4) ot (1)) W"g (2 +)/6)

) £+4_L\3/10g((n2+n)/5)

T~ cn c n

1

——g(1)
X

Y
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since g is L-Lipschitz and G~ is (1/c)-Lipschitz, as proved before. Finally,

L 1| bge—iso(y)]
iso(Y)r X Xk 150(y)k

<ﬂ+4.2L) 3 [log((n?+n)/8) <4_1+4.2L) 3/log((n?+n)/8)
< c ¢ . n ¢ c n :
> xk-|so(y)k - Xp - (xk_ (4_L+4.53L> 3 log((n2+n)/5)>

from the bound on |x; —iso(y);| above. And, we know that x;, = (G 1 (]kl+ )) for some s € [0, 1]
g6 (=

as above, so x; > m;
a se[O,l]g(S)

g(s) <c+L,andsox; > CJ%L Combining everything,

. Now, since g is lower-bounded by ¢ and is L-Lipschitz, we see that

‘g’\Gren(I) —g(t)‘ <

(%+4£L) [ £+4_L§/10g((n2+n)/6)
cﬁ' <c—|+L_ <%+4.C53L) 3 log((nzij—n)/(S)) cn ¢ n
(; (4+3+LL) +4st) 3 log((? 1n)/5) ) .
< C%L <c+LL_<%+4'CS3L> 3 log((nzrj—n)/5)> - cJ%L(cj%L—A)'

3.7 Proofs of Lemmas

Proof of Lemma 3.2.2. By Theorem 3.2.1, we only need to prove that ||- ||3,W satisfies NUNA. Fix

any x € R" and any index k = 1,...,n— 1. Let y = Azx. Note that we have

x;, ifi<kori>k+1,
yi =

ML ifj=kori=k+1.

Take any indices 1 <i < j <n. We need to prove that [y;. ;|- y(j—i+1) < HleSI,W

e Case 1: if j < korifi > k+ 1, then neither of the indices k,k+ 1 are included in the window
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i : j, and therefore x;. ; = y;.; (i.e. all entries in the stretch of indices i : j are equal). So,
= . - . W
il Wl =i 1) = gl w(—i+1) < Y.

e Case 2: If i <k and j > k+ 1, then both indices k,k+ 1 are included in the window i : j.

Since yg + yg41 = X + X1 and all other entries of x and y coincide, we can trivially see
that

_ .. _ .. \Wi
5l w(i—i+1) = [%ij - w(i—i+1) < x5V

e Case 3: if i < k and j = k, then

Yiejl- W =i+ 1) = [i| - wlk =i+ 1)

Xk HXk+ 1

ZZ lx [ el l//(k—i—l—l)
- k—i+1
%Z]E;,-IXWL%ZIffxe‘ v(k—i+1)
- k—i+1
Sl wlk—iv 1) JSEile| wk—iv1)
< +
- k—i+1 k—i+1
ylk—i+1) k—i

= i1 (E‘xi:(k—lﬂ y(k—i)- k=1

1 k—i+2
+2| (1) Wk —i+2)- m)
<L V[ k=i, k=it ] yle=i+])
- v(k— ) yk—i+2) k—i+1

k i+1 k- H—I)ZHXHSW

<
el Ylh—itl) k—itl

where the last inequality holds since i — i/ /(i) is concave by assumption on Y.

o Case4:ifi=k+ 1 and j > k+ 1, by symmetry this case is analogous to Case 3.
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e Case 5: if i = j =k, then
Viejl - W =i+ 1) = il - w(1) = boe+xp1 - w(1)/2
- - SW
= Xk W) < Kyl w(2) < lxlly
since y(1) < y(2) due to the assumption that y is nondecreasing.
e Case 6: if i = j = k+ 1, then by symmetry this case is analogous to Case 5.

Therefore,

Vijl - w(i—i+1) < |x|[3}" for all indices 1 <i < j <n, and so [[y[3" < [lx[3". as

desired. O]

Proof of Lemma 3.2.3. For any indices 1 <i< j <n,
Vi:j —Xi:j = OEj:j,
and we know that \/j —i+1-€;.; is subgaussian, that is,
P{Vj—it1 [gj] >} <2772

for any r > 0. Now we sett = 4/2log (”2;”> , and take a union bound over all n+ (}) = ”2;' i

possible pairs of indices i < j. We then have

— _ n?+n
P< max \/]—l+1-‘ei:j|§ 210g( 5 ) >1-9.

1<i<j<n

Setting y/(t) = \/t proves that, on this event, ||x—y||§l,w < o04/2log (”2%» as desired. For

the bound in expectation, we have a similar calculation: it is known that [E [maxkzl,m, N |Zk|] <
2log(2N) and E [maxk:h“’ ~1Z|*| < 8log(2N) for any (not necessarily independent) subgaus-

sian random variables Z;. Setting Z; = /j —i+ 1 - ;. for each of the N = ”2% possible pairs i, j,
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we obtain
E { max +/j—i+1- ‘Ei;j}] < \/2log(n?+n)
1<i<j<n
and

1<i<j<n

E[( max \/j—zﬁ-‘ﬁi;ﬂ)z}SSlog(nz—l—n).
[

Proof of Lemma 3.3.1. Assume that x is ggy,-monotone, and fix any index 1 <i <n. Let j =
max{k < n :iso(x); = iso(x);}. Then i < j <n, iso(x); = iso(x) ;, and either j = n or iso(x) ; <
is0(x) j41. Therefore, we must have x; < iso(x) ; by properties of the isotonic projection. (This is
because, if x; > iso(x) ;, then writing e; for the jth basis vector and taking some sufficiently small
€ > 0, the vector iso(x) + € - €; is an isotonic vector that is strictly closer to x than iso(x), which
is a contradiction.) Therefore, x; < x; + €5 < is0(x) j + Eiso = i50(X); + €so. The reverse bound is
proved similarly.

Now we turn to the converse. For any 1 <i < j <n, we have x; <iso(x); + € <iso(x); + & <
xj+2€, where the first and third inequalities use the bound ||x —iso(x) || < &, while the second

uses the fact that iso(x) is monotone. O

Proof of Lemma 3.6.1. Fori=1,...,n—1,let #; = {x € R" : x; <x;1 1}, which is a closed convex
cone in R". We have %5, = ﬂ?:_llji/i and it’s easy to see that iso;(x) = & 4 (x). Hence the slow
projection algorithm defined in (3.15) is actually a cyclic projection algorithm, that is, the iterates

are given by
) = 2 (), A0 = 2 (), ) = 2 (), L

In general, it is known that a cyclic projection algorithm starting at some point x = x(0) js guaran-
teed to converge to some point in the intersection of the respective convex sets, i.e. limt_mx(t ) =
x* e ﬂ?;f%{- = Jso, but without any assumptions on the nature of the convex sets .#;, this point

may not necessarily be the projection of x onto the intersection of the sets (Bregman [47], Han
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[48] ). Therefore, we need to check that for our specific choice of the sets %}, the cyclic projection
algorithm (3.15) in fact converges to iso(x) as claimed in the lemma.
We first claim that

iso (iso;(x)) = iso(x) (3.20)

forall x e R" and all i = 1,...,n— 1. Assume for now that this is true. Since iso(-) is contractive
with respect to the ¢, norm, the convergence x(/) — x* implies that iso(x(’ )) — iso(x™). Apply-
ing (3.20) inductively, we know that iso(x()) = iso(x(o)) = iso(x) for all 7 > 1. On the other hand,
since x* € Fg,, this means that x* = iso(x*). Combining everything, then, we obtain

tli_)rgox(t) =x" =iso(x") = tli_)noloiso(x(t)) = iso(x).

Finally, we need to prove (3.20). Fix any index i and any x € R". If x; < x; 1, then iso;(x) = x
and the statement holds trivially. If not, then x; > x;, | and we have iso;(x) = A;x (recalling the
definition of A; in (3.14) earlier). Now let y = iso(x) and z = iso(A;x). It is trivially true that, since
x; > xj11, we must have y; = y; 1. Also, (x —y,z—y) <0 by properties of projection to the convex

set Zigo, SO We can calculate

Xit1 — X
(Aix—y,2=y) = (x=y,2=3) + =5 (@ = Yi — 21 +Yir1)
o 3.21)
§—l+12 “(zi—2zi1) <0,

where the last step holds since z; < z; | due to z € Fg, and x; > x; 1 by assumption. We also
have HAl-x—zH% < HA,-x—yH% since z = iso(A;x), which combined with (3.21) proves that y = z.
Thus (3.20) holds, as desired. ]

Proof of Lemma 3.6.2. Let Uy,...,Uy i Unif[0, 1], and let G(¢) = [_, g(s) ds be the cumulative
distribution function for the density g. Since g > ¢ >0, G : [0,1] — [0, 1] is strictly increasing, and

is therefore invertible. It is known that setting Z;y = G~! (U(i)) recovers the desired distribution

for the ordered sample points Z( << Z(n).
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Next, by Lemma 3.7.2 below, with probability at least 1 — &, for all indices 0 <i < j <n,

(3.22)

J n n

‘U(,-)—U( - i—j‘ - V/3li = j[log(n? +1)/8) +2log((n? +n) /8)

From this point on, assume that this bound holds. In particular, by taking i = 0, this implies that

J| < VTR T o) Hog0 £ 0J3) o 4/8) s

‘Um - " - )

for all j = 1,...,n, by assuming that log((n> +n)/8) < n (if not, then this bound holds trivially
since U ;) and j/n both lie in [0, 1]).

Then, since g is L-Lipschitz, for 1 <i < j < n we compute

(0 -2) - (67 im =6 (i/m))|
= (67U -6 W) - (67 i/n) =G (j/n)
|

—1 i—j oy (si+(l—s)j
=\<U<l->—U<j)>-<G ) (s +(1-90)) -=L-(G >(—)
where the last step holds by Taylor’s theorem applied to the function
1 1 (si+(1=s)j
We can rewrite this as
1. 1.
(20 -2~ (67 am —G7(i/m) |
i—J ~1
< ‘(U(i)—U(]))—T (G )/ (SU(i)—f-(l—s)U(j))—f—
J=i | 1 1y (Sit(1=s))
I8 Gy (s + (-9~ (@ >’( L )
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Since G ! has bounded first and second derivatives as in (3.17), we then have

(70 -7~ (67 i/m) — G (i/m))

i~ 1 i si+(1—s)j
S‘Wu)—U(;))— St (SUUW“—S)U(J'))—¥'
< V/3(j—i)log((n*+n)/8) +2log((n* +n)/8) .1+Q.4_L,\/10g((n2+n)/5)
- n c no 3 n ’

applying the bounds obtained above in (3.22) and (3.23). This proves the bound (3.19) in the

lemma. To prove the simpler bound (3.18), we calculate

S I P PO PE N R

n

since G~ ! is (1/c)-Lipschitz and we can apply (3.23). O

Lemma 3.7.1. Let U(yy < --- < Uy, be the order statistics of Uy,...,Un id Unif[0, 1]. For any

i
o=

Proof of Lemma 3.7.1. Fix any index i. If i < 3log(2n/6), then

i /3ilog(2n/6) <0

n n

0 >0,

3110g(2n/531+210g(2n/5)foralli: 1,...,n} >1-6.

and so trivially we have U(i) > % — —w. If instead i > 31og(2n/38), then suppose that

U(i)< _\/31'10%1(211/6)

L
—n

=: p. This means that at least i many of the U ’s lie in the interval [0, p].
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Then

o 3ilog(2n/d)
=P<B 1 1
{ tnomial(r,p) 2 np ( i 3i10g(2n/5)> }

2
3ilog(2n/8) )2 - 1 (V3ilog(2/3)) 5

<expl —=n —= < —,
=P 73 p(i— 3ilog(2n/9d) 3i—+/3ilog(2n/8) | ~ 2n

where the inequality uses the multiplicative Chernoff bound. Next, suppose that instead we have

Ug > i \/3ilog 2n/5 +2log(2n/6) _ )

n

This means that at most i — 1 of the U;’s lie in the interval [0, p’]. Then

V/3ilog(2n/8) +2log(2n/8) } - P{U

i
P{Um 2o 0=}

P {Binomial(n, p’) < i}

IN

= P {Binomial(n, P <np (1 —

\/3ilog(2n/8) +2log(2n/d)
i++/3ilog(2n/d) +2log(2n/0)

exnd L /3ilog(2n/8) +2log(2n/J) ?
P p i++/3ilog(2n/6)+2log(2n/6)

! («/3i10g(2n/5)+210g(2n/5)>

2 j+./3ilog(2n/8) +2log(2n/8)

IN

9
2

IN

= expy{ —

where again the first inequality uses the multiplicative Chernoff bound. Combining these two

calculations,
3ilog(2n/8)+2log(2n/o
P{’U@_i . \/3ilog(2n/8) +2log(2n/ >} 1 —sm
n n
Finally, taking a union bound over all i/, we have proved the lemma. [

Lemma 3.7.2. Let U(l) <. < U(n) be the order statistics of Uy,...,Uy iid Unif|0, 1], and let
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U(O) =0. Forany 6 > 0,

P{ ‘U(i) Uiy~ i;j‘ - V3li— jllog((n* +”){15) +2log((n* +n)/8)

forallO§i<j§n} >1-6.
Proof of Lemma 3.7.2. First, it is known that U ;) — U;) ~ Beta((j — i), (n+1) — (j —i)) for all

0 <i< j<n. Inparticular, U ()~ U(i) has the same distribution as U( i) and so by Lemma 3.7.1

applied with k = j — i and with 28 /(n® +n) in place of § /n,

j—i| _ /3li— jllog((n% +n)/8)+2log((n*+n)/8) 26
Pyl —Yo =771 " S,
n“—+n
Taking a union bound over all (”erl) = ”2% pairs of indices i, j, then, we obtain the desired
bound. OJ
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CHAPTER 4
COVARIATE ASSISTED VARIABLE RANKING

Consider a high dimensional linear model where the number of features far exceeds the number of
samples. We are interested in variable ranking, a problem related to variable selection but not the
same. Scientific experiments are constrained by budget and manpower, and it is often impossible
to completely separate the signals from the noise. An alternative is then to identify a few most
promising variables for follow-up lab experiments. This is where variable ranking comes in.

In this chapter, ! we mainly consider the variable ranking problem for high dimensional linear
regression. We are interested in the Rare/Weak signal setting where all but a small fraction of
the entries of  are nonzero, and the nonzero entries are relatively small individually. We propose
Factor-adjusted Covariate Assisted Ranking (FA-CAR) as a two-step approach to variable ranking.
FA-CAR is easy to use and computationally fast, and it is effective in resolving signal cancellation,
a challenge we face in regression models. We then extend our methods to the generalized linear

model case.

4.1 Problem formulation

Consider the linear model in the p >> n setting:
y=XB+z, X=[x, -, xp] ER"  z~N(0,6%L). 4.1)

We call a nonzero entry of  a “signal" and a zero entry a “noise." We are interested in the
Rare/Weak signal regime:

e (Rare). All but a small fraction of the entries of 8 are nonzero.

o (Weak). Individually, the nonzero entries are relatively small.

1. The work in this chapter except section 4.4.1 can be found in [49]. The results in section 4.4.1 are unpublished.
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We assume the Gram matrix ® = (1/n)X’X follows an approximate factor model [50, 51]:

K
=Y N+ Go, K < min{n, p}, (4.2)
k=1

where G is positive definite and approximately sparse (in the sense that each row has relatively
few large entries, with all other entries relatively small), A{,--- , A are positive, and vy, --- ,vg are
mutually orthogonal unit-norm vectors.

Model (4.2) is popular in finance [52], where the low-rank part represents a few risk factors
and Gy is the covariance matrix of the (weakly-correlated) idiosyncratic noise. It is also useful in
microarray analysis, where the low-rank part represents technical, environmental, demographic, or
genetic factors [53].

For variable ranking, Marginal Ranking (MR) is an approach that is especially popular in ge-
nomics and genetics [54, 55]. Recall that X = [x1,x2,...,xp]. MR ranks variables according to the
marginal regression coefficients |(x;,y)|/(x;,x;), 1 < j < p, where (-,-) denotes the inner product.
Marginal ranking has advantages: (a) It directly provides an explicit ranking that is reasonable in
many cases; (b) It is easy-to-use and computationally fast; (c) It does not need tuning parameters;
(d) It has a relatively less stringent requirement on noise distributions and provides reasonable
results even when the noise distribution is unknown or when the features/samples are correlated.

Our goal is to improve MR. Despite many good aspects of MR, we recognize that it faces two

challenges:

e The K factors in ® may have a dominant effect, and the ranking by MR is only reasonable

when these factors are removed.
e MR faces the so-called challenge of “signal cancellation" [56].

The “signal cancellation” problem arises when the conditional effect of a covariate on response Y
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is large but due to confounding the overall marginal correlation is close to zero. Note that

E[(x;,y)/(xjox)] = (xjx)) ™0 Y (xjyx) B
k:Bx#0

“Signal cancellation” means that due to correlations among x;’s, signals may have a mutual can-
celing effects, and variable j may receive a relatively low rank even when f3; is top-ranked among
Br.B2, - Bp-

To overcome the challenges, we propose FA-CAR as a two-stage ranking method. FA-CAR
contains a Factor-Adjusting (FA) step, where we use PCA for factor removal and reduce the linear
model to a new one where the Gram matrix is sparse. In the Covariate-Assisted Ranking (CAR)
step, we rank variables using covariate structures. We recognize that “signal cancellation" is only
severe when the predictors are heavily correlated, and so by exploiting the covariate structures, we

can significantly alleviate the canceling effects.

4.1.1 Two illustrating examples

It is instructive to use two simple examples to illustrate why FA and CAR are useful.

Example 1 (One-factor design). Consider a case where the Gram matrix is given by
@ =1,+wyE&, ®p > 0 is a parameter,

where & =1 /||n|| with n ~ N(0,1,) and 62 = 0 so there is no noise. We assume 3 has s nonzeros
and each nonzero equals to 7 (7 > 0). Even in this simple setting, many methods do not perform

well. Take MR for example. As long as w, < p, we have n(x j,Xj) ~ 1 and

(o )I/ (xj,x) ~ [@p - (5, B)E + Bl

Since [(§,B)E;| = Op(t+/s/p), whenever wp+/s/p > 1, the factor has a non-negligible effect: the

ranking depends more on & instead of 8, and many signal variables may receive lower rankings
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than the noise variables.
Seemingly, the problem can be fixed if we use a factor removal step. Consider the Singular

Value Decomposition (SVD) of the design matrix X:

n
Ay, = Mup +X, wherevi =& and X = Y L.
k=1 k=2

X =

n

We have two ways to remove the factor &: one is to project the columns of X using the projection
matrix Hy, = I, — uy u’] , and the other one is to project the rows of X using the projection matrix

H,=1,— V1V/1~ However, while both projections produce the same matrix:
X =H,X =XH,,

only the first one reduces Model (4.1) to a new linear model with the same vector 3. In particular,

letting § = H,y and &€ = H, &, we have
§=XB+z  whereZ~N(0,06°H,)andn 'X'8 =H, =1, EE".
Similarly, if we write X = [}, %,...,%p] and apply MR, then n~!(%;,%;) ~ 1 and
(5. %))/ (%), ;) ~ (S, B)E;+Bjl,

where |(&,B)&;| = Op(t+/s/p) and has a negligible effect on the ranking. We therefore have a
successful ranking scheme if we first remove the factor and then apply MR (in this simple setting,
the sparse component G in ® is diagonal). This is the basic idea of the FA step, which can be
conveniently extended to cases where we have more than 1 factors.

Example 2. (Block-wise diagonal design). Suppose p is even and O is block-wise diagonal,
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where each diagonal block takes the form of
: h € (—1,1) is a parameter.

2

The parameter 6~ is equal to zero so there is no noise. The vector  only has three nonzeros (but

we don’t know either the number of signals, or the locations or strengths of them):
B =T, Br =Bz =ar, where 7 > 0 and a € R.

In this simple setting, even there is no factors in ®, MR still does not perform well. For example,

by direct calculations,

ﬁZ =art, ﬁ4 =0, ’(Xz,y)‘/(XZ,Xz) = ’a_h“-? |()C4,y>’/()€4,)C4) = ‘ah’f.

Therefore, we may face severe signal cancellation at location 2, and variable 2 (a signal variable)

is ranked under variable 4 (a noise variable) when
|ah| > |a— h|.

We recognize that this problem can be resolved by exploiting local covariate structures. For

each variable j, let
oy ={S, 2}, F1={j}, #2={j,j+1}forjoddand # = {j—1,} for j even.

Each element . € 7] is called a “neighborhood" of j. For each .# € </}, we measure the “signif-

icance" of variable j in .# by

2 2
Ty = IPoyII" = [P gy l7s
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where P is the projection from R" to the space spanned by {x;, j € .# }. Neglecting the influence
of all variables outside the set .7, T}  is the likelihood ratio for testing whether supp(f) = .# or
supp(B) = .# \ {j}. Take an odd j for example, where .#| = {j} and .%, = {j, j+ 1}. By direct

calculations,

2 2\p2
T, =n(Bj+hBjs1)"s  Tjp =n(1—h")B;.

When both variables j and (j+ 1) are signals, signal cancellation only affects Tj| 7, but not Tj‘ Ty
so the latter is preferred. When variable j is a signal and variable (j+ 1) is a noise, signal can-
cellation affects neither of them; since Tj‘ 7= nﬁjz > Tj| 7, in this case, Tj| 7, 18 preferred. This

motivates us to assess the significance of variable j by combining these scores:
* . )
T; = maX{TJ-M 1 I € sz]}
In the above example,
Ty :nmax{a2(1—hz),(a—h)z}’cz, T = n(ah)*7?,

and variables 2 and 4 are ranked correctly as long as || < 1/v/2~0.7.
In more general cases, we use ® to construct a graph and let a “neighborhood" of j be a
connected subgraph that contains j, and the above idea can thus be conveniently extended. This is

the main idea of the CAR step.

4.1.2 Our methods: FA-CAR

We extend the intuition gained in illustrating examples and develop a ranking method that works
for a general design from Model (4.2). The method consists of a Factor-Adjusting (FA) step and a
Covariate Assisted Ranking (CAR) step.

In the FA step, let X = 22:1 6kﬁk19;€ be the SVD of X, where 61 > 65 > -+ > 6;, > 0 are the

singular values, and i;, € R" and ¥, € RP are the k-th (unit-norm) left and right singular vectors,
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respectively. Introduce

M=

K
F=y— Y (@), X=X-Y 6. (4.3)
k=1 k=1

If we consider the two projection matrices H, = I,, — Zszl ﬁkﬁfc and H, = I, — lele \3;(\9;{, then it
follows from elementary linear algebra that j = H,;y, X = H,X = XH,, and (1/n)X'X = H,®H,,.

As a result,

(62 /n)by 5. (4.4)

M=

§=XB+z whereZ~N(0,6°H,)andn X' =@ —

k=1

This gives a new linear model with the same 3 but a different Gram matrix.

Note that (6‘,? /n) and ¥ are the k-th eigenvalue and eigenvector of @, respectively. In Model
(4.2), the component Gy is a sparse matrix. Therefore, the leading eigenvalues (eigenvectors) of ®
are approximately equal to the leading eigenvalues (eigenvectors) of (® — Gp), i.e., (613 /n) =~ A

and vy ~ vy for 1 <k < K. We thus have

K
(1/1’1))2/)2 ~0O-— Z lkvkvz = G().
k=1

So the Gram matrix for Model (4.4) is sparse.
In the CAR step, we focus on Model (4.4). Write X = [£},...,%p] and G = (1/n)X’X. Given
a threshold & € (0,1), let %9 be the graph with nodes {1,2,...,n} such that nodes i and j are

connected by an undirected edge if

G N/VG(,)G(j,j)>8,  1<i#j<p. (4.5)

For each variable j, any connected subgraph .¢ of ¢ S that contains Jj is called a “neighborhood"

of j. Consider a collection of such local “neighborhoods"

s j(m) = {.7 is a connected subgraph of 90 jec.g, |7 < m}, (4.6)
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where m > 1 is an integer that controls the maximum size of selected neighborhoods. For .¢ €

s ;j(m), we measure the “significance” of variable j in .# by

~112 =112
Tj.s = P37 = 1P\ 15117 (4.7)

where P s is the projection of § onto the space spanned by {* jtjes }. We then measure the

“significance" of variable j by combining these scores:
Tj* = max{Tj‘J; NS 42%57j(m)}. (4.8)

The scores 7{", 5, ..., T, are used to rank variables.

FA-CAR has tuning parameters (m, K, ), but the ideal choice of tuning parameters is insensi-
tive to the unknown f (it mainly depends on the design X). Therefore, tuning here is not as critical
as it is for variable selection. In practice, we recommend using m = 2 and 6 = 0.5 and choosing K
as the elbow point in the scree plot of the Gram matrix ® (see Section 4.3.1).

The computational cost of our method comes from two parts: the SVD on X and the CAR step.
SVD is a scalable algorithm even for large matrices [57]. The computational cost of the CAR step
is determined by the total number of subsets in the collection <75 (m) = U‘}’:le@f& j (m). By graph
theory [58],

| g (m)| < pm(2.72d,)™, dp: maximum node degree.

Since G ~ Gy is sparse, d, grows slowly with p. So the computational cost of the CAR step is

only moderately larger than that of MR.

4.1.3 Comparison of the sure-screening model size

We use the blockwise-diagonal example in Section 4.1.1 to demonstrate the advantage of exploiting
local covariate structures for ranking. We use the sure-screening model size as the loss function,

which is the minimum number of top-ranked variables one needs to select such that all signals are
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retained (then, all signal variables will be included in the follow-up lab experiments, say).
We adopt a Rare/Weak (RW) signal model, which has been used a lot in the literature [7, 59].
Fixing ¥ € (0,1) and r > 0, we assume the vector f is generated from (v,: a point mass at a)

iid g_p

€ _
B~ (1—¢p)vo+ > Vi +Epv_fp, Ep=p ﬁ,fp = o+/2rlog(p)/n. (4.9)

=% as p grows, the signals

Under (4.9), the total number of signals is approximately s, = p
become increasingly sparser. The two parameters (1, r) characterize the signal rareness and signal
weakness, respectively. For any threshold r > 0, let FN,(t) = Z?:l P(B; #0, TJTk <t)and FPy(t) =
Z;’:l P(B; =0, ijk > 1) be the expected number of false negative and false positives, respectively.

Define the sure-screening model size as

SS*¥(O,r,h) =s,+ min  FP,(t).
p( ) P 1:FN,(1)<1 p<)

For the blockwise diagonal design, the Gram matrix is already sparse, so the FA step is not
needed. We compare CAR with two other ideas, MR and LSR, where LSR simultaneously runs
least-squares on each pair of variables {2j— 1,2} for j=1,2,..., p/2 and uses these least-squares
coefficients to rank variables. We note that the least-squares estimator coincides with the recent
de-biased lasso estimator [60, 61] in this design. The following lemma shows that the convergence

rate of SS7,(¥,r,h) for CAR is always no slower than those of the other two methods.

Lemma 4.1.1 (Sure-screening model size). Consider Model (4.1) with the blockwise-diagonal de-
sign as in Section 4.1.1, where the RW model (4.9) holds. Let L), denote a generic multi-log(p) term
such z‘hatLpp_5 -0 andep5 — oo for all § > 0. Given any (¥,r,h) € (0,1) x (0,00) x (—1,1),
for each of the three methods, there is a constant n*(¥,r,h) € [0,1] such that SS,(9,r,h) =

Lpp" (1) Furthermore, for all (9,1, h),

néAR(ﬁar’h) < min {nlth(ﬁar?h)a nl*,SR(ﬁvra h)}
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The explicit expression of n*(¥,r,h) for all three methods can be found in Lemma 4.5.1.
Using the results there, we can find settings where the convergence rate of CAR is strictly faster;

see Table 4.1.

Table 4.1: The exponent n* (¥, r,h) for the blockwise-diagonal design.

(O,rh]) | (8,15,.4)1(5,2,8) ] (3,2,2)
CAR 395 500 700
MR 395 920 751
LSR 543 980 700

4.1.4 Connection to the literature

Our method is related to the recent ideas of Graphlet Screening (GS) [62] and Covariate Assisted
Screening and Estimation (CASE) [63]. These methods also use ® to construct a graph and use
local graphical structures to improve inference. However, our settings and goals are very different,
and our method/theory can not be deduced from previous works: (a) GS and CASE are for variable
selection and it is unclear how to use them for variable ranking. (b) GS and CASE have more
stringent assumptions on the Gram matrix and do not work for the general designs considered in
this paper.

Our FA step is related to the idea of using PCA to remove factor structures in multiple testing
[64] and covariance estimation [65], but our FA step is designed for linear models and is thus very
different. [66] used PCA to improve marginal screening, which is similar to our FA step; however,
their PCA approach is only justified for a random design that comes from an exact factor model,
and their theory is insufficient for justifying our FA step.

Our work is related to the literatures on ranking differently expressed genes [67]. Common
gene-ranking approaches (e.g., p-value, fold-change) are connected to the idea of Marginal Rank-
ing. The key idea of our method is to exploit correlation structures among variables to improve
MR, and an extension of our method (Section 4.4) can be potentially used for gene-ranking. On

a high level, our work is also related to feature ranking problem in machine learning [68], but
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most methods in these literatures (e.g., wrappers, filters) are algorithm-based and are not designed

specifically for linear models.

4.2 Theoretical analysis

We describe the asymptotic settings in Section 4.2.1 and present the main results in Section 4.2.2;
our main results contain the rate of convergence of the sure-screening model size. Section 4.2.3
contains some new perturbation bounds for PCA; they are the key for studying Factor Adjusting
and are also useful technical tools for other problems. Section 4.2.4 contains the proof of the main

result.

4.2.1 Assumptions

We assume @ has unit diagonals without loss of generality. Let S be the support of S and let

sp = |S|. We assume
log(p)/n—0, s, <pl™? forsome ¥ € (0,1). (4.10)

Under (4.10), it is known that n™ 1/2, /log(p) is the minimax order of signal strength for successful
variable selection [59]. We focus on the most subtle region that nonzero 3;’s are constant multiples
of n=1/2, /log(p). Fixing a constant r > 0 that calibrates the signal strength and a constant a > 0,

we assume for any j € S,

T, <|Bj| <atp,  where 7, =n""20\/2rlog(p). 4.11)

Model (4.10)-(4.11) is a non-stochastic version of the Rare/Weak signal model in the literatures
[69].
The Gram matrix O satisfies model (4.2). For any integer 1 < m < p and matrix Q € RP'P,

define v;;,(Q) as the minimum possible eigenvalue of any m x m principal submatrix of Q. Fixing
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Y€ (0,1), cg,Cy > 0 and an integer g > 1, we introduce a class of sparse covariance matrices:

p

AMp(8,7,c0,Co) = {Q € RPPis ps.d.: vg (Q) 2 ¢o, max ) Q3 )" < Co}-
SISP
J

Recall that G is the sparse component in Model (4.2). We assume
GO € %P(ga 7, CO7CO)7 Al < Cl)LKv A’K/max{spvlog(p)} —7 0, (412)

where c¢; > 0 is a constant. Fixing a constant b > 0, let Cj05 be the undirected graph whose nodes

are {1,---,p} and there is an edge between nodes i and j if and only if

|Go(i, /)I/v/Goli,i)Go(j,j) > &,  where &, =b/log(p).

This graph can be viewed as the “oracle" graph, and the graph ¢ S used in our method is an
approximation to {%5 Let go‘s ¢ be the induced graph by restricting nodes to S. We assume that for

a positive integer ¢ < g,
each component of 54055 consists of < ¢ nodes.? (4.13)

This is an assumption on the correlation structures among signal variables. It implies that the signal
variables divide into many groups, each consisting of < /() variables, such that signals in distinct
groups are only weakly correlated after the factors are removed.

FA-CAR has tuning parameters (K, m, ). We choose K adaptively by
K:kp:max{l§k§n:6kz>nlog(p)}, (4.14)

where 6y, is the k-th leading singular value of X. We choose (m, ) such that, for some constant

2. A component is a subgraph in which any two nodes are connected to each other by a path, and which is connected
to no additional nodes in the graph.
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C >0,

where 6, = b/log(p), g and {; are defined in (4.12) and (4.13) respectively.

4.2.2 Main result: Sure-screening model size

Given the scores 77", ..., Ty, if we threshold them by
tp(q) = 2¢62log(p), g > 0 is a constant, (4.16)

the set of retained variables is S(q) = S, (¢:X,y) ={1 < j<p: TJ* > 15(q)}. Recall that S is the

support of B and s, = |S|. The (asymptotic) sure-screening model size is defined as
SS5(9,r: X, B) = sp +min{]E(\§(q) \S]) : g satisfies lim E(|5\ $(q)) = o}. 4.17)

To describe the asymptotic behavior of SS7, we introduce the quantities ;(r,m), 1 < j < p,
where r calibrates the signal strength and m > 1 is a parameter in FA-CAR. By assumption (4.13),
the set of signal variables $ has the decomposition S = .#; U % U...U %, where nodes in each
4 form a component of %OS’S and max|<x<ps|Fk| < £p. Fix j. There exists a unique ., which

o . i N NNy —1 N, j
contalnSJ.ForanyfCﬂk,letN:J\{]},Fzﬂk\ﬂ,andA?‘j=G{)J—G6 (Gy™) lGO /,

Define
;1.7 (r:Go, B S)Z—HA?W {Bj+ (" )I[Gj’F—Gj’N(GN’N)1GN’F]BF}2 (4.18)
j| £\ S0, P Op 2(5210g(p) J jl7 0 0 0 0 ’ )
For each m > 1, define
;(r,m; Go, B, 8y) = max{a)ﬂj(l’;Go,ﬁ,Sp) . I € oy (m), I C fk}. (4.19)

We notice that @;(r,m) is a monotone increasing function of . The following definition is useful:
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Definition 4.2.1. L, as a positive sequence indexed by p, is called a multi-log(p) term if for any

fixed ¢ >0, Lpp® —ccand L,p~ ¢ — 0 as p — oo.
The following theorem gives an upper bound for rate of convergence

Theorem 4.2.1 (Sure-screening model size). Under Model (4.1)-(4.2), suppose (4.10)-(4.13) hold
for fixed (O,r1,8,00,7,co,Co,C1,a,b) such that g > {y, and suppose the tuning parameters (K, m,0)

satisfy (4.14)-(4.15). Define the constant

I
q*(9,r,m;Gg,B,8p) =inf ¢ ¢ >0: lim

>0
p—ree log(p)

Then, as p — oo,

SS)(0.7:X,B) < Lyp! (D4 (9.rm),

We use Theorem 4.2.1 to draw some conclusions. First, we introduce a lower bound for the
quantities ;(r,m). Fix j and let .# be the component of %05’5 that contains j. Write N = .7\ {j}

and A% , = G’ — 65" (GE™) 716Gy, Define

nA?.‘]k 2
w*(r;Go, B, 8)) = —= 117k g2, 4.20
J(r 0 B P) 20210g(p)ﬁj ( )

This quantity depends on 8 only through f3;, so there should be no “signal cancellation” involved

in our method, as justified in the following corollary.
Corollary 4.2.1 (No signal cancellation). Suppose the conditions of Theorem 4.2.1 hold. Let cq be

the same as that in (4.12). Then,

SS5(0, 13X, B) < Lyp'~min{® [(Var—vI=0),},

As a result, as long as r is properly large, SS;", < Lpsp.

Due to signal cancellation, no matter how large r is, there still exist choices of the signs and
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locations of nonzero f3;’s such that MR ranks some signal variables strictly lower than many noise
variables and that SS; > Lpsp. In contrast, Corollary 4.2.1 demonstrates that FA-CAR success-
fully overcomes the ‘““signal cancellation" issue.

Next, we compare FA-CAR with an alternative approach which applies MR after the FA step.3

Corollary 4.2.2 (Advantage over FA-MR). Suppose the conditions of Theorem 4.2.1 hold. Let

ﬁ;(ﬁ, r; X, B) be the sure-screening model size for FA-MR. Then,
%
SSp (0,1 X,B) < Lp-SS, (9,1 X, B).

Corollary 4.2.2 demonstrates that FA-CAR is always no worse than FA-MR. Additionally, we
have seen examples in Section 4.1.3 where FA-CAR is strictly better. This justifies the need of

exploiting local covariate structures.

4.2.3  Perturbation bounds for PCA

The success of the FA step relies on a tight bound for |G — Gg||max- To bound this quantity, we

need develop to new perturbation results for PCA. We can rewrite

K K
G—Go= Y (6¢7/m)00,— Y Aevvl,

where v; and ¥, are the k-th eigenvector of (® — Gy) and Gy, respectively. In the simplest case of
K =1, the problem reduces to deriving a sharp bound for |[¥| — v{||. Unfortunately, the standard
tool of sine-theta theorem [70] only yields a bound for ||#{ — v{ ||, which is often too loose if used

as a bound for ||?] — v{]|.. We need the following lemma:

Lemma 4.2.1 (Perturbation of leading eigenvector). Consider ® = Ajv(v} + Go, where A1 > 0,

Ivill =1, and Gy € RPP is symmetric. Let V| be the leading eigenvector of ©. If 3||Gplle < Ay,

3. Since the Gram matrix for Model (4.4) has unequal diagonals, we first normalize the columns of X to have the
same ¢2-norm and then apply MR.
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then

ming [[91 = v1 [leoy |91 +v1lleo} < 1221 Goleo|[v1 o

We compare it with the sine-theta theorem, which gives that min{||¥1 — v{||e, [|[P1 + V1]|ec} <
min{||[V; —vi ||, [|P1 +vi]|} < C?Ll_l |Go||. Consider a case where each row of Gg has at most d),
nonzero entries. Since ||Go||e < +/dp||Go||, our bound is sharper if +/dp||vi || = o(1).

For the case K > 1, the eigenvectors are generally not unique (unless all the eigenvalues are
distinct from each other). It makes more sense to bound || Zszl D0 — Zszl ViV lmax. We have

the following theorem:

Theorem 4.2.2. Let ® = Zszl )Lkvkvfc—f— Go, where A{ > Ay > -+ Ag >0, vy, -+ ,vg € RP are unit-
norm, mutually orthogonal vectors, and G € RP'P is symmetric. For 1 <k <K, let (ik, Vi) be the
k-th leading eigenvalue and associated eigenvector of ©. Write V.= [v{,--- ,vg], V = [#1,- -, k]
and G =0 — Zszl ikﬁk%. If Ak > C1||Gy||eo for some constant Cy > 2, then

VV =0V lmax < Co(A1 /Ak)% - 22 1| Go|loo - 2,
I Imax < C2(A1/Ak)~ Ak " [|Goll lrgnkagKIIVkH

and

G-G < Ch(A/2x)% - 1|Gol|eo - 2
| ollmax < C3(A1/Ak)” - [|Gol| 1r§nka§xKHVkH :

where C,,Cl, > 0 are constants that only depend on (C},K).

The proof of Lemma 4.2.1 uses a similar approach as the proof of Lemma 3.1 in [71]. The proof
of Theorem 4.2.2 is new and highly non-trivial since we do not assume any gap between A1, ..., Ag.

That it requires no eigen-gaps makes this result very different from other recent perturbation results

(e.g., [72]).

4.2.4  Proof of Theorem 4.2.1

Recall that G = (1/n)X'X is the Gram matrix of Model (4.4). Using the results in Section 4.2.3,

we can show that G is entry-wise close to Gy:
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Lemma 4.2.2. Suppose the conditions of Theorem 4.2.1 hold. Then,

SPHG_GOHmaX =o(1).

G — Gol|max = 0(6p) and

The key of the proof is to study the distribution of T} », for each j € S and .5 € o7 ; (m). The

following lemma is proved in Section 4.5.

Lemma 4.2.3. Suppose the conditions of Theorem 4.2.1 hold. Fix j € S and let .9 (/) be the unique

component of %O‘SS that contains j. For any .9 C .9 ()N %S‘S that contains J,

Ty = WA Wt (/2040 log(p). %) . (Al =op (Viog(p)).

where ©}| 7 (r) is the same as that in Section 4.2.2.

The proof of Lemma 4.2.3 is lengthy, and we provide some illustration. For simplicity, we only
consider a special case where .7 is exactly the component of 5455 that contains j. By definition and
elementary calculations,

N.Ny—1
f)/ (Gf,f)—l_ (G ) 0

Tiy=n""'(n n?, n=X'5, N=7\{j}, @21

0 0
Since  ~ .4 (nGB,0%nG), we have
— I.7€ c c c
n"'Eln”)=(GB)” =677 BY + Gy BT +(G—Go)” T BT

It can be proved that the third term is negligible as a result of Lemma 4.2.2 and the second term is
negligible due to the sparsity of Gy and the definition of the graph ¢ 9 1t follows that E [T]ﬂ | ~
nG”” B . We plug it into (4.21) and find that

T]|j ~ I’l(ﬁj)/ [(Gf,f)—l _ Gj’N(GN’N)_lGN’j}ﬁf _ nAj|jﬁ]27

where A, = G/J — GIN(GNN)~1GN+J is a counterpart of A?| 7 in (4.20) and the last equality
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is a result of the matrix inverse formula in linear algebra. It remains to characterize the difference

between A ; ; and Aj| 7 recall that ., is the unique component of %0, ¢ that contains j. Using

Lemma 4.2.2, we can prove that, if we restrict ?4053 to .7, it splits into a few components and one

component is exactly .#. Such an observation allows us to show that

0
Ajy =A%, 1+o(1)].

The proof of Lemma 4.2.3 follows a similar idea as the above derivation but is much more compli-
cated.
Once we have the distribution of Tj| _#» we can quantify the type I and type II errors associated

with any threshold 7,(q).

Lemma 4.2.4 (Type I and Type Il errors). Suppose the conditions of Theorem 4.2.1 hold. Consider

S(q), the set of selected variables associated with the threshold ty(q) as in (4.16). Then,

Y

E(\$(q))) <L ¥ p-((Voilmm—va)]?

jEs

and

E(IS(g)\S|) < Csp[log(p)]"™ + Lyp' 4.
where @;(r,m) is as in (4.19) and y is the same as that in ./ (g,7,co,Cp).

We now derive the upper bound for $S7,(¢,7;X,). By Lemma 4.2.4 and the definition of

q*(0,r,m), for any g < g*(0,r,m), there is an € > 0 such that
E(1S\S(q)]) <Lpp ¢ —0, for all sufficiently large p.
As aresult, for any g < ¢*(&,r,m),

SS5(9,71:X,B) < sp+E(|8(q)\S]) < Lpp'~min{®a},
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Taking the limit of ¢ — ¢* (¥, r,m) gives the claim of Theorem 4.2.1.

4.3 Empirical analysis

4.3.1 Simulation study

We investigate the performance of FA-CAR in simulations. In all experiments below, given a
covariance matrix £ € R”°P, the rows of X are independently sampled from .#"(0,X). We consider

four different types of designs where the corresponding X is:

o Tridiagonal. X(j,j)=1forall 1 < j<p,andX(i,j)=p-1{|i—j|=1}forany 1 <i# j<p.

We set p =0.5.
e Autoregressive. L(i, ) = p|i_j| forall 1 <i,j<p. Wesetp =0.6.

e Equal correlation. £(j,j)=1for 1 < j<p,and X(i,j) =p for 1 <i# j<p. We set
p =0.6.

o Twofactors. L= 5aja| +5aydy+(1—p)Zy, wherea; = (1,1,...,1),ap = (1,-1,1,—1,...,1,—1)
and X; is an autoregressive covariance matrix, i.e., X1 (i, j) = py_ﬂ. We set p = 0.5 and

p1 =0.6.

Fixing (n,p,n,s), we generate 3 as follows: The first s coordinates of 8 are independently sampled
from .47(0, nz), the other coordinates all equal to 0. We then generate y using Model (4.1) with
c?=1.

Our method has three tuning parameters (K,8,m). In Experiments 1-2, we set m = 2 and
0 = 0.5, and use the ideal choice of K, that is, K = 0,0, 1,2 for the above four types of designs. In

Experiment 3, we investigate the sensitivity of our method to tuning parameters.

Experiment 1: Comparison of ROC curves We compare the ROC curves of our method and

three other methods: (1) Marginal Ranking (MR) [73], (2) HOLP [74], which uses the coordinates
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Figure 4.1: ROC curves in Experiment 1. (n, p,n,s) = (200, 1000, 3, 20).

of X/(xXx’ )_]y for ranking, and (3) RRCS [75] which uses the marginal Kendall’s 7 correlation
coefficients for ranking. Fix (n,p,n,s) = (200,1000,3,20). For each of the four design types,
we generate 200 datasets and output the average ROC curves of these 200 repetitions. The re-
sults are displayed in Figure 4.1. For the tridiagonal, autoregressive, and two-factor designs, our
method significantly outperforms the other methods. For the equal correlation design, our method

significantly outperforms MR and RRCS and is similar to HOLP.

Experiment 2: Various (n,p,1,s) We consider four choices of (n,p,n,s), for each of the four
types of designs. There are 16 different settings in total. We measure the performance of different
methods using several criteria: (a) Sure screening probability (SP): the probability that all the
signal variables are selected when retaining n variables in total. (b) Type II: the number of type

IT errors when retaining n variables in total. (c) Sure screening model size (Size): the minimum
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number L such that all signal variables are selected when retaining L variables in total. The results

are shown in Table 4.2.

Table 4.2: Results of Experiment 2. For Type II, we report the mean over 200 repetitions, and for
Size, we report the median over 200 repetitions.

Designs | Setting: ( ) | Measure Method
& & P18 “® 'FACAR MR HOLP  RRCS
SP/TypeII | 0.91/0.11 0.45/0.64 0.51/0.58  0.45/0.65
(200,1000,3,5) Size 6 246 195 247
SP/Type 11 | 0.11/2.45 0.01/5.19 0.01/4.49 0.01/5.47
Tridia (200,1000,3,20) Size 518.5 865.5 861 874.5
& (200.1000,0.5.5) SP/Type II | 0.73/0.35 0.38/0.86 0.36/0.94  0.35/0.95
’ T Size 39.5 336.5 384.5 382
SP/Type II | 0.57/0.66 0.20/1.39 0.18/1.42 0.17/1.47
(200,5000,0.5,5) Size 132.5 1789.5 1942 1964
SP/Type II | 0.95/0.06 0.67/0.43 0.62/0.46 0.67/0.44
(200,1000,3,5) Size 6 65 85 58.5
SP/Type II | 0.17/2.00 0.02/4.05 0.00/4.19 0.01/4.37
Autore (200,1000,3,20) Size 422 840 848 850.5
& (200.1000.0.5.5) SP/Type II | 0.79/0.28 0.53/0.67 0.42/0.83 0.51/0.77
’ T Size 22 179.5 293 184
SP/Type I | 0.6/0.61  0.35/1.18 0.35/1.20 0.315/1.29
(200,5000,0.5,5) Size 57 937 980 1077
SP/Type Il | 0.46/0.72 0.06/1.85 0.46/0.68 0.07/1.84
(200,1000,3,5) Size 247 998 230 997
SP/Type II | 0.00/6.09 0.00/10.66 0.00/5.73 0.00/10.86
Eaual corr (200,1000,3,20) Size 909.5 1000 863.5 1000
d ’ (200.1000,0.5.5) SP/Type Il | 0.16/1.38  0.05/2.06 0.17/1.47 0.03/2.08
’ B Size 577 969 589 957
SP/Type II | 0.07/2.00 0.00/2.65 0.06/2.03  0.00/2.72
(200,5000,0.5,5) Size 2600.5 4856 2689.5 4844.5
SP/Type II | 0.93/0.09 0.16/1.83 0.62/0.47 0.17/1.82
(200,1000.3,5) Size 6 690.5 88.5 687.5
SP/Type II | 0.21/2.03 0.01/11.06 0.02/3.99 0.01/11.08
Two factors (200,1000.3,20) Size 454 988.5 832.5 983.5
(200,1000,0.5.5) SP/Type 11 | 0.73/0.43 0.17/1.94 0.38/1.06 0.16/1.95
’ T Size 43.5 674.5 387 678
SP/Type 11 | 0.47/0.89 0.08/2.46 0.28/1.45 0.07/2.49
(200,5000,0.5,5) Size 274 3592.5 1382 3633

Experiment 3: Sensitivity to tuning parameters. We study how the performance of FA-CAR
changes as the tuning parameters (K, d,m) vary. We fix (n, p,n,s) = (200,1000,0.5,5), and focus
on the autoregressive designs and two-factor designs. We implement FA-CAR for K € {0,1,2,3},

m € {2,3} and 6 € {.2,.25,.3,.35,--- ,.9}. The results are shown in Figures 4.2; to save space,
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Figure 4.2: Experiment 3: sensitivity to tuning parameters. The ideal choice of K is K = 0 for the
autoregressive design and K = 2 for the two-factor design.

we only report the sure screening probability (SP). We also report the computing time for different
values of ¢ in Figure 4.3.

Choice of K. The top two panels of Figure 4.2 suggest that overshooting of K makes almost
no difference in the performance, but undershooting of K could render the performance worse
(e.g., K =1 for the two factors design). Even with an undershooting K, FA-CAR still significantly
outperforms MR and RRCS, and is comparable with HOLP for a wide range of d.

Choice of m. The bottom two panels of Figure 4.2 suggest that increasing m from 2 to 3 slightly
improves the performance especially when 0 is small, but we pay a price in computational cost. In
general, m = 2 is a good choice.

Choice of 6. From Figure 4.3, smaller § tends to yield better performance of FA-CAR; but
as long as 0 < 0.5, the performance is more or less similar (and is much better than the other
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Figure 4.3: Computing time in Experiment 3.

methods). From Figure 4.3, the computing time decreases as 0 increases. Combining Figures 4.2-
4.3, we find that 6 = 0.5 achieves a good balance between statistical accuracy and computational

cost.

4.3.2 Application to a microarray dataset

We investigate the performance of our method using a gene microarray dataset [76]. It contains
the gene expressions of human immortalized B cells for p = 4238 genes and n = 148 subjects
(CEPH-Utah subpopulation). We use this n X p data matrix as the design. Figure 4.4 compares the
two respective Gram matrices for Model (4.1) and Model (4.4), and it shows that the Gram matrix
for Model (4.4) is much sparser. This suggests that our assumption (4.2) fits the data well and that
the FA step is effective in removing the factors.

In our experiment, fixing parameters (7, s), we first generate 8 by drawing its first s coordinates
i.i.d from N (0,112) and setting the other coordinates to be 0 and then generate y using Model
(4.1) with o = 1. Here, (1,s) control the signal strength and signal sparsity, respectively. For
each method, we report the average ROC curves over 200 repetitions; the results are displayed
in Figure 4.5. When s = 50, FA-CAR always yields the best performance, and it is especially

advantageous when 7 is small (i.e., the signals are “weak"). When s = 10, FA-CAR performs
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Figure 4.4: Left two panels: the Gram matrix before and after Factor Adjusting (for presentation
purpose, both matrices have been normalized so that the diagonals are 1; only the upper left 100 x
100 block is displayed). Right panel: Boxplots of the off-diagonal entries (in absolute value) of

two Gram matrices.
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Figure 4.5: The ROC. Design: gene-microarray. The curves are averaged over 200 repetitions.

reasonably well, and it is better than MR. It is a little worse than HOLP and RRSC, but these two
methods are unsatisfactory in the other settings. In terms of the overall performance, we conclude

that FA-CAR is the best among the four methods.

4.4 Extension to generalized linear models

In bioinformatics and machine learning, it is often the case that the responses are not continuous,
and the generalized linear models (GLM) is more appropriate for modeling the data. Consider a
GLM with the canonical link: The responses yq,...,y, are independent of each other, and each y;

has a probability density from the exponential family:

f(i) = exp{yi0; — b(6;) +c(i) }, 1<i<n

Y
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where b(-) and ¢(-) are known functions satisfying that E[y;] = b'(6;). The parameter 6; is called

the canonical or natural parameter. GLM models that

6; = 6;(X;) = Bo+X; B, 1<i<n.

The parameters By € R and 8 € R are unknown.* Same as before, we call a nonzero entry of
a “signal". We are interested in ranking the variables such that the top ranked variables contain as
many signals as possible.

Marginal Ranking (MR) can be conveniently extended to GLM, where the marginal correlation
coefficients are replaced by the maximum marginal likelihoods or maximum marginal likelihood
estimators [77, 78]. However, signal cancellation problem exists in GLM as well and it may hurt
the performance of MR. In the following sections, we consider a random design and use logistic

regression as an example to illustrate this point.

4.4.1 Signal cancellation in logistic regression

We consider a logistic regression with random design. Suppose Y follows Bernoulli distribution,

with
p
E(Y[X), . Xp)=¢ '(n) n=PBo+ ) BXi=Po+B"X
i=1
where
x _ 1 e*
g(x) = 10g(m) with ¢~ (x) = T
We assume X = (Xp,..., X)) are jointly normal distributed with mean 0 and covariance matrix X.
Here we consider the omitted variable case where we model
d
n=P3+Y BX;, d<p (4.22)
i=1

In marginal ranking, d = 1 and |B"| is the rank score for the first variable.

4. We can also add a dispersion parameter ¢ and all the results continue to hold.
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We write

X1 Y11 I
1:d s
X(d+1):p L Ip

The following theorem characterize the population quantity B* = (S, B;. d)T, where f* is

defined as the limit which MLE for misspecified model converges to as sample size goes to infinity

5.
Theorem 4.4.1. Under misspecified model (4.22), the population estimate B* satisfies

E [(8_1)/ (Bo+Xl, ﬁiXi)}
B[ (B +xlBr%i)|

Bla= (ﬁlzd + 21_1121213(51-1—1):;)) (4.23)

As a corollary, we know B]* always have the same sign as the jth coordinate of 3.4 +21_11212 B( d+1):p-
Due to the presence of term 21_1121 ) ﬁ( d+1):p itis possible that 8; = 0 while ﬁj* =0, and vice versa.
Therefore, Theorem 4.4.1 indicates that signal cancellation does exist for logistic regression at least

in the population level.

4.4.2 FA-CAR in GLM

We now describe the GLM version of FA-CAR. In the FA step, let X =}/, 6kﬁk1?;{ be the SVD
of X and define
K
X=Xx-Y 67 (4.24)
k=1

Write U = [iiy,--- ,dg]. Let Ul-’ and X/ be the i-th row of U and X, respectively, 1 <i<n. We

consider a new GLM where y1,...,y, are independent and each y; has the probability density

f(i) = exp{yi0; — b(6;) +c(y)}, 6;=Po+Uja+X/B. (4.25)

5. Here we consider the classical setting where p and d are fixed.
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The log-likelihood of the new GLM is

(o, B:y.%.0) = ; [(Bo+ Oler+ IB)yi— b(Bo + Ol + XIB) +c(r)].

In the special case of linear models (we assume S = 0), Model (4.25) becomes y = Ua+X B+
A (0,1,,). Since o € RX is low-dimensional and the columns of U are orthogonal to the columns
of X, we can regress y on U only to get the least-squares estimator &°* and subtract U &°'* from
y. This gives . So we have recovered Model (4.4).

In the CAR step, we introduce a “local log-likelihood" for each subset V C {1,...,p}:

n
(o, Bo, By, X, 0) =Y [(Bo+ Ul a+X]yBv)yi—b(Bo+ Ui+ X[y By) +c(vi)],
i=1

where X,-y is obtained from restricting X; to the coordinates in V. Define the maximum partial
log-likelihood as

by (»X,0) = affﬁlg% (o, o, By:y. X,0).

This quantity fy (y,X,U) serves as a counterpart of ||Py ¥/ in the case of linear models. We then

introduce a counterpart of T; 4 for GLM:

Tﬁi’,’; 0y (1:%.0) =1 g\ (X, 0). (4.26)

Let 99 and A57j(m) be the same as in (4.5) and (4.6). The final scores are
[
Tj = max {T} 7 : . € ol ;j(m)}. (4.27)

We use a numerical example to compare FA-CAR with two GLM versions of MR: MR-1 [77]
uses the maximum marginal likelihood estimator to rank variables, and MR-2 [78] uses the maxi-
mum marginal log-likelihood to rank variables. We are not aware of any direct extensions of HOLP

and RRCS for GLM, so we omit the comparison with them. Fixing (n, p,7n,s) = (200,1000,3,5),
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we generate the designs similarly as in Section 4.3.1 and generate binary y;’s using the logistic re-
gression setting. In Table 4.3, we report the performance of three methods, where the measures are
the same as those in Experiment 2 in Section 4.3.1. It suggests a significant advantage of FA-CAR

over the other two methods.

Table 4.3: Comparison of ranking methods for the logistic regression. The measures, SP, Type I,
and Size, are defined the same as those in Table 4.2.

Designs Measure Method ‘

FA-CAR MR-1 MR-2

Tridiagonal SP/Type I | 0.87/0.15 0.49/0.62 0.49/0.62
Size 13 225 226.5

Autoregressive SP/Type I | 0.84/0.20 0.55/0.59 0.55/0.59
Size 11.5 160 159.5

Equal corr. SP/Type I | 0.26/1.10 0.05/2.03 0.05/2.02

Size 510 977 980

Two factors SP/Type I | 0.86/0.22 0.13/1.95 0.13/1.94

Size 22 709.5 707.5
4.5 Proofs

4.5.1 Proofs of Theorems

Proof of Theorem 4.2.2 As preparation, we introduce vy, defined in (4.29), as a counterpart of
0y for 1 < k < K. By Weyl’s inequality, for any 1 <k < K, |4 — 4| < ||Go|| < ||Go|lee < C1_17LK <

C fllk. It follows that

Ci—1 A C 1
1 )“k<ﬂ‘k§ Lt

Gy C

Ak (4.28)

Write A = diag(A;,---,Ag) and A = diag(A;,---,Ag). Recall that V = [v,---,vg] and V =

[V1,--+,Pk]. By definition,

A = O, = (VAV' + Gy) ¥y,

which implies (iklp — Go)V, = VAV'$;. By (4.28), (iklp — Gy) is positive definite. Hence,

0= Up—A'Go) 'y, where 5 =A"' (VAV')7. (4.29)
94



Write V = [y, -+, k]

We now show the first claim about ||[V'V/ —VV/||nax. It is seen that

VYV =VV [lmax < V' = VT || max + [VV' = VV/| | max
< / / v /
<Y 1109 = e lmax + IVV = VV |[max = T+11. (4.30)
k=1
First, we bound /. For 1 <k < K, letting Ay = (I — ft]:IGO)_l — I, we have ||V} — V[l <

1Ak l[oo | P | and

A A ~ ~ ~ ~ 112 ~ ~ ~
199 — PPl Imax < (9% — Prll% + 219k — Dl oo || oo

< 5l (ARNZ + 21 A [loo) (4.31)

We consider ||Ag||eo and ||7||co separately. Observing that Ay, = i/; Gy +Ak§Lf Gy, we apply the
triangle inequality to get || A |0 < ik_l |Go|oo + HAkHoij_l |Go||ss- By (4.28) and the assumption,

7—1 C -1 1
A 1IGolleo < rlllk |Go || < o1 It follows that

MGolls €1 -1]Golle _ C1 Gyl

[Alle < 7=+ “C -2 A ~C -2 A
1= |Gl 1 Ak 1 k

Recalling that 5 = A, ' VAV, we have || ]|oo < A [V max AV rll1 < A [V [max - VKAV 9% ).

Since ||V|| = 1 and ||| = 1, ||AV/9|| < A;. It follows that

- Al C M
5kl < VR (S )1V s < VR (51 1V s

Combining the above with (4.31) and noting that ||A¢||2 < C||Ax]

0, We find that

Ai\2
PN o~ —1 1 2
190 i max < A (35) 1V s Gl (4.32)
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‘We then bound /!/. It is seen that

K
VvV vV = Y A VAV VAV — vV
k=1

—VAV'VA2V'VAV —vV/

—VM'M—Ix)V',  where M=A"V'VA. (4.33)
We now derive a bound for ||M'M — Ix||. By definition,
(VAV' +Go)V =@V =VA.

Multiplying both sides by V/ from the left and noting that V'V = VV’ = I, we find that A(V'V) +
V'GoV = (V'V)A. This yields an equation for V'V:

(V'VIA=AWV'V)—=V'GyV.
As aresult, we can write
M=A"TAW'V)-V'Gev] = V'V = ALV Gyv). (4.34)
Write B= —A~1(V/G(V). It follows from (4.34) that

MM —Ig || = |(V'V +B) (V'V +B) — Ik|
<|IV'VV'V —Ig ||+ 2|BJ[IV'V ||+ B>

ah 2
< VWV vV 2]BI +IBI)

IA

o0 2
WV —vv'|l+ ]8I + 1B]%),

where the third inequality is because ||V/V|| < 1 and V'V = Ix. Applying the sine-theta theorem

[Goll

. 2 ’\/_ / < NMEUH
[70], we obtain |[|[VV'—=VV'|| < Ax—Goll”

Combining it with | Go|| < C| ' A gives [PV —VV/| <
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G G

-1 7—1 -1
Cl—l;LK |Gol|. Moreover, ||B|| < Ag |Gyl < le |Go|| by (4.28). We plug these results

into the above inequality and find that

—1
1M'M — I|| < CAg || Goll.

Combining (4.35) with (4.33) gives

VP~ VV|[max < [V (M'M ~Ig) [[oo||V/ | max
2
< K\/EHM/M_IKH HV“max

—1 2
< Chg [Golll[V [[max-

(4.35)

(4.36)

We plug (4.32) and (4.36) into (4.30), and note that ||Gy|| < ||Gpl| and A > Ag for all 1 <

k < K. It follows that
A 1/ M2
199" V¥ lmax < Code (52) IV el Gollo

Ak

This proves the first claim.

We then show the second claim about |G — G ||max. Note that

||G— GOHmaX = HV/A\V/ —VAV,HmaX

A

||V ‘7/ - V/A\V,Hmax + HV/A\V, - VAV,HmaX

IN

IA

K
Z Al 19k — % lmax + [[VAV' — VAV || max
k=1

K A
1 ~ A~
<C Y (ZH)IVIAaxlGollee + VAV = VAV max,
k=1 Ak

(4.37)

where we have used (4.32) and (4.28) in the last inequality. It remains to bound ||V AV’ —VAV/||max.
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We recall the definition of 7 in (4.29) and M in (4.33). By direct calculations,

K
VAV — VAV |lmax = || Z LVAV) 3 (VAV!) — VAV

max
= VAV (VAT YWWAV' — VAV || max
= |[VA(V' VM)V —VAV'||max

< KVK|IV [ax A V'V M — I .

By (4.34), M = V'V + B, where B = —/A\_I(V’GOV). In the proof of (4.35), we have seen that

V0 =VV'[| < oS Ag || Goll and [|B]| < oy Ag (| Goll. Tt follows that

\V'VM—Ig|| = ||(V'VV'V —Ig) +V'VB|

<[ VV' =V +1B] < Cag [Goll
Combining the above gives
A
VAV = VAV lmax < (55 ) IV 7 IGol (4.38)

We plug (4.38) into (4.37), and note that |Gy|| < |G|l and A; > Ag for all 1 < k < K. It yields

that

M
|G~ Gollmax < €5 z,) IVIRax | Golle

This proves the second claim.
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Proof of Theorem 4.2.4 For any j € S and any .5 € &5 ;(m) with & C .J (), we know by

Lemma 4.2.3 and Mill’s ratio,

]
<
S
A
'.GN
S
A

( \/2 (r)o?log(p), o )I<\/2q6210g(p))

< P(H(0.1)2 /20, ,(r)log(p) ~ v2q10g(p)
—[(\/ @5 (N—yD)+]*

< Lpp
which implies that
P(Tf <1y(q)) < min P(T; » <tp(q)) < Lpp_[( ;(rm)—\/q)+]*

Seds j(m),sC.sU)

Therefore, we get

E(|S\S(q) Z P( T* <tp(q)) <Lp Z [ ;(rm)—/q)+)?
JES jes

Now we look at the second term. Recall G® defined in Lemma 4.5.4. We show that each row
of G% has at most C (log(p))Y nonzeros for some constant C. For any 1 <i < p, suppose there are
K; nonzeros at ith row of G. By Lemma 4.2.2, when p is sufficiently large |G — Gollmax < /2.

Hence we have

14 14
Co > _Zl (Goli, )" = 21 (G(i,J) = (G0, ) = Go(i, )" = Ki(8 — 8/2)"
J: ]:

which implies that

K; < Co(8/2)"7 < C(log(p))”
By a classical result in graph theory [58], we have forany 1 < j < p,
|75 j(m+1)| < (m+1)(emax K;)™ < C(log(p))™ (4.39)
’ i
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Define
S5(m)={1 < j<p:jis connected to S through a path of length < m in %6}

For j € S%(m), we know there exists anode i € SN .# for some .# € of5 ;(m+ 1). This implies
8 8,j

that j € .# € o5 ;j(m+1). Hence we have

|S5(m)| < X:gmlﬂa,j(m)| < Csp(log(p))™
S

For j & S5(m) and any /s ;(m), by Lemma 4.5.2 we can write T} , = W2 where W ~
N (w,62) and

_ o 1/2,-1)2~j 7 n. 7 1/2,—1/2 ~jN(~NN\—1 N, I¢n. 7€
w=n Aj‘yG B n AijG (GG B
By definition of S(m), we know (G977 BY = (G®)”+SBS = 0. By Lemma 4.5.4 we have

1677 B oo = || (677 = (G®) ) B s = 0()

which implies that w = o(nl/zfp) = o(4/log(p)). Hence we have

Tj .y ~ 6*xi (o(log(p)))

which suggests

P(Tjy > 1p(@)) < P (A (0.1) > \/2q10g(p) — o(v/10e(p)) ) S Lpp

Hence by union bound, we have

P(Tf >tp(@) <}, P(Tjy >1p(q) < Lpp |5 j(m)| < Lpp™*
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Therefore, we have

E(1S(q)]) Y, PIi>n@)+ ), P} >15(q)

Jj€S5(m) J&S5(m)
|S5(m)|+p-Lpp™?

IN

< Csp(log(p))"™ +Lpp'
which proves the theorem.

Proof of Theorem 4.4.1 Write Z =Y’ | BiX;. We first consider the case where Z and X;.4 =

i=d+
(Xy,---,X4)T are independent. Denote O'Z as the variance of Z. Define

(x5 xg) = W(xr.q) = EY[X1.4 =x1.9)

/E(Y|X1:d =x1.4,Z=12)f7(z)dz = O_Lz/g_l(ﬁo+ﬁ1T;dx1:d +2)9(z/07)dz

where we made use of the independence between X;.; and Z. According to [79], the MLE for

misspecified model will converge to

Y 1-Y
p' (1-p)
([30,[31 d) = argmin EX1 4 ZEy|X1 » 7log <—q (1 _q)l—Y)

where

p=g "Bo+BL X1.a+2)

and

_ T
YBG+ B X1.a)

By some simple algebra, we know

(BgBy.q) = argmax Ex, , 7 (plog(g) + (1 — p)log(1 —g))
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and the first order condition is

Since
P) R 1 1
5p = (&) (BG B Xia) —q(1-9)
X1.d X1.a
we know
Ex,, |#(X1a) — g~ (B + Big X1:a)| =0 (4.40)
and
Ex, , [(H(Xlzd) —¢ Y(B§ +l3{k;@,lTX1:d)>X1:d] =0 (4.41)

Recall X1 is the covariance matrix of X;.; and we write its eigenvalue decomposition as X1 =
OT AQ where A = diag{A;,...,A;}. Let Y;.; = (Y,---,Yy)T = 0X;.4. we know Y.; ~ A (0,A)
so components of Y., are mutually independent. Moreover, write El* q= (El*, . ,E;)T = 0B/ 4

and B.4 = (ﬁl,...,ﬁd)T = Qp;.4- We know that szzl ﬁi*Yi = 2?;1 Bi*X,-

For any 1 < j < d, by Stein’s lemma we have
1 d ~ 1 d ~
Elg ' (Bs+ Y BY:|Y|=Er, Ev ¢ |B+YLBY)Y
i=1 i=1
Q% -1y * d %
= EYl:d/j Bj )L’jEYj (g ) BO + ZB[ Yl
i=1
-1y * d %
() By + Z Bi'Y;
i=1

= BIAE

where Y., ; denote the ¥ vector without jth component and we made use of the fact that Yy, /; is

independent of Y.
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On the other hand, we can write

d d _
uCa) = [ & B+ ¥ B+ 20z = [ &7 (Bo+ Y Bitic+2)z(2)d
i=1 i=1

and similarly by Stein’s lemma we have forany 1 < j <d,

E [u(X1.0)Y;] = BiAE

d
J— / =
(g ") (ﬁo+ Y. BiYi +Z>
i=1
Therefore, by (4.41) we have forany 1 < j <d

E*—E-E[(g_l)/ (Bo+xL B +7)]
bR (B B

Since the multiplicative factor does not depend on j, it’s easy to see that forall 1 < j <d

E [(8_1)’ (/30 +Y4 | BiX; +Z>}
E[(s™) (B +xlB%)]

B =B, (4.42)

Now we turn to the general case where independence of Z and X.; is not assumed. It’s easy to

see that

1:d ~ o (d+1):p

T T
A ﬁ(d+1):p22] ﬁ(dJrl):pZZZﬁ(dJrl):p
We can write

_ @l -1
Z=Bgy1):pE21E Xia +W

where W is independent of Xj.;. Hence we can write

T
N =Po+BlX1a+Z=PBo+ (ﬁl;d +21_11212ﬁ(d+1);p> X.a+W
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and using the result in the independence case, i.e. (4.42), we have

E [(8_1)/ (Bo+Xr, 51‘Xi)}
E[(e~) (B +XL, B7X)]

Bly= (ﬁl:d + 21_11212ﬁ(d+1);p>
which implies the theorem.

4.5.2 Proof of Corollaries 4.2.1-4.2.2

Consider Corollary 4.2.1. It suffices to prove
w;(r,m) > cor, forall je€S. (4.43)

Once (4.43) is true, the ¢g*(©,7,m) defined in Theorem 4.2.1 satisfies ¢g* (&, r,m) > (,/cor — M)i
Then, Corollary 4.2.1 follows.

We show (4.43). Fix j € S and let .#, be the unique component of %55 that contains j. By (4.13)
and (4.15), .9 € o5 ;(m). It then follows from (4.19) that ®;(r,m) > @) 4, (r). Furthermore, by
arguments in Lemma 4.5.3, @) 4, (r) = a);-k(r) + o(a)}k(r)). Combining the above gives

0
nA"
I p2

wj(r,m) 2 o7 (r) = 20%l0g(p) P

Note that A?| 5= Gé’j - Gé’N(Gg’N)_ngv’j , where N = .7\ {j}. We arrange indices in . such
that j is the first index. By the matrix inverse formula, A(]).| 7 is the inverse of the first diagonal of
(Goj"’j")_l. As a result,

0 Iy I
Aj|yk > z'min(G()k k) > €p,

where the last inequality comes from Gy € .#)(g,7,¢o,Co) and | 7| < £y < g. Combining it with
1Bj| > 7p gives (4.43).

Consider Corollary 4.2.2. In FA-MR, since the columns of X have unequal norms, we first nor-
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malize them: )Z}k = (v/n/[|%;]|)%;. We then rank variables by the marginal correlation coefficients
ok ok 1/2/= ~ 0 o 1/2 5
(5. 91/@.57) =21/ 15511, 9) = n' 2 1Pg 31
J Jt {J}

where we recall that P{ iy is the projection of j onto &;. So FA-MR is a special case of FA-CAR
with m = 1. The claim then follows from the fact that @;(r,m) is a monotone increasing function

of m.

4.5.3 Proofs of Lemmas

Proof of Lemma 4.1.1 We shall prove the following lemma, and Lemma 4.1.1 follows immedi-

ately.

Lemma 4.5.1. Suppose the conditions of Lemma 4.1.1 hold. For all methods,

n*(%,r,h) =1 —min{3, ¢*(3,r,h)},

where (notation: ai = max{a,0}? for any a € R)

qiSR<ﬁ’r7h):( (l—hz)r—M)%—’
(Vr—V1-9)2, .
\min{(\/’_”—m&, (1= |n)r—VT=20)2}, ©<1/2,

q}kMROS?rvh) =

,(\/;_Vl_ﬁ)%—a 1921/2;
| min{(vF —vT=0)13, (VI-1)r—vI=29)1}, 9<1/2

quR<07rvh) =

We now prove Lemma 4.5.1. Consider using #,(gq) = 2gc21og(p) to threshold
n1(xj,))|?in MR, T} inCAR, andn(1—h?)| BJQIS|2 in LSR. (4.44)
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We claim that, for all three methods,
FP,(1p(q)) = Lppl—l>1(61;19JJl)7 FNy(ty(q)) = Lppl—132(q;l9,r,h)7 (4.45)
where the exponents are

p1"®(q) = p{*R(q) = min{q, ¥+ (vg— AV},

piR(q) =41,

Py (g) = min{d + (Vr— V@)%, 20 + (1= |h)vr— Va3,
5 (q) = min{® + (Vr— V@)1, 20 +[\/ (1= h2)r— a1},

p5* (@) =0 +(\/ (1= h)r— va).

Given (4.45), for each of the three methods, the quantity ¢* = ¢*(9,r,h) in Lemma 4.5.1 is the
solution of py(q) = 1. As aresult, FN,(t,(q)) — 0 for any g < ¢*, and FNy(t,(q)) — oo for any

g > q*. It follows that
SS;; _ Sp+FPp(tp(q*)) :pl—ﬁ +Lpp1—p1(q*) :Lppl_min{ﬁ’q*}.

Here the last equality comes from the expressions of p;(g) for all three methods. This proves
Lemma 4.5.1.
It remains to prove (4.45). Let M; be a symbol that represents the scores in (4.44) for each

method. For an even j, define the events:

Bj1 ={Bj—1=0,8; #0,M; <ty(q)}, Bjp={Bj—1#0,B8; #0,M; <tp(q)},

Djj={Bj-1=0,8=0,M;>1,(q)}, Djp={Bj—1 #0,8;=0,M; >1,(q)}.

There is a false negative at location j over the events Bjj and Bj;, and there is a false positive

over the events Dy and D j;. We can similarly define these four events for an odd j, by replacing

106



(j—1)by (j+1). It is seen that
2 P
FNp(tp(q Z[ Bj1)+P( ]2)} FPy(tp(q Z[ Dj1)+P(D; )},
j=1 =

Therefore, to show (4.45), it suffices to calculate the probabilities of the above events. We only
consider an even j, and the case for an odd j is similar.

First, consider MR, where the score for variable jis M; = n(x iY) |2. Note that

n 12 )= JV(\/ﬁ(hﬁj—lJrﬁj)a 02)-

So M;/ o2 has a non-central chi-square distribution with the non-centrality parameter equal to

nG_z\hﬁj,l —1—[3]-\2. On the event By, n6_2|hﬁjf1 +le2 = nG_zﬁJZ = 2rlog(p). It follows that

P(Bj1) = &p(1— )P (2} (2rlog(p)) < 2qlog(p))

= ¢gp(1—¢gp) .Lpp_(\/;_\/zl)i :Lpp—ﬁ—(\/;—\/@)i_

Here, the second equality is due to Mills’ ratio and elementary properties of non-central chi-square

distributions. On the event B 2 if h >0,

(1+|A[)?-2rlog(p), if sign(B;_1) = sign(B;).

(1—|n[)*-2rlog(p), if sign(B;1) # sign(B;).

no2|hB;_1 +Bj|* =

If 1 < 0, we have similar results except that the two cases swap. As a result,

P(Bj2) = (e5/2)-P (27 (2r(1 + ]2 10g(p)) < 2qlog(p))
+(£5/2)-P (23 (2r(1 — |hl)*log(p)) < 2qlog(p))
_ L,p 200Vl =20 (1=l V-l
_ L,p 2010Vl
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Combining the above results, we have found that

FN,(1p(q)) = f Lyp~ {0+ (vt 200D vr-val } _p p1-pAR (),
j=1

Similarly, on the event D1, n6_2|hﬁj_1 + Bj|2 =0, and on the event D j, n6_2|h[)’j_1 + Bj|2 =

h? - 2rlog(p). We then have

B(Dj1) = (1-&)* P (%7 (0) > 2q10g(p) ) = Lpp ™,

P(Djy) =¢€p(1—¢p) P (xlz(Zrhzlog(p)) > 2qlog(p)> = Lpp—ﬁ—(\/zl—|h|\ﬁ)i'

As a result,

P .
FPy(ip(q) = Y Lpp~™inle: 0+ (Va-IVIL} — p pl=pi™(a),
j=1

Next, consider LSR. The score M; = n(1— h2)|B ngs |2. The least squares estimator satisfies that
B=X'X)"1X"y ~ 4 (B,n 1620~ 1). Here, © is blockwise diagonal with two-by-two blocks.

We immediately have
Rols 62
ols v (B, —2— .
Pi i n(1—h2)
SoM;/ 62 has a non-central chi-square distribution with the non-centrality parameter n(1—h%)o 2 [312

On both of the events B;; and B, the non-centrality parameter is equal to (1 — h?)-2rlog(p); it

is easy to see that the probability of B j; dominates. It follows that

FN(tp(@) =Ly 3. BB 1) = Lypey B (13 (2r(1 — 1) log(p) < 2q1og(p))
=1

_ Ll (VAR _ g 1=,

On both of the events D ;; and D j», the non-centrality parameter is equal to 0, and the probability
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of D ;| dominates. It follows that

p
FPp(tp(q)) =Lp Z,I]P)(Djl) =Lpp-P (%12(0) > 26110g(P)>
]:

1— 1— LSR

Last, consider CAR. Note that TJT“ = max{Tj (1, Tjj(j—1,j3}- Itis easy to see that T
coincides with the score in MR. To obtain the distribution of Tj‘ {j—1,j1> We apply (4.21). Let

n= (x/j_1 y,x}y)/ and H be the two-by-two matrix with unit diagonals and off-diagonals A. It

follows from (4.21) that
_ _ 1
Tijgjo1p =7 (WH 'n—nf) = m(rlz —hmp)*.
Write W = ——L—— (1, —hn). Then, Tijfj—1,)p = W2. Since n ~ A (nHB,nH),

n(1—h?)

e (Vo108 )

To summarize, we have found that

Tjj /0% ~ 23 (no~2|B;+hBj_1 %),

Tii(j—1./0° ~ xi (no (1= h*)B7). (4.46)

Consider the type II errors. We use a simply fact that max{T} ¢}, Tjj(j—1,)}} < p(q)) has a
probability that is upper bounded by either the probability of Ty < tp(q) or the probability of
Tj‘ (j-1,j} < 1p(q), so we can take the minimum of these two probabilities as an upper bound.

On the event B, the non-centrality parameters for the two statistics are n[3]2 and n(1 — hz) BJZ
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Therefore, the type II error is determined by the behavior of Tj| e It follows that

P(Bj1) < &p(1—&p) - P(Tj(jy <1p(q))

=gp(1—&p)-P(x7 (2rlog(p)) <1tp(q))
:Lpp_ﬁ_(\/;_\/gl)%-,

On the event B}, the non-centrality parameter for Tj| (-1,/} / o2 is the same as before, which
isn(1— h2)6_2[3]2 = (1 —h?)-2rlog(p). The non-centrality parameter for Tj|{j}/62 has been
studied in the MR case, which is equal to (1= |k|)? - 2rlog(p). In the case of (1 + |h|)%-2rlog(p),
since (1 + |k|)? > 1 —h?, the type II error is determined by the behavior of Tjj¢ jy- In the case of
(1—|h|)?-2rlog(p), since 1 —h% > (1 —|h|)?, the type II error is determined by the behavior of

Tj(j—1,j)- As aresult,

P(Bj) < (8;2;/2) P(Ty <tp(q)) + (8;2)/2) P(Tyqj-1,53 <tp(q))
= (€,/2) - P(x{ (2r(1+|h])*log(p)) < tp(q))

+(g5/2) P (7 (2r(1 = %) log(p)) < 1p(q))
_ 1 p 20 RV VaR | g 20— (V- v

AN

Combining the above results, we have

p —min — 2 e )
FNP(IP(Q)) = Z Lyp {’”(\f \/21)+,219+(m /a) } B
j=1

Consider the type I errors. On the event D ;q, both non-centrality parameters in (4.46) become 0.
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We then use the probability union bound to get

B(D1) < (1- &) [B(T 3 > 1p(@) + BTy 1o1py > ()]
=(1— gp)z : 21?(%12(0) > tp(ﬂ))

Similarly, on the event D jp,

P(Djp) < &y(1—&p)- [P(Tjjy > tp(a) +P(Tjigj—1,jy > 1p(a))]
= &p(1—p)- [P(x}(2Prlog(p)) > 1p(a)) + P(x}(0) > 1p(a)) |

2
= Lpp_ﬁ_(\/zl_|h|\ﬁ)+ _|_Lpp_19—61'
It follows that
P - _ 2 _ CAR
FPy(ty(q)) =Y Lpp min{q, 9+(\/q \hlx/?)+}:Lpp1 P9
j=1

The proof is now complete.

Proof of Lemma 4.2.1 Without loss of generality, we assume v’lﬁl > 0. By definition, ®V| =

ilﬁl, where ® = llvlvll + Gy. It follows that
M (ViP1)v1 + Goby = Ay (4.47)

A — M| < 1Goll < [|Golle < A1 /3. As a result,

By Weyl’s inequality,

(2/3)A1 <Ay < (4/3) 4. (4.48)
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In particular, the minimum eigenvalue of A,/ » — Gy is lower bounded by (2/3)A; —||Go|| > A1/3.

So (illp — Gy) is always positive definite. So we can solve from (4.47) to get

1 ll("/]‘?l)

b= (Ip— A Go) ! T (4.49)
A
- : 4 =1~ \—1 A (Vi91)
We now show the claim. Write A = (I, —A; " Gg)~ " —Ip and € = ——> — 1. We have
I

191 =villeo = [|(Ip + 2) (1 +€)v1 — v,

< [|Avy oo +[[€v) + €AV [|oo

< [1Alloolvillos + 1€l - ([Iv1llow + [|AlIoo[[v1 [loo) (4.50)

First, we bound ||Al|e. Since (A+1p,)(Ip — il_lGO) = I, we have
A=A 1Gy+aA Gy,

Using the triangular inequality, [|Al/c < 7L NGolleo + ||A||oo “HGp oo Tt follows that

A1 |Goll-»
— 2 MIGoll

1A]leo <
1

By assumption, ||Ggl|- < 41/3; by (4.48), 11< %?L . So the denominator 1 — ;11_1 |Golleo >

1/2. It follows that

1Afloo < 32, M1 Golloo. (4.51)
Next, we bound |g|. Note that
ll(vl V1) A 3 ||GO||
|8!=A—1—1\S|1— \+ AU=vio | <5 e \1— o1l
A A 2

where we use \il — 1] < ||Go|| and (4.48) in the last inequality. We now consider |1 —v/9;|.
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Multiplying both sides of (4.47) by ¥} from the left, we get A (V| ¥ )2+ 7 Goh = A1. So

ﬂ«l Vl GoVq
M A

As aresult,

191Gy | < IGoll  11Goll _, l[Goll
1—Vvp | <1— <|1-— =2 :
=i < 1= (hm)* < | ,Ll| oS4 T Cr

Combining the above gives
9,_ 9,_
el < 527 1IGoll < 5A1 | Gollo-

We plug (4.51)-(4.52) into (4.50), and use |Gyl < A1/3. Tt yields

31Goll= , 9llGolle

V| — oo< ) 1
51 =il < e (21500 4 200l g 206 =

This proves the claim.
Proof of Lemma 4.2.2 By (4.12) and Weyl’s inequality, we know
6ic/n = Ak —||Gol| > log(p) 6 y1/n <||Goll < log(p)

and hence K p = K where K p 18 defined in (4.14).

3||Go||oo>> < L2[ville|Golle=

(4.52)

Forany | <i< K and 1< j<p,since ®(j, )= Goy(J,J) +ZkK:1 v (j)? =1, we have

K
Agvi(j)? < Ai(j Z M ()2 =1-Go(j,j) < 1
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and hence by (4.12), we have

2 —1
max <A = o0(1/max ,1o
1<k<K||vk|| >~ ‘g ( / {Sp g(P)})

Then we can get the desired result by directly applying Theorem 4.2.2.

Proof of Lemma 4.2.3 We give several technical lemmas that are used frequently in the main
proofs. Lemma 4.5.2 gives the exact distribution of the statistic T} y. Lemma 4.5.3 implies
that, if we replace %0575 with %Ss in the definition of @ | _#(r), the resulting change is negligible.
Lemma 4.5.4 shows that those small entries of G (recall that G is the Gram matrix of model (4.4))
has negligible effects on screening. In this section, we write G(j, j) = G/+J and GUTN = G for

notation convenience, similarly for Gg)’] and Gg)’N.

Lemma 4.5.2. Under the conditions of Theorem 4.2.1, for & C {1,---,p} such that | .| < g and

any j € 5, T} g has the same distribution as W2, where W ~ A (w,62),
_ . 1/241/2 [ A=l (IR I ~jN(ANN\—1 N, FCn 7€ ]
w=nl"AL5 [3]+Aj|f(G B GN(GT) TG BT,

and A ;| ; = GIJ — GIN(GNNY=1GNoT with N = 7\ {j}.

Jl

If there is an edge between i and j in ¥, then |Go(i, /)| > |G(i, j)| — ||G — Gp|lmax = & —
0(6p) 2 1.018,, where we have used Lemma 4.2.2 and the assumption (4.15). So there must be
an edge between i and j in %05 . In other words, %55 is a subgraph of goa’ ¢ by removing some edges.
Fix jeSand .¥ C .¥ (/) where .# () is the unique component of %0‘?5 that contains j. We introduce
a counterpart of ;| #(r) in (4.18) when . C gs‘sz

@;1.5(r) nAj]p) (B3 L 1GH - IV (@ Ny 1oV Pl

~ 2021og( s

where A = G/ — GIN(GNN)~IGN with N = 7\ {j} and F = #U)\ 7.
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Lemma 4.5.3. Under conditions of Theorem 4.2.1. For any j € S, if .¥ (1), the unique component
ofgéss that contains j, has a size < g, then for any . C ) we have A9|y > ¢y and ‘A%y _
Aj|fﬁ£4$5| = 0(8p). Moreover, if I C gg then |(T)j|j(r) — a)j‘](r)|/(oj‘](r) =o(1).

Lemma 4.5.4. Define the matrix G® € RP-P by G (i, j) = G(i, ))1{|G(i, j)| > 8} for 1 <i,j < p.
Under conditions of Theorem 4.2.1, for any .9 C {1,2,...,p} and ¢ C {1,2,...,p},

| (67 =(G6%)7") B .. < (log(p) "+ 5,1G = Gollmax ) Tp = o(%).

Now we prove Lemma 4.2.3. We denote .# () as S for some 1 < k < M. We know by

Lemma 4.5.2 that T)) 5 ~ N %(wy,06?%) where

1/2

_1/2 ( =1 (~jF __ ~jN(~NNy—1~NF F)

and

_ 12420 I g I 1 — 124 V2N (AN NY—1 NI 3 IE
1=n'245 7617k 7 = —n'2A7 276N (GNY) TGNk p

It’s easy to see that there exists a constant C such that ||G/>N (GNN)~1||., < C. By definition of
7 and the fact that %35 C %O‘SS, we know (G‘s)/k’jkcﬁjc = 0 where G9 is defined in Lemma 4.5.4.

Hence we have
G B = (GB) Tk — GTePh Bk — (Gﬂk,ﬂk" _ (G‘S)fk’f;f) B
By Lemma 4.5.4, we know
|G B oo = (| (GB) Tk = G Pt |oo = 0(Tp) = 0(n™ /21 /log(p))

which suggests that

max{|1], 11|} = o(y/log(p))
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By Lemma 4.5.3, we know

wi = 6/210g(p)@;1.4(r) +0(1/10g(p)) = 0 /21og(p) @}y # (r) +o(v/log(p))
which implies Lemma 4.2.3.

Proof of Lemma 4.5.2 We need some preparations. First, we show that
Ajy = Vnin(G77) Z co, (4.53)

so that A il is always positive. A helpful result is the matrix blockwise inverse fomular
-1
A B A~V a-IBmca—! —A-lBm|  |a71 0 B

C D —McA~! M 0 0 .y

with M = (D — CA_IB)_I. Without loss of generality, we assume j is the first index in .. Ap-
plying the above formula, we see that (A )~ lis the (1,1)-th entry of (G771, 1t follows
thatAj s > Vimin(G7 7). Since |.#| < g, it suffices to show that V¢ (G) Z co where v (G) is the
same as in Section 4.2.1. For any g x g matrix £ which is a principal submatrix of G, let Ej be

the corresponding principal submatrix of Gy. We know Vi (Eg) > co. By Weyl’s inequality and

Lemma 4.2.2,

[Viin(E) = Vimin (Eo)| < |E = Eoll2 < g||E' — Eo|lmax = o(1/log(p))

which implies that Vp;,(E) 2 ¢ and hence V¢ (G) Z co as p goes to infinity.

Second, we introduce y; = X’§ and show that

yi ~ N (nGB,6*nG). (4.54)
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Since § ~ A (XB,0°H) where H = I, — YX_ it} we have y; = X'5 ~ A (X'XB,0?X'HX).
Noting that X = HX and G = (1/n)X'X, we obtain X’HX = (HX)'H(HX) = X'H?X = (HX)' (HX) =
X'X = nG. So (4.54) follows.

We now show the claim. By definition,

Tjs = IIPs5I>~IEvsI?
= &7 (®7YR7) @52 (@R 'Yy
= 07 (67 ) Ty —n T (AN T
(GN,N)—I 0

—1 I I\—1
= n o7 [ (67 - N
0 0

where we assume j is the last index in .# for the presentation purpose. Applying the matrix inverse

formula, we obtain

Tj\.» anl(ylﬂ)’B'Aﬂ}By‘f, B=[-G/NGNN)~L]. (4.55)

_ —1/2
Therefore, T} » = W2 forW =n ]/2Aj\j/ B(y'lﬂ).
It remains to calculate the mean and variance of W. First, by (4.54), the variance of W is

24—1
O“A".
il

var(W) = 62. Second, it is seen that W = n_l/zAleﬂ/z(y{ — Gj’N(GN’N)_lyZIV). It follows from

(BGj B ), where by definition of B and elementary calculations, BG” /B =A jlo So

(4.54) that

EW] =n"1247 2 [(GB) - /N (GMN) 7 (GB)" ]
= n_l/zAfl/2 -Gj’jﬁ‘] — Gj’N(GN’N)_lGN’jﬁ‘] —l—rem}

_ 1247 _GJ,Jﬁj+GJ,N[;N_GJ,N(GN,N) LGN-1B; — GIVBN 1 rem

=n il _Aj|j,3j+rem ,
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where rem = G/ B7° — GIN(GNNY=1GN-7* B So ElW] = w.

Proof of Lemma 4.5.3 Fix j and for any .¥ C .¥ (/) denote by S =9 ﬂ%g. Without loss of
generality, we assume j is the first index of both sets .# and .#. By Lemma 4.5.2, we have seen
that A;‘} equals to the (1,1)-th entry of (Gj’j)_l; similarly, (A%j)_] equals to the (1,1)-th

entry of (Goﬂ’ﬂ)_l. Since | 7| < g

ST
A?‘j > Amin(Gy ™) = V;:(GO) 2 €0-

This proves the first claim.
We now show the second claim. Since both A?‘ » and Aj| _7 are upper bounded by some con-

stant, it suffices to show that
0 —1 -1 _
|(Aj|j) _Aj|j =0(dp). (4.56)

By triangular inequality,
0 ) t—a7! S I\ I
|(Ajlf) _Aj\j’:‘(Go ) (1L,1)— (G ) (1, 1)]

<167 =67 (0 + 167 T (1, 1) = (677 T (1,

=1+11.

Consider 1. First, since |.7| < g, |G — Gof’ﬂﬂ < 8/|G—Go|lmax = 0(6p) by Lemma 4.2.2.

Second, ﬂ,min(G(‘)ﬂ ’j) > Vg (Gp) > cp. It follows that

I I~ - I I\~ 7 I I \—
1<Gy ") L =@ <Gy ) 6" -Gy G

— g7
S 2167~ Gy 7 || = 0(8p). (4.57)

Consider /1. By definition, we have .# C .#. If .# = .# then II = 0. Otherwise, write N =
7\ . and assume w.l.0.g. that the first |.#| indices in .# are from .#. Since .¥ = .¥ ﬂgSS , there
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are no edges between nodes in N and nodes in .# in the graph %Sa . This implies that

1G7 N ||max < 8 < C8p.

Introduce a blockwise diagonal matrix D = diag(Gj 4 ,GNN ) It is seen that

—1 —1 —1 —1
="',y -p= 11,1 < |(¢77)1 -p7
< (G767 —D| S g 2167 —D||

0 Gj,N
— Caz ~
54

N < ¢y 167N < ¢5%6G7 N llmax = O(8p).  4.58)
G

0

Combining (4.57)-(4.58), we prove (4.56).

Now suppose . C %55 . We’ve shown that |A ils —A?‘ | =0(6p). It suffices to show that

the difference between B0 = G{)’F - G{)’N(Gg’N)_l GI(;”F and B = G/ — GIN(GNNY~IGNF is
j j 40

negligible. In fact, by similar argument in (4.57) we have ||(Gj(])’j(j))’1 - (G(')ﬂ g )~ =

0(0p). Suppose w.l.o.g that F U {j} are the first several indices of ) where .#) = FU{j} UN,
then we know the inverse of B = GFYU{/HFU{} — GFUUEN(GNNY=1GN.FUL} ig the upper left
block of (Gj .s (j))_l, and B is a submatrix of B. We can define B? similarly where B is a

submatrix of B°. By some simple algebra, we get ||B —BY|| = o(5))
Proof of Lemma 4.5.4 Recall that S is the support set of 8 and |S| = s,,. It is seen that

l(¢” — (@7 )B |, = (G775 (6% "/ 5)p/ |,
< IG7S5 —(G) 5o B 5 s

SN 8\.7,S
SGTP'HG ’ _(G ) ’ Hoo
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Therefore, to show the claim, it suffices to show that
1675 ~(6%)” S| < € ([10g(p)] "7 +55IG ~ Gollmax ) (4.59)
Forany 1 <i<p,wedefine; = {1 < j<p:|G(i,j)| < 0}. Then,

1675 = (6% S|l < max ¥ |G(i.j) = G(i, )| = max ¥ |G(i,))

- I<isp gy I<i<p ;éstu,
< max Y [Go(i,j)|+ max Y |Go(i, ) — G(i. )
I=i=p jesny, I<i=p jesny,

< max } |Go(i, /)| +5pllG = Gollmax-
l—i—pjeSmh

Therefore, to show (4.59), it suffices to show that forany 1 <i < p,

Y. 1Go(i. )| < Cliog(p)] ™7 (4.60)

JESNI;
We now show (4.60). For any j € I;, |Go(i, j)| < |G(i, j)| + |G — Gollmax < 6 + [|G — Gp||max;
where 6 < C8, = Cb/log(p) by (4.15) and |G — Gp||max = o(1/log(p)) by Lemma 4.2.2. Hence,

|Go(i,7)| < by/log(p) whenever j € I;, where by > 0 is a constant. We have

Y. 1Golis )l < Y 1Goli, j)|"Goli, )7

jesnli; JEI;

< b}_y[log(p)]_(l_w Y Go(i, )Y

JEL

< by "log(p)]~ 1Y) ¢,

where we have used the assumption Gy € .#,(g,7,co,Cp) in the last inequality. This proves

(4.60).
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CHAPTER 5
DIAGONALLY DOMINANT PRINCIPAL COMPONENT ANALYSIS

The approximate low-rankness is a popular structural assumption on covariance matrices. It as-

sumes that a p X p covariance matrix X decomposes into

¥=L+A, where rank(L) =K < p, and A is a “nice" matrix. (5.1)

Equivalently, it introduces a latent factor model on any random vector X whose covariance matrix
is X3, where A is the “residual covariance matrix" after the effects of latent variables are removed.
Such a decomposition is not unique and varies with the meaning of a “nice” A. One can impose
different requirements on A to facilitate different applications. In the classical factor models for
econometrics and finance, A is assumed to be a diagonal matrix [80] or a sparse matrix [81], to
enforce that the idiosyncratic noise accounts for little cross-sectional risk. In large-scale multiple
testing, it is often assumed that the covariance matrix of test statistics has the above decomposition
with A being a diagonal matrix [82] or having a small Frobenius norm [83]. The motivation
there is development of factor-adjusted multiple testing procedures, to make it legitimate to use
conventional multiple testing methods on the post-factor-removal data. In image processing, a
similar decomposition on image matrices was proposed [84], where A is assumed to be sparse, for
the purpose of capturing details of images.

In this chapter, I'we explore a new type of approximate low-rankness of ¥ where

Each diagonal entry of A is large compared with other entries in the same row. (5.2)

Translated to the latent variable representation, it means, after the effects of latent variables are
removed, the correlation matrix of “residual" variables have uniformly small off-diagonal entries.

One motivation of imposing this condition is to take into account the varying scale of the diagonal

1. The work presented in this chapter is joint with Tracy Ke and Lingzhou Xue, and is under revision of Journal of
Computational and Graphic Statistics.
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elements of A. Most aforementioned approximate low-rank decompositions first perform PCA on
3} (or an empirical version of it) to remove the first a few principal components, and then conduct
operations on the remaining matrix. It is often observed that the diagonal elements of the remaining
matrix has considerable variations in magnitude. To deal with it requires careful adjustment on the
post-PCA operations, such as adaptive thresholding [85]. On the contrary, we impose the require-
ment (5.2) directly in the decomposition (5.1), in hopes of improving the PCA factors and easing
the post-PCA operations. Another motivation of adopting the assumption (5.2) is to guarantee that
A~ is well-behaved. In many applications such as portfolio management and linear discriminant
analysis, Al plays a key role. In the decomposition (5.1), forcing A to be a strictly diagonal
matrix ensures both A and A~! are well-behaved, but this requirement is often too restrictive,
and (5.2) is a natural relaxation. We note that imposing the common sparsity assumption on A
does not even guarantee positive definiteness. Despite remedies such as increasing the threshold or
projection to the positive semi-definite cone [86], these approaches still don’t guarantee that Al

is a “nice" matrix.

5.1 Problem and methods

To formulate (5.2) mathematically, we define the set of “symmetric c-diagonally-dominant" matri-

ces, for any ¢ > 0:

S99 ={A=(@j)pep: AT = A, aj;>c ¥ gl forall 1< j<pl. (53)

ey
For ¢ = 1, it reduces to the usual definition of diagonally-dominant matrices, and we omit the sub-
script and write Y291 = 29T . Given a p x p positive semi-definite matrix S, we introduce

an optimization problem:

(erX) |S—L—Al|p, subjectto rank(L)<K, L=L"T, Ae.799], (5.4)

)
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where || - || is the matrix Frobenius norm. We call it Diagonally-Dominant Principal Component
Analysis (DD-PCA). In this chapter, we are primarily interested in ¢ = 1; discussions of ¢ < 1 are
deferred to Section 5.4.

The definition of DD-PCA 1is a nonconvex optimization with a rank constraint. Similar to
solving other rank constrained optimizations in matrix completion, one can either solve a convex
relaxation of (5.4) or develop an iterative algorithm that converges to a local minimum of (5.4).
These ideas generate several variants of DD-PCA, as detailed in Section 5.4. Among those variants,

one is of particular interest, which we call One-step DD-PCA:

e PCA: Obtain the K leading eigenvalues and eigenvectors of S, denotedasA; > ... > Ax >0

and &j,....Ek €RP. Let L=YK L, &&T.
e Projection to .22 Initialize A0 =8 L and J© =0. Forr = 1,2,...,

— Run the MRT algorithm [87]2 to project [A(~1) — J (=17 into the diagonally-dominant

cone. Let G) be the projected matrix.
— Update AW = L[GU=D 1 (GI=D)T) and JO) = =1 4 (G0 — Al-D),

— If [|[JO — =1z < &, stop and output A = A®),

This method is obtained by running one outer-loop iteration in the iterative algorithm to be intro-
duced in Section 5.4, explaining the name of one-step DD-PCA. It has the same philosophy as the
one-step Huber estimator [88] and one-step LLA implementation of non-convex penalized linear
regressions [89, 90]. It provides an approximate solution to (5.4), which is much faster to compute
than solving (5.4) exactly.

Exploring the approximate low-rank structures is a powerful strategy for big data analysis. The
classical PCA has motivated many statistical methods. Similarly, DD-PCA and one-step DD-PCA

can also serve as building blocks for statistical methodology development. We exemplify it in two

2. The MRT algorithm computes the unique projection of a p X p matrix to the convex polyhedral cone consisting
of all diagonally dominant matrices. It has a complexity of O(p?log(p)). See Section 5.4.
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statistical problems: the first is estimating a large covariance matrix, and the second is testing of
the global null hypothesis in multiple testing.

Estimation of large covariance matrices is a popular topic in statistical literatures [86]. At the
heart of it is two fundamental questions: (a) What structural assumption is appropriate? (b) How
to evaluate the methods in real applications?

We adopt the structural assumption that the true covariance matrix 3 has an approximate low-
rank decomposition with A € .22 This is a special type of factor covariance structures that
are commonly used in econometrics [91], finance [80], genetics [92] and many other fields. Our
work is unique in the diagonal dominance assumption on A. Intuitively, it is a natural relaxation
of assuming A is diagonal, and it implies that, after the effects of latent factors are removed, the
“residual variables" are almost uncorrelated. Compared with existing covariance matrix estimators
which assumes A is sparse (e.g., [93, 6]), this diagonal dominance structure facilitates simultane-
ous estimation of 3 and X!, In factor covariance structures, the singular values of the low rank
matrix are much larger than || A||, so the error of estimating 3 is dominated by the error of recov-
ering the low-rank part. If our goal is merely to estimate 32, we do not gain much from exploring
the diagonal dominance structure of A. However, if we are also interested in estimating 2*1, the
error of estimating A~ will play a key role. Note that there always exists a matrix B € RA<K

such that L = BBT . It follows from the matrix inverse formula [94] that
»l-al-A'BUg+BTA"'B)"'BTA L.

Suppose we have obtained a good estimator >=BBT+A by fitting some factor covariance
structure on the data. Even though ||§A) —3|| is small, it is still possible that ||JK’1 — A7 Y| s
large so that >~ 1 is far from being a good estimator of -1 Fortunately, exploring the diagonal

dominance structure greatly mitigates this issue, thanks to an appealing feature of the diagonally-
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dominant cone . _@_@ér [94]:
A7 < C—LIH [diag(A)]~1[, forany A € .29/, where ¢ > 1.

Therefore, if we enforce A e @@j in fitting the factor covariance structure, for a constant
¢ > 1, then ||£—1 || won’t explode, preventing ill behaviors of 1. To this end, we propose a
new covariance matrix estimator i\]ddpca using the solution of DD-PCA or one-step DD-PCA. We
demonstrate in numerical studies: idd peq has comparable performance with other factor-based

covariance matrix estimators (e.g., [6]), but the new estimator is tuning free once K is specified, so

—1

is more convenient to use. At the same time, it facilitates the use of estimating »-! by X ddpca’

and its performance on estimating >~ is much better than inverting other factor-based covariance
matrix estimators.

In real applications, estimating the covariance matrix is rarely the ultimate goal. Often, it
serves as an intermediate step for downstream tasks. We demonstrate the usefulness of our co-
variance estimator by evaluating its performance in two downstream tasks, portfolio management
and linear discriminant analysis. In the former, an estimate of the covariance matrix is needed to
obtain Markowitz’s optimal portfolio weights; in the latter, it is used to compute Fisher’s LDA
classifier. Note that what is actually plugged into these downstream tasks is the inverse of esti-
mated covariance matrix. As we have argued, the main advantage of our method is in estimating
»-1 by f];dlpca, a perfect match to these applications. This is supported by encouraging real data
results. It is worthwhile mentioning that our approach is different from the approach of plugging in
an existing precision matrix estimator (e.g., the graphical lasso [95]). These methods assume X~
is sparse, while we assume a factor-type structure on 3. For portfolio data, adopting a factor-type
covariance structure is the common practice. For classification problems, there also exist a lot of
real data sets on which the factor-type structure is appropriate [92].

DD-PCA is also useful to multiple testing. A fundamental challenge of multiple testing is how

to deal with complicated correlations. One popular approach to modeling the data correlation is
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to assume the covariance matrix of Z-statistics has a latent factor structure as in (5.1). By decom-
posing the sample covariance matrix S in a similar fashion, one can remove the effects of latent
factors and apply standard multiple testing methods to the post-factor-removal data (citations). Dif-
ferent decompositions of S result in different factor-removal procedures, and a good factor removal
procedure should guarantee the legitimate use of standard multiple testing methods on post-factor-
removal data. We notice that most standard multiple testing procedures (e.g., extreme value test for
the global null hypothesis, Benjamini-Hochberg method for false discovery rate control) perform
well when the data are weakly correlated. This motivates us to use DD-PCA to decompose the
sample covariance matrix to get a new factor-removal procedure. We combine this factor removal
approach with the Higher Criticism (HC) test [7] for testing the global null. It gives rise to a new
test statistic DD-HC, which improves the original HC and significantly outperforms popular tests

for global null when the covariance matrix has a latent factor structure.

5.2 Estimating large covariance matrices by DD-PCA

Let X € R? be a multivariate random vector with a covariance matrix 3 € RP*P_ where p is

presumably much larger than n. We adopt a factor model:

M=

X()= L bW +2(j),  1<j<p, (5.5)

k=1

where Wy, ..., Wk are unobserved random variables (factors), b;, € R? is a nonrandom vector con-
taining the loadings of the k-th factor, and Z € R” is a random vector independent of the factors
such that

A=Cov(Z2) e S9PT. (5.6)

Given iid data X1, ...,X, € RP, we are interested in estimating 3 and >l

By model (5.5)-(5.6), the covariance matrix of X has a decomposition

> = BCov(W)BT + A, where rank(BCov(W)BT) =K and Ac.Y99".
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It has the low rank plus diagonal dominance structure. We propose the following estimator: Let
Z (X =X)(X;—X )T be the sample covariance matrix. Take S as the input to the one-step

DD-PCA algorithm in Section 5.1 and let (IAL, JK) be the output. We estimate X by

~

Eddpca L+A, where (L, A) is the output of one-step DD-PCA. (5.7)

We then estimate 3! by the inverse of iddpccr Here, (IAL, fi) can be replaced by the output of
other variants of DD-PCA (see Section 5.4). They give similar numerical performance, so we stick
to one-step DD-PCA for computational convenience.

Different from existing covariance estimation methods under factor structures, our approach
imposes the diagonal dominance constraint on A. We now compare it with methods that impose
the sparsity constraint on A. One popular method is POET [6]. Let S = Zi:l lkékﬁkT be the
eigen-decomposition of S, where A;, and & are the k-th eigenvalue and eigenvector, respectively.

The POET estimator is

. . N K . p
S poet = L+ Tu(Ay), where L.= ) MEEL, Ay = Y MEEL. (5.8)
k=1 k=K-+1

Here, 7,(+) can be any entry-wise adaptive thresholding operator [96, 85]. [6] suggest using the

hard-thresholding operator applied to a “correlation matrix" associated with A, 1Le.,

t\)\

T (2 )= %H (ﬁ A.D %>ﬁ% where D = diag(ﬁ*), (5.9)
where H,(-) is the entry-wise hard-thresholding at the threshold a > 0. Then, an estimate of »-!
is obtained by % poet

Figure 5.1 gives a simulation example. Fix (p,n,K) = (2000,200,3). We generate data from
the model (5.5), where the factors {Wj (i) : 1 <k < K,1 <i < n} are drawn iid from N(0, 1), the
factor loadings {by(j) : 1 <k <K,1 < j< p} are generated iid from N(0, 1), and the noise vectors

Zi,...,Zy are drawn iid from a multivariate normal N (0, A), where A(i, j) = 0.5/ for i £ j
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Figure 5.1: Comparison of our method with POET on estimating 3 (covariance matrix), >
(precision matrix), A (noise covariance matrix) and Al (noise precision matrix).
and 1 otherwise. For both methods, K is unknown and treated as a tuning integer. POET has an
additional tuning threshold a, which is selected by cross-validation (default procedure in the poet
package).3

In the top four panels of Figure 5.1, we show the average estimation errors on X and 3!
over 100 repetitions. Since K is unknown, we implement both methods for the true K = 3 and
misspecified K € {4,5,..., 8}.4 For estimating 32, the two methods give very similar performance.

This is not surprising. Since the eigenvalues of the low-rank part are much larger than || A||, the

3. This default procedure guarantees that > poer 18 invertible.

4. We don’t include the results of K € {1,2}, as the errors are much larger.
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error of estimating X is dominated by the error of recovering the low-rank part. Our method and
POET has the same low rank part (the L from one-step DD-PCA and the i* in (5.8) are indeed the
same), so they have similar errors on estimating 3:. From the bottom left two panels of Figure 5.1,
we can see that our method does a better job on estimating A, especially, the spectral norm error
is 10-20% smaller. However, this improvement is almost negligible compared with the errors on
recovering the low-rank part. We conclude that our method and POET have similar performance
on estimating 3. Still, our method has an advantage: It has no tuning threshold and is more
convenient to use.

How about the performance on estimating 3~ 19 The top right two panels of Figure 5.1 clearly
suggest that our method has a significant advantage. When K = 3, the spectral norm error of our
method is only one half of the error of POET. Interestingly, the performance of POET improves
with an overshooting K; but even for K = 8, its spectral norm error is still 10% larger than the error
of our method. For the Frobenius norm error, our estimator also outperforms POET for all choices
of K. This phenomenon is due to that A plays a dominating role when we compute the inverse of
3., while the low-rank part has a negligible effect, so the advantage of our method on recovering
A becomes prominent. This is illustrated in the bottom right two panels of Figure 5.1. We recall
that A from one-step DD-PCA and A, as in (5.8). The Frobenius/spectral norm of (A\_l —
A_l) is significantly smaller than the Frobenius/spectral norm of (E*_ I A_l). Additionally, by
comparing the top right two panels with the bottom right two panels, we can see that the error of
estimating >~ 1 is almost determined by the error of estimating A~ 1.

This numerical example delivers two messages: First, compared with competitive factor-based
methods, the major advantage of our method is on estimating »-1 by »-1 Second, such an
advantage is driven by the better accuracy on recovering A~ '. Below, we explain them using
linear algebra.

Without loss of generality, in model (5.5), we assume the covariance matrix of W equals to the
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identify matrix. Then, ¥ = BB T, A, By matrix inverse formula,
»!l—Aa1-A'Bg+B"A"'B)"'BTA L.

Suppose we construct an estimator S = BBT + A from fitting a factor-type covariance structure.

Then, s-1 (if it exists) has a similar decomposition:
S '—Aa - A 'Bx+BTA'B)"'BTA™!

By some basic linear algebra, we can derive the following proposition:

~ 1 ~ N ~ 1 ~
Proposition 5.2.1. Let A" 2B = Zszl 6kﬁkh;€ be the singular value decomposition of A~ 2B,
where 63, > 0 is the k-th singular value and ), € RP and izk e RX are the corresponding left and

right singular vectors. Then,

-~

S_A' A

D=
Nf—

K | WP
pmm—_y

— (5.10)
=16, “+1

By (5.10), the error of recovering the low-rank part only affects the matrix in the brackets.
For (A\, B ) obtained in factor-based methods, nonzero eigenvalues of BBT are much larger than
I A |, so 6} ’s are all very large. Then, the matrix in the brackets can hardly bring in a large error in

>~1. The error in =1 mainly comes from the error in AL

We further investigate the error in A~ Note that
JAT Al <A AT A - Al (5.11)

To achieve a small | A — A|| by imposing structural assumptions on A is not too difficult. However,
it typically does not prevent Hﬁ_l || from exploding. For example, if A is obtained from entry-
wise thresholding, we need a comparably large threshold to control ||A\_1 ||, but unfortunately we
cannot let the threshold be too large as it significantly increases || A — A|. It turns out that, if we

restrict A € . PP} for a constant ¢ > 1, then it is automatically guaranteed that ||ﬁ*1 || has a
130



nice bound. As a property of diagonally-dominant matrices [94], for ¢ > 1,

~ c—1
- (A) > min {a-~— a--}> min {a~-—c_1a--}>— min a;;.
Amin )_1§j§p M i.§j| jil ~i<j<pUH HE= ¢ i<j<p

It follows that

| A1) < —l[diag(4)] . (5.12)

This explains why the constraint of Ac s P97 helps significantly reduce the errors in A-1and
(ultimately) the errors in s-1

The above argument applies to ¢ > 1. In our method, ¢ = 1. Sometimes, we may even have to
use ¢ < 1, so that the assumption A € .% .@.@zf is not too restrictive (see Section 5.4). For ¢ <1,
we do not have a solid argument as (5.12), but a similar phenomenon is observed in numerical
studies.

Below, we use two real applications to further demonstrate that exploring the diagonal domi-

nance factor structures is a useful strategy.

5.2.1 Application to portfolio management

Given a collection of p assets, portfolio management aims to determine the weights allocated to
each asset. It is often desirable to construct the minimum risk portfolio, where the asset weights

*

w* = (wi,...,w}

») are determined by

Wy = argminwrl:l'wTEw, 3 € RP*P: positive definite asset covariance matrix.

In practice, 32 is unknown. We first obtain an estimate by using asset returns ¥, . .., Yy, € R” during

a period of n days, then we estimate the weights by

Wy = argminwrl:leE'w.
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This optimization has an explicit solution:

A~ A~

w, =TS )= . (5.13)

Since what we actually need is f]fl, exploring the low-rank plus diagonal dominance structure is
a potentially useful strategy.

We compare our method with POET on real data. We collected the daily returns of stocks in
S&P 100 index from January Ist 2006 to December 31st 2016. After removing companies that
were listed after 2006, there are 80 stocks in total. On the first trading day of each month, we
created two portfolios from (5.13), where 3 is estimated using daily returns for the proceeding
12 months (n = 252) by our method and by POET, respectively. We set K = 3 for both methods.
The threshold in POET is chose by cross-validation (we use the default cross-validation procedure
in poet package). On the last trading day of the same month, we measure the actual risk of each

portfolio by

. L& 7
R(’w*)=72(yt w*)%,
=1

where T is the number of trading days in this month (7 = 21 for most months) and y; € R8O
contains the stock returns on day ¢ of the month.

Define r = (Rpoet — Rydpea)/Radpeas note that a positive r indicates that the portfolio created
using our method is superior to that of POET. Figure 5.2 displays the histogram of r over 120
months in our data range. It suggests that our method improves POET by 9.5% on average and

14.7% in the median.

5.2.2 Application to linear discriminant analysis

In binary classification, given feature vectors X1, ..., X, € R” and training labels ¢, ..., ¢, € {1,2},
we aim to construct a linear classifier. In the classical regime where p is fixed as the training sample
size grows, Fisher’s LDA is an effective linear classifier. In the modern high dimensional settings

where p > n, it has been well understood that feature screening is necessary before one applies
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Figure 5.2: Histogram of ratio of improvement of DD-POET over POET over 120 months.

Fisher’s LDA [91, 97], and that it is desirable to plug in a good estimate of the inverse covariance
matrix that explores structural assumptions [98]. Recently, [99] proposed a linear classifier that
uses an estimate of inverse covariance matrix in both the screening step and LDA step, and they
showed that this classifier is rate-optimal under a multivariate normal model with even extremely
weak signal strength. This classifier was later applied to several large real classification problems
with superior results [100]. We shall combine our covariance matrix estimator with this classifier
to see whether exploring the low-rank plus diagonal-dominance structure is helpful.

Given an estimate € of the inverse covariance matrix and a threshold ¢ > 0, the classifier has

four steps [100]:

1. Calculate the feature-wise z-score: For 1 < j < p,let Z(j) = [X;(j) — X2(/)]/(n-s;), where
X1 (j) and X5 (/) are the within-class sample means of feature j and s; > 0 is the pooled

standard deviation of feature j. Write Z = (Z(1),...,Z(p))T.
2. Apply the Innovated Transformation [99] to get Z = Qz.

3. Feature-wise thresholding: For 1 < j < p, let w(j) = sgn(Z(j)) - 1{|Z(j)| > t}. Write w =

133



4. Classification by LDA. Given a test feature vector X € RP, for 1 < j < p, normalize X (j) to
X*(j) = X(j) = 35X (j) + Xa())] /s where (X1(j),Xa(j),s,) are the same as in Step 1.
Write X* = (X*(1),...,X*(p))T. We classify the test sample to class 1 if wl QX* > 0 and

to class 2 otherwise.

In this classifier, the matrix £ plays two roles: First, it is used in the Innovated Transformation,
so different © leads to different feature rankings. Second, it is used in the LDA step, so Q also
affects the classification boundary.

We compare the classification performance of plugging in three versions of Q: The first is

—1

poet» and the last is [diag(S )], where S is the sample covariance matrix.

f);dlpca, the second is 3
We note that the last approach is indeed the method FAIR [91]. The above classifier also requires
a threshold # > 0. To minimize the effects of selecting ¢, for each 1 < k < p, we set the threshold
such that k features are retained and investigate the classifier error. This generates an error curve
for each method as k ranges from 1 to p.

We consider two datasets: the lung cancer dataset [101] and the breast cancer dataset [102].
They were downloaded from http://blog.nus.edu.sg/staww/softwarecode/. For
both datasets, we conducted a processing by ranking all features by the feature-wise #-score and

retaining pq top-ranked features, where p( is a number that is for sure larger than the true number

of useful features (but pg < p).

dataset sample size dimension  p
Lung cancer 181 12,533 100
Breast cancer 276 22,215 1000

The lung cancer dataset was analyzed in various papers [103, 91]. The estimated the number of
useful features by these methods is around 30, so we confidently set pg = 100. The breast cancer
dataset is a more difficult one and requires a lot more retained features. [104] analyzed the dataset
under a clustering framework and suggested that the number of useful features is around 500, so
we set po = 1000. We also tried other choices of pg (e.g., pg = 200 for lung cancer data and

po = 2000 for breast cancer data), and the results are similar.
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Figure 5.3: Misclassification errors on lung cancer data (n = 181).

We evaluate the classification performance by a 5-fold cross-validation procedure with strati-
fied sampling. In detail, we randomly divide samples from class 1 into five folds and do the same to
samples from class 2; we then re-combine them to five folds, such that the fraction of class 1 is the
same across all folds. Next, we successively leave out each fold, train the classifier on remaining
samples, and compute the test error on leave-out samples. The misclassification error reported is
the average over 5 folds.

Figure 5.3 displays the results on lung cancer dataset. POET and DD-PCA have a tuning
integer K, and we tried K € {1,2,3}. The results suggest that, as long as more than 10 features are
retained, the classifier powered by DD-PCA uniformly outperforms the other two. Especially, for
K € {2,3}, the error keeps as low as 1/181 once the number of retained features exceeds 60. The
performance of POET is slightly worse than FAIR for K € {1,2}, and slightly better for K = 3. We
emphasize that the estimated inverse covariance matrix affect both the feature ranking and LDA;
therefore, even when the same number of retained features is the same, the actual retained features
are different across different methods.

Figure 5.4 displays the results on breast cancer dataset. For both POET and DD-PCA, K €

{4,5} is favored to K = 3. When K = 4, as the number of retained features is in the interval
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Figure 5.4: Results for breast cancer data (n = 276)

of [500,700], DD-PCA achieves the smallest error of 114/276. In all three panels, the lowest

attainable error of DD-PCA is smaller than those of POET and FAIR.

5.3 Detecting sparse mixtures by DD-PCA

The global detection is a problem of great interest in multiple testing [105, 7, 106]. Let X1, ..., X,

be the z-scores from p tests, where p is presumably large. We assume

X~ (), (5.14)

where U contains the true effects of these tests and 3 captures the dependence among the z-scores.

We are interested in testing

Hy:u=0, V.S. Hp:u #0,and u is sparse. (5.15)

When X is a diagonal matrix, this problem has been studied extensively in the literature. Var-

ious tests were proposed, including the xz test, maximum entry test, Higher-Criticism test [7],
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Berk-Jones test [107], etc.. When X is not a diagonal matrix, this problem becomes much more
challenging. One may still use these tests by ignoring the off-diagonals of 3J; unfortunately, this is
valid only if the off-diagonal entries of 32 are uniformly small. There are very few literatures about
this testing problem under a more general 3. One pioneer work is [108], where they consider this
problem for a class of 3 which have polynomial decays in the off-diagonals. We are primarily
interested in a setting where 3J satisfies the assumptions (5.1)-(5.2). In such cases, 3 may not have
polynomial decays in the off-diagonals, hence the test in [108] is no longer directly applicable.
For simplicity, we assume 3. is known. In real applications, 3 can be estimated from data if

multiple independent copies of X are available. Let
(L, A) = Solution of DD-PCA (5.4) by plugging in S = X.

Note that L has a rank K. Let Zszl ankrlkT be the eigen-decomposition of L, and write R =

3} — L. Using elementary probability, we can write the model (5.14) equivalently as

K
X=u+ Z Wik +2, wi~ A (0,v), 2~ Ap(0,R), wy,...,wg,z are independent.
k=1
These wq,...,wg are latent variables that account for most of the heavy dependence. Furthermore,

from (5.4), R is approximately diagonally dominant. If we are able to “remove" the latent vari-

ables, we are left with a “nice" problem with a covariance matrix R. Observing that u is sparse, we

estimate the realized value of (wq,...,wg) by regressing X on 1y,..., Nk using robust regression
such as L; regression. Let (W, ...,Wwg) be the estimator. We now have
K
X—) i =+ Ap(0,R). (5.16)
k=1

Comparing it with (5.14), we find that the heavy dependence has been greatly reduced. Since R
is approximately diagonally-dominant, we can apply existing tests that are designed for a diagonal

3.
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Figure 5.5: Ideal testing error (with the best cut-off value of the test statistics).

We combine the above idea with the Higher Criticism (HC) test [7]. The HC test computes

the marginal p-values from a null distribution X; ~ .4°(0,X ;) and combines these p-values into a

single test statistic H C;;. Motivated by (5.16), we modify the HC test by computing the marginal

p-values from X; — Zszl WiNkj ~ 4 (0,R;;). This gives rise to a new test statistic.

e Obtain (L, A) from DD-PCA and obtain 1y, ..., N, the eigenvectors of L.

e Regress X on (7y,...,MNk) using a robust regression to obtain coefficients (Wy,...,Wg).

e Compute the marginal p-values 7; = 25)(R;jl/2(Xj — YK W), for j=1,2,....p,
where ®(-) is the tail distribution function of a standard normal.

°

Sort the p-values: ) < Tp) <...< 7



e The test statistic is HC;S =max|<j<,/n Hvaj, where

VPl/p) =7 )]

HCp ;= ,  1<j<p.
() (1=77)

We call it the DD-HC test. Same as the HC, the null distribution of this test statistic can be obtained
from simulations.

Numerical performance of DD-HC: Given (p,s, ), we let uj = 7-1{1 < j <s} and ¥ =
FFT 4+ Q, where F is a p x 2 matrix whose entries are i.i.d drawn from .4 (0,1/2), and Q; ;=
0.5/ for 1 < i,j < p. We then generate data using (5.14). The parameters (s, T) control the the

sparsity and signal strength in u, respectively. We compare our test with the x2-test (test statistic:

1X|2), maximum test (test statistic: max < j<p,|X;|), the HC test, and the Innovated HC test [108].
For all the tests, we evaluate the sum of type I and type II errors associated with the optimal cut-off
value using 1000 repetitions. Figure 5.5 displays the results for different values of (p,s,7). It

suggests that our method has a significant advantage over the other tests in the current settings.

5.4 Algorithms for DD-PCA

This section solves both convex and nonconvex optimization for DD-PCA. Section 5.4.1 studies the
efficient projection onto .# 22, which is the set of “symmetric c-diagonally-dominant” matrices.
Section 5.4.2 proposes a three-block ADMM with provable theoretical guarantees to solve the
convex relaxation of DD-PCA, and Section 5.4.3 proposes an iterative projection algorithm to
directly solve the nonconvex optimization of DD-PCA. Section 5.4.4 gives a comparison between

the convex and nonconvex approaches.
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5.4.1 Efficient projection onto S DD

We can write .29} = . NP9}, where . is the set of symmetric matrices and 2% is the

set of ¢ diagonally dominant matrix with nonnegative diagonal entries, i.e.

@@j:{A:(aij)pxp:ajjzc Z |aji| for all j} (5.17)
L]
It is not difficult to see that both 27} and .¥ PP} are closed and convex polyhedral cones.

To solve DD-PCA, we shall obtain the (Euclidean) projection of a matrix A onto the con-
vex cone .S PP}t or 29}, denoted by & & 9Q;F(A) or f@@@? (A). The following Mendoza-
Raydan-Tarazaga algorithm, as summarized in Algorithm 5.4.1, computes the efficient projection
‘@.ng (A). Following Theorem 2.1 of [87], we have the theoretical guarantee that X obtained by
Algorithm 5.4.1 is the unique projection of A onto 2. Note that the computational complexity

of Algorithm 5.4.1 is O(p®log(p)).

Algorithm 5.4.1. Mendoza-Raydan-Tarazaga Algorithm
Given a p x p matrix A, where the jth row of A is denoted by a;. For 1 < j < p, the jth row

of the projection X, denoted by x , is given by

° Ifajj > Zl:l;«éj|ajl|’ then Xj=aj.

o If —Y; +jlaj| <aj;j<Oand|aj;| >|aj|foralll # j,ora;; < —Y;;+;laj/ thenx;=0.

o If Y, +jlaj| <aj;<Oand|aj;| <|aj/|forsomel+# j,or0<a;; <Y;;.jlajl, thenx;

is generated as follows:

1. Sort |a j], excluding a jjs in the ascending order, and denote the reordered vector as e.

Note that ej = aj; and |e;| < |e;| forall i < 1,i# j,l # j.

2. For m # j, compute dy = YV _ e/ Ifjuyy —ejand dm =dpm/(p—m+1) T jy +

dm/(p—m+2) Ly iy
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3. Solve m* as the smallest integer among m = 1,..., p such that m # j, |ey| > 0 and

|em| Zaym

4. Solve x; = (le,...,x]-p) such that x;; = ajj+d_m*; Xji = (aji—cim*)+ if aj; > 0 for
i # ji xji = —(aji+dy)" if aji <0 for i # j, where (z)T = max{z,0} and (z)~ =
—min{z,0}.

As for & 5+ (A), [87] applied Dykstra’s alternating projection algorithm between DD*
and . to obtain the projection on . 2% . The algorithm is summarized in Algorithm 5.4.2, and

more details can be found in [87].

Algorithm 5.4.2. Efficient Projection onto .7 22"

Given a p X p matrix A,
e LetGO =Aand 10 =0
e Fort=1,2,...

- G = P (HGOD 4 (GUD)T) - 10-D)

_ 10 g _ (%(G(t—l) (GU=1)T) _I(t—1)>
e Stop if the convergence criterion is met.

When ¢ # 1, MRT algorithm can’t be directly used. In this case, we obtain &, ,+ (A) through
Quadratic Programming (QP). The key observation is that the problem can be separated as p inde-

pendent row-wise projection. For each 1 < j < p, the jth row projection can be written as

)4
min Y (aj;—v)*  stvj>c Y v (5.18)

Vi%geersVp A=
Doz i

and the solution (vy,...,vp) would be the jth row of &+ (A). We can reformulate (5.18) as

P
min 2512 s.t. ajj—5j >c Z |aji—5l-| (5.19)



It’s easy to see that for i # j, we should let sign(J;) = sign(a ;) and |§; < aj;|, and hence |a j; — 6;| =
|aji| —|&;]. Without loss of generality, we assume aj; > 0 for all i # j so we can restrict §; > 0 for

all i # j. Then (5.19) becomes

p
min 2612 S~t-ajj_6j202(aji_6i)7 aj,-25,-20f0ralli7éj (5.20)
617"'76[71':1 ll?é‘]

which is a QP problem and can be solved using standard solver.

5.4.2 Convex relaxation and ADMM

This subsection solves the convex relaxation of (5.4) by replacing nonconvex rank constraints with

convex nuclear norm constraints. To be specific, we consider the convex optimization:

1
(?ig) SI8-L- A||%+A|L||« subjectto Ae.7DD]. (5.21)

where A is a tuning parameter to strike a balance between the approximation error and the low
rank. A large A would encourage the solution L to be low rank, whereas a smaller A would lead
to relatively smaller approximation error but higher rank in L.

We introduce a new variable E and rewrite the optimization problem as follows:
. 1 ‘
min EHEH%+7LHLH*+JAE§;9%L subjectto L+A+E=S.

(L,AE)

The objective function would be separable in three blocks, subject to an equality constraint. Now,

we define the following augmented Lagrange function:
1
Zp(L,A,E,A) = §||E||%+7L||L||*+fA€y@96++g||L+A+E—SH%+<A,L+A+E—S>

where A is the Lagrange multiplier associated with the equality constraint, and p is a given penalty
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parameter. The proposed three-block ADMM proceeds as follows till convergence:

L step : L) = arngi/n fp(L,A(t_l)’E(t_1)7A(’—l))
A step : Al = argnﬁn fp(L(’),A7E(f—1)7A(1—1))
E step : EW) = argn}%n gp(L(t),A(f),E7A(’—1))

Astep: A= ACD 1 A0 L0 EO) _g)
Each subproblem can be efficiently solved. In the L step, we solve L") from

ming ALl +5IL+AC + 0D -S|} + (A0, L+ Al D+ E0D - s)

ming %HL + A L D gy o IACD 2 4 p= 12| L.

Thus, we have L) = D1, <S—A(t_1) —El-1) —p_lA(t_1)>, where 2 is the singular
value thresholding operator given by Z;(2) = U sT(D)VT for any singular value decomposition
Q=UDVT, and s; denotes the soft-thresholding operator given by s¢(x) = sgn(x) max(|x| —
7,0).

In the A step, we may use Algorithm 5.4.2 to obtain the projection on .” 22" as follows:

A = argngn ﬂA€y92j+g(HA—i—L(t)—FE(t_l)—S—i—p_lA(t_l)H}z’f)

= Pygqr (S—L(t) _ gt=1) _p—lA(f—1)> '

Alternatively, we may follow the proximal-gradient-based ADMM [109] to solve the A step. See

Section 4 of [109] for more details about the proximal method.
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In the E step, it is straightforward to solve

(6 _ T (t) o Al) _ —TA(=1))2
E argn}én2||E||F+2<||E+L +AY 8§14 p7 1A ||F>

P (1) 4+ A@) TA(=1) ’
_ : P (7 1) _ —1 A (t—
= argmin E+p 1(L +A S+p A > .
— P (g A0 _ ) _,-1pG-D)

5 I(S A L p A >

Hence, the proposed three-block ADMM can be summarized in Algorithm 5.4.3.

Algorithm 5.4.3. Three-Block ADMM for Solving DD-PCA

Given a sample covariance matrix S, do
e Fortr=1,2,...

- L= D12 (S — A=) g1 pflA(t*1)> where Z¢(Q) is the singular value
thresholding operator given by 2¢(Q2) = Us¢(D)VT for any singular value decom-
position Q@ = UDVT, and s; denotes the soft-thresholding operator given by st(x) =
sgn(x) max(|x| —7,0).

_ Al = @y@@j (S—L(f) _ g1 _p—lA(t—l))

_EO = % (S_A(t) _rL® _p—lA(t—l))
(t—

he)

- A= ACD 4 p (A0 4 L0 4 BO - 5)

e Stop if the convergence criterion is met.

Although three-block ADMM does not necessarily converge in general [110], DD-PCA be-
longs to a class of regularized least squares decomposition problem. For this class of regularized

problems, the global convergence of the proposed three-block ADMM is always guaranteed [111].
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5.4.3 [Iterative projection algorithm

In the sequel, we introduce an iterative projection algorithm that directly tackles the nonconvex
optimization in DD-PCA. The key observation is that we attempt to find a matrix L* in the set
YLk = {L : rank(L) = K} that is closest to the set .#g={S—~A: A c.Y2%/}. Inspired by
[112], a natural approach would be to iteratively project (S — L) onto .7 2% to update A and
then to project S — A onto £k to update L. To reduce the computational cost, we replace the pro-
jection onto .7 2% by the projection onto 2%, followed by symmetrization. Algorithm 5.4.4

summarizes the details.

Algorithm 5.4.4. Iterative Projection Algorithm for Solving DD-PCA

Given a sample covariance matrix S and integer k, do
e Let A =0
e Fort=1,2,...

- LW — «@.,%K(S—A(t_l))

e Stop if the convergence criterion is met.

In Algorithm 5.4.4, we need to calculate & &, and ‘@992“ The calculation of e@@@? is
given in Section 5.4.1. The calculation of & ¢, is given as follows: for any symmetric matrix
A, we write its eigenvalue decomposition as A = QAQT where A = diag{1;, A, ... ,Ap} with
411 = |A2| = -+- > |4p|. Hence, the best rank-K approximation is given by & ¢, (A) = QKAKQIT(
where Qg contains the first K columns of @ and Ag = diag{1,4,,...,Ax}.

To use Algorithm 5.4.4, we need to estimate the rank K if it is unknown. A simple estimate
of K is to look at the eigenvalues of S to pick the K such that there is a significant gap in mag-
nitude between the first K eigenvalues and the remaining ones. In Section 5.5, we investigate the

robustness of the iterative projection algorithm to the estimation of K.
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5.4.4 Discussion

This section presents both convex approaches and nonconvex approaches to solve DD-PCA. The
convex approaches do not require the knowledge of the rank K of the low rank matrix L, and
the global convergence of the proposed ADMM (e.g., Algorithm 5.4.3) is guaranteed. How-
ever, its convergence rate could be slow in practice. The nonconvex approaches, on the other
hand, can be much faster in terms of convergence. The per-iteration cost for Algorithm 5.4.4 is
O(p? max{log(p),K}), compared to O(p>) for Algorithm 5.4.3. But the convergence guarantee of
Algorithm 5.4.4 is still an open question.

The rigorous convergence analysis of the iterative projection algorithm is difficult due to the
non-convexity of the set Zx. The existing result (e.g., [113]) proves the local linear convergence of
the alternating projections for two closed sets if the two sets intersect transversally at the converg-
ing point. We conjecture that such condition would hold for most cases in our setting, therefore
the convergence would be guaranteed. In practice, our algorithms are stable and always converge
to a valid solution in simulations.

As for stopping criteria, at each step one can check if ||A(’+1) — A0 || or ||L(t+1) — L0 || is
below a given threshold €. Another possible stopping criteria is iteration time reaching N, where
N is a pre-specified integer, which could help reduce computational cost if N is set small when p

is relatively large.

5.5 Simulation studies

This section investigates several numerical properties of DD-PCA in simulation studies.

Experiment 1: solving DD-PCA. We investigate the performance of Algorithm 5.4.3 (an ADMM
algorithm) and Algorithm 5.4.4 (an iterative projection algorithm) for DD-PCA. Fixing (p, K) and
o > 0, we first generate a rank-K matrix L = XX7 where X is a p x k matrix whose entries
are i.i.d drawn from .47(0,1/p). We then generate a matrix A with entries sampled i.i.d from

A (0,1/p?) and set A = Ay + Ag + D, where D is a diagonal matrix whose j-th diagonal is
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Figure 5.6: PErfoanance of Algorithm 5.4.4 in Experiment 1. The y-axis represents & (X — f}) (left
panel) and |L+ A — S||r/||S||F (right panel).
equal to ;. |Ag(j,1) +Ag(i, j)| — 2A0(j, ) for 1 < j < p; it follows that A is a diagonally dom-
inant matrix. We then generate a p X p symmetric matrix &£ whose upper triangular entries are
sampled i.i.d from .#(0,62/p). Last,let S = L+ A+ E.

First, we study Algorithm 5.4.3, which is an ADMM algorithm. Fix ¢ = 1. We consider
p =500, 1000,2000, and set K = 0.05 - p. The tuning parameter in the algorithm is set as A = 3,
and we look at the solution (i, A\) after 50 iterations. The results are displayed in Table 5.1. For
all three settings, the algorithm exactly recovers the true rank of L, however, the convergence of
(i, fi) is relatively slow. As we shall see below, the performance of Algorithm 5.4.3 is not as good
as the iterative projection algorithm—Algorithm 5.4.4, but Algorithm 5.4.3 is theoretically more

tractable.

Table 5.1: Performance of Algorithm 5.4.3 in Experiment 1.

: : 7 | IL+A-S|F | |[L-L||r | |A-Al|r
Dimension p | rank(L) || rank(L) ISTE Ll T4l
500 25 25 0.264 0.166 0.340
1000 50 50 0.269 0.163 0.286
2000 100 100 0.274 0.160 0.243

Next, we study Algorithm 5.4.4, the iterative projection algorithm. We run the algorithm for
20 iterations and measure the relative approximation error | L + A — S||p/||S||. The results are

shown in Figure 5.7. In the left panel, K/p is fixed as 0.05 and the noise level o varies from
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Figure 5.7: Performance of Algorithm 5.4.4 in Experiment 2. The y-axis represents | L + A —

S||7/[| S| 7, and the x-axis represents o (left panel) and K /p (right panel), respectively.

0.5 to 5. In the right panel, o is fixed to be 1 and K/p varies from 0.01 to 0.1. For each value
of p, the relative approximation error increases, as both o and K increase. For the same values
of o and K/p, a larger p comes with a smaller relative approximation error. Furthermore, if we
compare the results with those in Table 5.1, Algorithm 5.4.4 has a better practical performance

than Algorithm 5.4.3.

Experiment 2: Necessity of DD-PCA. If X truly satisfies the assumption of “low-rank plus di-
agonal dominance", it is a natural question to know whether one can simply apply PCA and robust
PCA [84] to get a diagonally dominant A. Unfortunately, this is often not the case. Let us consider
applying PCA to a ¥ which has the decomposition 3 = L+ A such that rank(Lg) = K and
Ay is diagonally dominant. Let A; and & be the k-th eigenvalue and eigenvector, respectively,
1 <k < p. We construct L = ):sz1 lk‘g'kﬁkT and A =X — L. We can only hope A is diagonally
dominant when A and A are entrywise close to each other, or equivalently, when || L — L||max is
small (|| - ||max is the entrywise max norm). However, from the literatures on perturbation analysis
of PCA, it requires strong conditions to guarantee that || L — Lg||max is small [49]. In particular,
when K is moderately large, these conditions may be violated. Similarly, robust PCA cannot pro-
duce a diagonally dominant A in general. Therefore, it is necessary to develop new algorithms
that are specifically designed for DD-PCA. In Figure 5.8, we present a numerical example, where

the output A from our DD-PCA algorithm is much more “diagonally dominant" than the A con-
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Figure 5.8: Comparison of the output A from DD-PCA and from PCA, where the histogram of
{a,-j/[a,-,-ajj]l/2 : 1 <i# j<p}isdisplayed. In both panels, the input X is generated as in
Experiment 1 in Section 5.5.

structed from PCA.

Experiment 3: Robustness to the misspecification of K. We use the same setup as in Experi-
ment 1 and investigate the performance of Algorithm 5.4.4 with a misspecified K. Consider two
settings where (p,K) = (500,25) and (p, K) = (2000, 100), respectively. For each setting, we plug
K = k in the algorithm and take the solution after ten iterations. Figure 5.9 shows the relative
difference between L and L for various choices of k. It suggests that as long as k > K, the per-
formance of the algorithm is very stable. Hence, in practice, we recommend that the users pick a

relatively large kK when the true K is hard to estimate.

Experiment 4: Application to covariance matrix estimation We expand the numerical study
in Section 5.2 and investigate the performance of DD-POET on more simulation settings. Given
K =3 and p € {100,300,500}, we generate data in the same way as in the numerical example
of Section 5.2. First, we compare the performance of DD-POET and POET. For both methods,
we use the true K = 3. POET has an additional threshold, which we set as the ideal one that
minimizes the estimation error (the ideal threshold varies as we change the error measure). The
results are contained in Column 6 and Column 10 of Table 5.2, where, in all settings, DD-POET

has a comparable performance as POET with an ideal threshold, and in some settings, DD-POET
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Figure 5.9: Robustness of Algorithm 5.4.4 to a misspecified K. The x-axis is the k plugged into
the algorithm, and the y-axis is || L — L||/|| L||, where || - || is either the matrix Frobenius norm or

the spectral norm.

is even better. The ideal threshold for POET is not practically feasible, and it is unclear how to set

the threshold in a data-driven fashion; however, DD-POET is tuning free once K is given. Second,

we investigate the performance of DD-POET when we plug in K = k with k € {1,2,...,6}; see

Table 5.2. If k is misspecified but k > K, the estimation errors remain relatively stable; if k < K,

the performance deteriorates. It suggests that an overshooting of K is better than an undershooting.

This is consistent with the observations made by [6].

Table 5.2: Estimation errors of DD-POET and its robustness to a misspecified K.

k POET*

(p,K) | Target Norm i 5 3 7} 5 6 (k=3)
> Frobenius | 48.26 27.52 |3.28 | 3.46 3.63 3.83 3.24
(100.3) u Spectral | 22.51 16.80 | 0.80 | 1.00 1.08 1.14 0.85
’ $-1 Frobenius | 9.10 7.50 |3.02|3.17 3.34 3.56 3.65
u Spectral 1.34 1.34 1 0.61 | 0.72 0.83 0.93 0.64
> Frobenius | 95.00 56.96 | 6.22 | 6.23 6.26 6.32 6.04
(300.3) u Spectral | 32.52 26.04 | 0.82 | 0.86 0.90 0.93 0.90
’ $-1 Frobenius | 41.50 17.33 | 5.68 | 5.66 5.66 5.68 6.37
u Spectral | 27.75 7.16 | 0.66 | 0.66 0.65 0.64 0.64
n Frobenius | 126.50 75.74 | 8.38 | 8.35 8.35 &8.35 7.99
(500.3) u Spectral | 38.10 30.86 | 0.84 | 0.87 0.89 0091 0.95
’ -1 Frobenius | 25.87 18.19 | 7.66 | 7.61 7.57 7.55 8.26
u Spectral 9.23 1.76 | 0.69 | 0.68 0.68 0.67 0.64

* POET is implemented with an ideal threshold.
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CHAPTER 6
ESTIMATION AND INFERENCE FOR ZERO-INFLATED

SEMI-CONTINUOUS DATA

In many real world scenarios, the data we collected often has a significant portion of 0’s with the
remaining part being positive. Such data, usually called zero-inflated semi continuous data, are
pretty common in the time related or cost related applications. Examples include air contaminant
study [114], marine science [115], medical cost [116], pharmaceutical research [117] and so on. In
the big data era, zero inflated data is prevalent in technology industry. For example, the customer
expenditure data collected by e-commerce companies typically exhibits such pattern: a notable
proportion of users buy nothing (zero expenditure) and a few “big customers" purchase high price
items which drives the positive part to be right skewed. For this example, one may want to estimate
either the average customer expenditure or the average expenditure that a customer could have done
had he or she decided to purchase anything. These applications demand specific methods that can
be tailored to the zero-inflated nature of the data.

In this chapter, ! we propose several machine learning algorithms to estimate some quantities
of interest with covariate information employed. We don’t pose any parametric assumptions and
our framework can be combined with any base learners. We first introduce our model and method
in the one sample case, then we discuss the two sample case where we aim to estimate hetero-
geneous treatment effect when data in both treatment group and control group are zero-inflated
semi-continuous. The algorithms we developed are motivated by state-of-the-art methods in the

causal inference literature.

6.1 Related work

Suppose we observe i.i.d data ¥1,Y>,...,Y; drawn from a distribution that is a mixture between a

point mass at 0 and a distribution supported on positive values. There has been a line of work for

1. The work presented in this chapter is joint with Hao Jiang and has been submitted to KDD 2019.
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zero-inflated semi-continuous data that focus on estimating the population mean of ¥ [118, 119,
115, 120, 121, 114, 116]. These work typically assume a parametric model for the data generation
and deals with point estimate as well as related inference problems. For example, a common
distribution they assume for the data, so called Delta distribution in the literature, is a mixture
between a point mass at zero and a log normal distribution. These assumptions are quite strong:
essentially they require the sample points to be independent and identically distributed following
some parametric form with unknown parameters. The inference problem then boils down to the
inference of several parameters which can be handled using classical statistical tools.

The drawback of aforementioned approaches lies in the fact that they fail to incorporate the
information of covariates which are available and often useful in most applications. For exam-
ple, in customer expenditure data we can often have access to the customer personal information
as well as some expenditure related features, so we may seek to estimate mean expenditure or
related quantities for each individual. In associated A/B testing experiments, we are often inter-
ested in estimating heterogeneous treatment effect to better understand causal mechanisms and to
personalize treatment regimes. These observations motivate us to build models for zero-inflated
semi-continuous responses with covariates information included.

Another line of work in the literature considers adding covariates into the model. These work
typically assume a parametric form for response which depends on covariates through a linear
combination of those covariates. Such models include Tobit models [122, 123, 124, 125], two-
parts models [126, 127], sample selection models [128, 129, 130], Compound Poisson exponential
dispersion models [131, 132] and Ordinal threshold models [133]. A detailed comparison of those
models can be found in the survey paper [134]. The success of those statistical models relies on
the correct specification of data distribution and most of their methods are not robust to model
misspecification. In particular, they compress the covariates information through a linear form

which is often inadequate and hence limit the performance in many real world applications.
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6.2 Model and methods

Suppose we have i.i.d observations (X;,Y;)_;, where X; € 2" encodes covariates information and
Y; € [0,00) is the observed outcome. Let W; = 1 (Y;>0} which is a binary random variable. We posit
the existence of potential outcome Z; € (0,o0), such that ¥; = W;Z;. The framework here is closely
related to the potential outcome model (Neyman-Rubin model) for observational data. In addition,

we assume the following two conditions

e ZISC-unconfoundedness: W 1L Z | X

e ZISC-overlap: 0 < e(x) < 1 for all x in the support of X, where e(x) = P{W = 1|X = x} is

the ZISC propensity score function.

Here ZISC stands for Zero-Inflated Semi-Continuous. These assumptions are analogous to the
standard assumptions, unconfoundedness and overlap, in potential outcome model. We would like
to point out that most commonly used parametric models for zero-inflated semi-continuous data,
like zero-inflated log normal or zero-inflated gamma model [135], satisfy these conditions.

In many cases, the target of interest is the conditional positive mean p4 (x) =E[Y | Y > 0,X = x]
instead of the canonical conditional mean p(x) =E[Y | X = x|. In our framework, we can write it
as

U+r(x)=E[Z|W=1,X=x]=E[Z|X =4]

where we make use of the ZISC-unconfoundedness assumption. In the customer expenditure ap-
plication, p4 (x) measures the average amount of money customer would have spent, had the cus-
tomer decided to buy anything. Efficient estimation for p (x) is not straightforward and we will
discuss some machine learning algorithm in the following section.

In practice, the positive data may have heavy tails. In this case we could perform a log
transformation of the positive response. This is related to estimating E [log(Y) | Y > 0,X = x| =
E[log(Z) | X = x] and the algorithms we proposed can be readily extended to the scenario here. We

can then apply the exponential function on top of it to estimate exp (E [log(Z) | X = x|) which is
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less than or equal to E [Z | X = x] by Jensen’s inequality, but in some cases this trick which aims at
a surrogate target could yield a more stable estimate for (4 (x). We examine this log transformation

trick in Section 6.3.

6.2.1 One sample setting: mean estimation

In this section, we introduce several machine learning techniques for estimating py (x). We then

briefly discuss how to estimate pt(x) but that should not be the focus here.

Conditional mean regression and transformed outcome regression A simple method is to
ignore those samples with response 0 and run regression on the rest of data using any super-
vised learning algorithm. We call this method Conditional Mean Regression. In this case, the
algorithm tries to estimate E[Y | X =x,W = 1] = 4 (x) directly and the variance of response is
Var(Y | X =x,W=1)=Var(Z | X =x).

The drawback of conditional mean regression is that it only uses a fraction of data so the
effective sample size is small. This is particularly problematic in the sparse response setting.
For example, in the customer expenditure data usually a large proportion (95 to 99 percent) of
responses are 0, in which case the conditional mean regression is highly inefficient as it discards
most of the data. On population level, the expected effective sample size is E [e(X)].

An alternative approach relies on estimating the ZISC propensity score function. If we define
the transformed outcome as ¥ =Y /e(X), it’s easy to see that ¥ is an unbiased estimate of i (x)

conditional on X = x. In fact, we have

EWZ|X =x]

e(x)
EW|X=x]E[Z|X =x]
e(x)

= Elz[ X =x] = pi(x)

]E[Y|X:x] =

In practice, e(X) is usually not known and one can use any classification algorithm that produces
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probability estimate on {(X;, W;)}"__, to get an estimated ZISC propensity score &(X) then plug it
in. With these transformed outcomes, any supervised learning algorithm can be employed to fit
the regression function. This method is called Transformed Outcome Regression. The problem
with this method is that the variance of the response is potentially large, especially when ZISC

propensity score is near 0. In fact, provided e(x) is known we have

Var (Y|X =x) = Var(ﬂefzz(g =%)

E [WZZ2 ‘X:x —E[WZ| X = ]2
- e2(x)
B e(x)E [Zz ‘ X=x —ez(x)/.ijzL (x)
- e?(x)

Var (Z | X =x) +pf (x)(1 —e(x))
e(x)

which is larger than Var(Z | X = x) unless e(x) = 1. When e(x) is not known yet estimated by
some classification algorithms, the bias is typically introduced and the variance would become
even higher.

Comparing these two approaches, we see there is a trade-off between effective sample size and
signal to noise ratio of the data. Conditional mean regression has larger signal to noise ratio as
the variance of the response is smaller than transformed outcome regression. On the other hand,
transformed outcome regression has larger effective sample size as it uses all the samples in the data
set. In our simulation, we found that conditional mean regression often outperforms transformed

outcome regression in many scenarios.

Zero-inflated causal forest Motivated by method in [136], we propose to adapt causal forest
in our setting, and we call this variant Zero-Inflated Causal Forest (ZICF). ZICF is an ensemble
of zero-inflated causal trees. The construction of each zero- inflated causal tree goes as follows:
suppose the tree structure is given, for each terminal node we estimate {4 (x) using average of

positive responses fallen in that region. This is the key difference between zero-inflated causal tree
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and classical regression tree, as in regression tree the estimate within a node would be the average
of all responses. As for tree node splitting we use the same splitting rule as in classical causal
tree, that is, we maximize the sum of squares of [l (x;) for i in region _# for which we consider
splitting. The ensemble of those trees are the same as in [136], where each tree is based on a
random sub-sample drawn from the data without replacement and the final estimate is the average
of all tree estimate, i.e. fl4(x) = %Z?Zl fuy p(x) where i ,(x) is the estimate given by the bth
tree.

According to [136], we can show that under some mild conditions the ZICF estimate {11 (x) is

asymptotically Gaussian and unbiased. That is,

(4 () — - () //Var(fy (0) =g A (0,1)

where —; denotes converge in distribution. Moreover, we can accurately estimate the asymptotic
variance using infinitesimal jackknife for random forests [137]. To be specific, let Ny, € {0,1}

indicate whether or not the ith training data was used for the bth tree. The variance estimator is

N _n—l

n \*&
0(x) = ( )__ZlcOv[m,b(x),Nib]z

n n—s

where s is the sub sample size. This estimator is consistent in the sense that V (x) /Var(fL4 (x)) —p 1
where —, denotes convergence in probability.

Those theoretical results apply for a version of ZICF, which we call honest ZICF, where the
tree structure is independent of the leaf prediction given the data. This version is particularly suited

for inference, see [136, 138] for more details.

Other machine learning methods for estimating 11 (x) Recognizing the resemblance between
our model assumptions and those made by potential outcome model in causal inference, we can
try to adapt the state-of-the-art machine learning methods designed for heterogeneous treatment

effect estimation to the estimation problem we are interested here. The key observation is that if
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we input {(X;,Y;,W;)}""_, to those algorithms, the resulting conditional average treatment effect es-
timate is exactly what we want as it aims to estimate E[Y | W =1, X =x|—-E[Y | W =0,X =x] =
E[Y |W =1,X =x] = u4+(x). Causal forest discussed in the previous section is one example that

can be tailored to our setting. Some other examples can be found in, say, [139].

Connection to missing data and semi-supervised learning As we discussed, the estimation
of t4(x) under our model setting is closely related to the problem of heterogeneous treatment
effect estimation for observational data under potential outcome model. Actually, our problem
can be regarded as a special case under potential outcome model where the outcome for control
group is always 0. Causal inference under potential outcome model is essentially a missing data
problem, and we can take the same view here for our problem. We can think of those observations
with zero response as ‘missing’ data where their potential outcome Z is unobserved. With ZISC-
unconfoundedness assumption we know the missing mechanism is missing at random, i.e. the
missing probability can be modeled as a function of observed data X 2. Therefore, any method that
deals with missing data where data are missing at random could potentially be used here.

Some reader may view the problem as a semi-supervised learning problem, i.e. we have some
labeled data (those observations with positive response) and a large amount of unlabeled data
(those observations with zero response). In classical semi-supervised learning setting, the choice
of labeled sample is independent of X, i.e. there is no selection bias. In contrast, the mechanism of
choosing samples to label in our setting does depend on X and such mechanism could be potentially
informative. Hence, straightforward application of traditional semi-supervised learning algorithm

without care may lead to less efficient and often biased estimate.

Conditional mean i (x) estimation In principle, any supervised learning algorithm can be em-
ployed to run regression using all data points in order to estimate p(x). Due to the sparsity of

response, some algorithm may lead to undesirable results. For instance, regression tree for such

2. Note that the missing mechanism here is not missing completely at random (MCAR) on which most imputation
methods are based.
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data may end up with certain regions having estimation 0, yet we know u(x) is strictly posi-
tive under the ZISC-overlap assumption. An alternative approach is to first estimate (i (x) using
any method, such as ZICF, then weight the estimation by estimated ZISC propensity score since
t(x) = 4 (x)e(x). The potential drawback of this approach is that the error in estimating p (x)
and e(x) might propagate through the multiplication and render the variance of final estimator
large.

The last thing we would like to mention is that sometimes we are interested in prediction
rather than mean estimation. If sparse predictions are preferable, a simple approach is to first run a
classification on { (X;, W;)}!"_, to decide whether to output 0, and if instead positive result is desired
we can output {14 (x) which can be estimated using any method discussed above. Alternatively, one

can output the pair (é(x), fi+(x)) which is often more informative than sparse predictions.

6.2.2 Two sample setting: heterogeneous treatment effect estimation

In this section, we consider a two group setting where we have a treatment group and control group,
and we are interested in estimating heterogeneous treatment effect and related quantities. Suppose
we have i.i.d observations (X;,Y;, 7;)"_; where T; € {0,1} is the treatment assignment. We adopt
the potential outcome model and posit the existence of (¥;(0),Y;(1)) corresponding to the outcome
if 7; had been equal to O or 1, respectively, such that ¥; = ¥;(7;). Again for the zero-inflated
semi-continuous response, we assume Y;(0) = W;(0)Z;(0) and Y;(1) = W;(1)Z;(1). Moreover, we

suppose the following two standard assumptions in the causal inference literature

e Unconfoundedness: T L (Y (0),Y (1)) | X

e Overlap: 0 < m(x) < 1 for all x in the support of X, where m(x) = P{T = 1|X = x} is the

propensity score function.

The unconfoundedness assumption is particularly designed for observational data but it also

applies to the randomized trial case where treatment assignment 7" is independent of everything
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else. Readers shall not confuse unconfoundedness assumption with ZISC-unconfoundedness as-
sumption, as the latter refers to distributional properties for Y (0) and Y (1) in the context here.
Depending on specific applications, the target of interest could be different. There are two

potential interesting quantity here. One is Conditional Average Treatment Effect (CATE) given by

D(x) = E[Y(1)—Y(0)|X =4]

= EW(1)Z(1) -W(0)Z(0) | X = x]

The other one, which we call Conditional Average Implicit Treatment Effect (CAITE), is given by

Dy(x) = E[Z(1) = Z(0) [ X = x]

CAITE measures the average treatment effect for each individual, had the response for that indi-
vidual turned out to be positive both with treatment and under control. This quantity could serve
as a measure metric in A/B testing specifically for zero-inflated semi-continuous data.

Sometimes other metrics are of interest as well. For example, the conditional average propen-
sity effect E[W (1) —W(0) | X = x| measures the change of the probability of making a purchase
in customer expenditure application. We do not discuss these metrics in this paper but they may be

worth considering in certain scenarios.

CATE estimation Here we review some state-of-the-art methods for estimating CATE. Those
methods can be modified to estimate CAITE as well and we will discuss it in next section.

A straightforward way to estimate D(x) is to estimate the conditional mean for treatment group
1! (x) and that for control group u°(x) separately, using the data in treatment group and in control
group respectively. The final estimator is obtained as D(x) = i (x) — 2°(x). This is called T-
learner in [140].

Another method, called S-learner in [140], is to include treatment indicator T as a feature

without any special role, and run any supervised machine learning algorithm on the combined

159



data set to estimate u(x,z) = E[Y | X =x,T =t]. Then the CATE estimator is given by D(x) =
fi(x, 1) = fi(x,0).

An alternative approach is to use X-learner [140] which often yields better results than the
other two especially when two groups are unbalanced. The main steps of X-learner are outlined
as follows. First we estimate u! (x) and u®(x) using treatment group data and control group data,
respectively. Then we get pseudo-treatment effect using imputed responses, i.e. D; = Y;(1) —
19(X;) for i in treatment group and D; = fi!(X;) — ¥;(0) for i in control group. We treat these D; as
responses to get estimated D1 (x) with treatment group data, and similarly get Dy (x) with control

group data. Our final estimator D(x) is a weighted combination of D; (x) and D (x), i.e.

A

D(x) = g(x)Do(x) + (1 — g(x))D1 (x)
where g € [0,1] is a weight function. Some sensible choices of g are g = 1, g = 0 and g(x) = T'(x).

CAITE estimation For estimating Dj(x), we can employ T-learner, S-learner or X-learner with
some careful adjustment.

The use of T-learner is straightforward: one can use any method discussed in Section 6.2.1 to
estimate ,u}r (x) as well as ,ug (x), then obtain Dj(x) = /.Llr (x) — ﬂ?r (x).

For S-learner, one can combine all data with treatment indicator as added feature to esti-
mate quantity 4 (x,t) = E[Z(t) | X = x,T =t], then the CAITE estimate is Dj(x) = 4 (x,1) —
fiy(x,0).

As for X-learner, we need to do some modifications as Z;(0) or Z;(1) are only observable
for some cases in both groups. To be specific, we first estimate ,u}r (x) and ,ug (x) using treatment
group data and control group data respectively using any methods discussed in Section 6.2.1. In the
second step, for treatment group we obtain pseudo-implicit treatment effect Dy; = Z;(1) — /fl?r (X;)
fori € @] = {i: W;(1) = 1}, then get estimated Dy (x) using those values as responses. Similarly,
we get pseudo-implicit treatment effect for the control group data points in set .o/ = {i : W;(0) =1},

and obtain estimated Djo(x). The final estimate is then a weighted combination of Dy (x) and
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Dyo(x).

Discussion Estimation of heterogeneous treatment effect is a long standing problem in causal
inference literature. For zero-inflated responses, the semi-continuous nature of the data render the
problem even harder as the effective sample size is often small for both groups. Depending on
particular applications, both CATE and CAITE could be the target of interest. The concept of
CAITE is specific to the zero-inflated data and as far as we know we are the first to propose flex-
ible machine learning methods designed for such data structures. Even for CATE estimation, the
direction application of some classical approaches may not be desirable and is often less efficient
as a consequence of ignoring the ‘spikiness’ structure of the response. Fortunately, we find that
meta learners like T, S and X learners are flexible enough to do a decent job in CATE or CAITE
estimation with some necessary modifications added.

The choice of T, S or X learner are often application specific and is not easy in general. Here
we try to make some brief comparison which hopefully could cast some insights. T learner is
conceptually simple and easy to implement so it could be a good starting point or serve as a
baseline. The fact that T learner first estimates p(x) or py(x) separately for both groups then
takes the difference may lead to inflated variance of the final estimator. S learner is also relatively
straightforward and in some cases it gives best results among the three as we shall see in Section 2?.
However, S learner on top of certain base approaches like random forest tends to underestimate the
target especially when the number of features is large. This can be seen in its estimation step
where the estimate is given by the difference of predictions when the treatment assignment value
is changed from 1 to 0. If the treatment assignment feature is not considered important by the base
learner, the change of values for this feature is likely to result in mild change in the estimate. Hence
S learner often yields estimator with small variance but noticeable downward bias. X learner seems
to be more complex than the other two, although the idea is quite intuitive: it’s trying to impute the
unobserved (implicit) treatment effect and then apply machine learning algorithms on top of those

imputed values. In our experiments, X learner appears to dominate T learner in most cases and it

161



seems to be more stable and robust. In addition, it’s particularly suited for unbalanced group case
as explained in [140]. Therefore, among the three approaches X learner is in a better position to be
the off-the-shelve tool for estimating heterogeneous treatment effect.

In the two sample setting, besides estimation one could also be interested in quantifying the
uncertainty of the estimate, i.e. constructing confidence intervals for the target of interest. In the
associated A/B testing experiment often the question of interest is whether the treatment makes any
difference for an experimental unit. This problem is essentially a hypothesis testing of whether
CATE or CAITE is equal to O for any particular sample point (equivalently one can construct a
confidence interval and check if it covers O or not). How to tackle those inference problems with

finite sample guarantee remains an open question, and we leave it for future work.

6.3 Empirical Study

6.3.1 One sample scenario: Ui (x) estimation

In this section, we design simulations for the one sample scenario to evaluate the performance of
different methods for estimating conditional positive mean pi4(x). Suppose the sample size is n
and dimension of covariate is p. Our data generation model is as follows: for 1 <i<n
iid ind. .
X, ~ 9x W; '~ Bernoulli(e(X;))

log(Z) "™ N (F(X), 1) Yi=W;-Z

Here Y is the distribution of the feature vectors X;. We use the same data generation mechanism
in [139]: we draw odd-numbered features independently from standard Gaussian distribution, and
draw even-numbered features independently from a Bernoulli distribution with probability 0.5. As

for ZISC-propensity score function e(x), we assume it can be represented as a linear function with
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logistic-link. To be specific, we set

e(x) = exp(n(x))/(1 +exp(n(x))) where n(x) = x" B + o

We set each coordinate of 3 to be equal to 1/,/p, and set By = —3 so E [e(X;)] is near 0.1 which is
close to the practical setting.

The conditional positive mean 4 (x) is exp(f(x) + 1/2) in our setting. Here we consider vari-
ous forms of f(x) as suggested by [139]. They represent cases of both univariate and multivariate;

both linear and nonlinear; both additive and interactive. They are

) = s L) =x

f3(x) = xp+x3+x5+x7+x8+x59—2

fa(x) = 4151150+ 4151150+ 2x8%9

f5(x) = xpx4x6 + 2x0x4(1 —x6) + 3x2(1 —x4) X6
+4xp (1 —x4)(1 —xg) +5(1 — x2)x4x¢
+6(1 —x2)x4(1 —x6) +7(1 —x2)(1 — x4)x6
+8(1—x2)(1 —x4) (1 —x¢)

fo(x) = xF4xp+x3+x4+x2 +x6+ 33 +xg+x3

A = S5+ f50)

. 1
fe(x) = sin(mxjxy)+ 2)6% +x4+ %5%6

We center and scale each of the eight functions so they all have mean close to 0 and roughly the
same variance with respect to Zx. We compare the performance of following five algorithms:
(1) Conditional Mean Regression (CMR). We use classical random forest as base learner. (2)
CMR with log transformation (Log-CMR). Here we follow the discussion in Section 6.2 to do log
transformations on positive responses before applying CMR, then exponential the output to obtain

final estimate. (3) Zero-Inflated Causal Forest (ZICF). The implementation of this algorithm relies
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on the grf R package [141]. (4) ZICF with log transformation (Log-ZICF). The transformation
steps are the same as discussed before. (5) Transformed Outcome Regression (TOR). Here we
use logistic regression to estimate ZISC propensity score, then use random forest as supervised
learning algorithm on transformed responses.

In our simulation, we set p = 20 and n = 500. For each trial, we generate the data and train
aforementioned methods on it, then we evaluate the performance of each algorithm on test data
(ntest = 500) and record the Mean Squared Error (MSE) for estimating p4 (x). We tried 100 trials
for each of the eight f functions and plotted boxplot of MSE for each case. The results are shown
in Figure 6.1. The MSE for transformed outcome regression turned out to be much larger than the
other four for all settings we tried so we didn’t show it in the boxplot, but it may behave well in
other settings.

According to Figure 6.1, we see that all four algorithms have comparable performance with
each other, and ZICF has the best performance in terms of lowest distribution of errors for all
scenarios except Scenario 6. The improvement of ZICF compared to the other three is significant
especially in Scenario 1 and 2. In general, the log-transformation trick would yield slightly worse
result, but exception exists: in Scenario 3 Log-CMR is slightly better than CMR. The benefit
of log-transformation trick lies in the fact that it often leads to less variable result, as shown in
Scenario 7 and 8 where the variance of MSE is much smaller for log-transformed algorithms than

their untransformed counterpart.

6.3.2 Two sample scenario: CAITE estimation

In this section, we generate synthetic data to compare the performance of T-learner, S-learner
and X-learner for estimating CAITE in the two group experiment case. We consider randomized

trials setting where the treatment assignment is independent of everything else. The generation

164



Scenario 1 Scenario 2

Mean Squared Error
2 3
1 1

Mean Squared Error
2
1

. —_
L —_
o - o -
T T T T T T T T
CMR Log-CMR ZICF Log-ZICF CMR Log-CMR ZICF Log-ZICF
Scenario 3 Scenario 4
o
@ . ¥ .
i -
< : '
s 5 o A ' : s
o 9 & | — 8 J—
=] N ' o ! Ll - '
o | e ' '
S I ' _ g «~ - :
%) H ' —_ %) %’ ]
g 3 . . g | ! '
g ; : $ - ' — ' —
7 — —_
g9 — — p—— -
o
> o
e T T T T T T T T
CMR Log-CMR ZICF Log-ZICF CMR Log-CMR ZICF Log-ZICF
Scenario 5 Scenario 6
0
- ] Al N
.
- * - i
S - <] o - .
i S : i _,_‘ —_ : —_
- ] j —_
B : - —_ 3 , ! ' :
] [ ' N [ _ ' '
g - - g " [ A I S S
s 9 H = [ 1 [ ] 1 |
o
: s i e
- - i .
. .
o
> o
e T T T T T T T T
CMR Log-CMR ZICF Log-ZICF CMR Log-CMR ZICF Log-ZICF
Scenario 7 Scenario 8
o
o ] Al
.
0 L]
L o] 3 =
3 8 o A
o S m
g o ] o —_ M
I 3 I ' ° °
] o _] —_ . < ~ ' ° —_r —_
ER ! . ES | —_ ' j
. | ' '
: " [ : ! g . S—
=, | —— > - -
o |_I_' —_ | E— —_— —_
. pu—— . —_
g - °

T T T T T T T T
CMR Log-CMR ZICF Log-ZICF CMR Log-CMR ZICF Log-ZICF

Figure 6.1: Boxplots of mean squared error across eight simulated experiments. The methods
are: CMR = conditional mean regression; Log-CMR = conditional mean regression with log-
transformation; ZICF = zero-inflated causal forest; Log-ZICF = zero-inflated causal forest with
log-transformation. The result of TOR (transformed outcome regression) is much worse than the
other four so it’s not displayed in the figure. Each boxplot is based on results across 100 trials.
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mechanism is as follows: for 1 <i<n
X; 14 Dx T; i1d Bernoulli(0.5)
Wi (1), W;(0) " Bernoulli(e(X;))
log(Zi(1)) ™ ' (8(X;) + (X)), 1)
log(Zi(0)) " ¥ (g(X) — ©(Xi), 1)

Y; = Wi(T;) - Zi(T;)

Here Zx and e(x) are the same as in section 6.3.1. As for function g and 7, we tried eight scenarios
where in each scenario g and 7T are one of the eight functions in section 6.3.1. The allocation of
function form is given in Table 6.1. It’s easy to see that CAITE at X = x is equal to exp(g(x) +
T(x)+1/2) —exp(g(x) — t(x) +1/2).

In our simulation, we set p = 20 and varied training sample size from 500 to 10,000. For each
setting, we generate the data, train different algorithms and evaluate their performance on test data
with size 10° units. We tried 20 trials and recorded the average MSE for CAITE estimation. We
use ZICF as base learners for T-learner, S-learner and first step of X-learner, where we employ
classical random forest in the second step of X-learner and use equal weights for final output.
Results are shown in Figure 6.2.

From Figure 6.2, we see that X-learner in general performs the best among the three algorithms
and it dominates T-learner for most settings we tried. S-learner can be considered “winner” in
Scenario 5 and 8 but it performs worst in Scenario 2 and 7. As training size increases, the MSE
for all three algorithms decreases which is expected. In general, we would recommend X-learner

as the default choice for CAITE estimation.

scenarios 1 2 3 4 5 6 7 8

gx) | folx) f3(x) falx) filx) fs(x) fa(x) f5(x) fr(x)
T(x) | filx) folx) fx) falx) fs(x) felx) fi(x) fa(x)

Table 6.1: Specification for eight simulation scenarios.
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Figure 6.2: Comparison of T-learner, S-learner and X-learner across eight simulation scenarios.
For details of generation mechanism, see Table 6.1.
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6.3.3 Real data application

We study the donation data set DONOR which is adapted from KDD Cup 1998 data. DONOR can
be accessed via regclass package in R software, and it contains donation records as well as donor’s
information from a national veterans organization. After some data cleaning and preprocessing,
we are left with p = 42 features and n = 14387 samples. The response is the amount a past
donor donates in response to the 97NK mail solicitation, whereas the donor features include age,
gender, total gift amount, most recent donation amount, etc. This is a typical case of zero-inflated
semi-continuous response, as most past donors do not donate anything for this event while a small
proportion of past donors donate large amount of money. For this data, The proportion of zero
donations among past donors is 0.74 and the average amount of donations of those who made

positive donations is 15.69.

One sample scenario We consider estimating conditional positive mean g4 (x) for the donation
data. Since we don’t know the true w4 (x) for each donor, we instead use prediction error to
quantify the accuracy of different methods. For this purpose, we split the data into training set
and test set where we train the model on the training data and calculate the prediction error on
the test data. In particular, each time we randomly select 80% of sample points as the training
set denoted by 77 and use the remaining samples as the test set denoted by 75. After training
models on 7}, we use the trained model to estimate p (x;) for each x; in the test set 7 that

is paired with positive response y;. We then calculate the root mean squared errors (RMSE) as

\/ YieT >0 — A+ (x;))?/n; where ny is the number of positive responses in the test set 7. By
repeating this procedure for 50 times, we obtained the boxplot for RMSE in Figure 6.3. We see that
all methods have comparable performance, and ZICF has the lowest average RMSE 8.49 compared
to that of CMR which is 8.57. It seems that log transformation on the response does not help in
this case. The result suggests ZICF is a promising approach for this data set, and we expect to see
better results (lower RMSE) for all methods if more careful feature transformations are performed

before the data is fed into those machine learning algorithms.
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One Sample Scenario
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Figure 6.3: Boxplots of RMSE for estimating p+ (x) on DONOR data. The results are based on 50

trials.

Two sample scenario We consider estimating CAITE in the two group setting for the donation
data. For this purpose, we implement an A/A testing where we randomly choose half of data points
in group one and leave the remaining samples in group two with no treatment assigned on either
group. Since we do nothing on either group, the (implicit) treatment effect is supposed to be zero.
Again we split the data into training set and test set, with group splitting and model training done
on training set and estimation performed on the test set. We calculate RMSE for each method
on the test set where the estimation is compared against the true CAITE which is 0. We repeat
the procedure for 50 times and the results are shown in Figure 6.4. It’s clear that S-learner is
the winner with average RMSE 0.14 much better than the other two, whereas X-learner performs

better than the T- learner. S-learner performs so well in the null case here partly because it tends
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to underestimate CAITE. In practice, we suggest users to try both S-learner and X-learner in any

A/B testing experiment before reaching to a conclusion.

Two Sample Scenario
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Figure 6.4: Boxplots of RMSE for CAITE estimation on DONOR data. The results are based on

50 trials.
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CHAPTER 7
DISCUSSION

In this thesis we studied problems including selective inference, isotonic regression, variable rank-
ing and matrix decomposition. We now summarize the results and discuss potential future research
directions for each setting.

In Chapter 2 we discussed how to do selective inference for high dimensional linear model
with group sparsity and gave detailed instructions on each step for forward stepwise regression,
iterative hard thresholding and group lasso. A potential future direction is regarding how to extend
our results to the case when noise level ¢ is unknown. It’s also interesting to study the problem of
constructing exact confidence intervals instead of the conservative one presented in this thesis.

Chapter 3 discussed one dimensional isotonic regression and derived finite sample convergence
bounds as well as data adaptive confidence bands using new technical tools. An interesting future
direction is to extend current results to multi-dimensional setting. Another possible direction is to
establish similar results for other shape constrained nonparametric regression like convex regres-
sion.

In Chapter 4 we considered variable ranking problem and proposed new method that can take
care of the correlation structures among covariates. We discussed its extension to the generalized
linear model case and found it is promising via empirical study. It is of interest to study the
theoretical properties of GLM version of our method. Another open question is how to control
false discovery rate (FDR) based on scores we proposed.

In Chapter 5 we proposed a new matrix decomposition which decomposes a covariance matrix
into a low rank part plus a diagonally dominant part. We developed several algorithms for achiev-
ing this decomposition and discussed some applications of our method. An interesting problem is
to study the convergence properties of our non-convex algorithm and also shed some light on the
existence as well as uniqueness of such decomposition. We would also love to see more applica-
tions of our method.

In Chapter 6 we cast a new framework to deal with zero-inflated semi-continuous data and
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proposed several machine learning algorithms for estimating quantities of interest in both one
sample scenario and two sample setting. A potential future direction is to quantify the uncertainly

of our estimator and construct valid confidence intervals. We leave this problem to future work.
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