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Supplementary Note 1. PROOF OF LEMMA 2

In this section, we provide the proof of Lemma 2. Proof. Recall f,5(t) defined in Eq. (13), for convenience we also
define

gw(t) = K’w(t)a (1)

such that fag(t) =3_, gv(t)ey(H) Mas-
We can derive the time-derivative of /.3 as follows.
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Then Eq. (7) can be simplified as

dtlocﬂ(t) - N |:( gﬁ(t) * ga(t) )

_ fﬂﬁ(t) faa(t)
<g¢a<t> ) )4“3“)]' ®)

Suppose

(t) ga(t)

( B fa/ﬂ(t))

9p

t—>oo (f faa(t))
) ¢
B

= const, (9)

is a non-zero constant in [—1,1], at late time Eq. (8) can be simplified as

ap(®) =~ (225 Lo ) Loy Zopto. (10)

Therefore we obtain the fixed point

Zap(t) = Aap- (11)
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Supplementary Figure 1. Spectrum of Hessian of loss function for different QNN training dynamics with two data. We plot
the 4 and 32 largest eigenvalues in (a) and (b) separately. The setting is the same as in Fig. 2.

Supplementary Note 2. HESSIAN SPECTRUM INTERPRETATION

In this section, we interpret the dynamical transition via the spectrum of Hessian of loss function in Eq. (2). To
see this, we begin with the dynamical equation of variational parameters at the stable fixed point 8* as

50 ~ —nH(0*) (0 — 6*), (12)

where H(0*) is the Hessian matrix of loss function with dimension L x L defined as

aQﬁ 865 865 8265
thz (0) - m - ﬂ;} (89@1 89@2 + €g 88@1 88@2) (13)
865 865 826,3
) P 14
> 20, 96, > 96,00, "

BESE\(SENSK) BESK\(SENSK)

In the above, the first equation comes from definition and the second equation adopts the definition of Sg and Sg. We
can regard Eq. (12) as an imaginary-time Schrédinger equation with H(0*) as an effective Hamiltonian. Therefore,
it is natural to study the spectrum of H(8*). Clearly, we see the matrices in the first summation are only rank-1,
while the others in general have rank much larger than one. For frozen-kernel dynamics with Sg = €2, the Hessian

_ 66/3 66/3 . . . . . .
Hy, = BESE 90, 90, becomes sums of rank-1 matrices, resulting in a rank-N matrix given an orthogonal input

data set. Furthermore, one can see that the trace of Hessian is simply the trace of QNTK matrix tr(He,r,) = 35 Kgp-
When part of the data are targeted at the boundary leading to the critical-frozen-kernel dynamics with S C Sg = €,
the rank of the Hamiltonian directly decreases to N — |Sk|. Specifically, at critical point with all data targeted at the
boundary, all eigenvalues in the spectrum vanish at the fixed point. The above results are verified in Fig. 1(a). On

2
the other hand, when there are data targeted beyond the accessible region, the Hessian of total error &0?73;5 would
1 2

significantly increase the number of positive eigenvalues in the spectrum. In fact, through numerical simulation (see
Fig. 1(b)) we find that the number of positive eigenvalues in mized-frozen dynamics is just |Sg \ (Sg NSk )| more than
that for critical-frozen-error dynamics, and the frozen-error dynamics has many more positive eigenvalues compared
to the others. Meanwhile, how the spectrum behaves with more data involved stil remains unexplored as the rank
may saturate to the number of parameters L. We leave that as an open question in future research.

Supplementary Note 3. GAUGE INVARIANCE IN TRAINING DYNAMICS

In this section, we study the training dynamics under basis transformation. We begin with the MSE loss £ =
ﬁ >, €2. The inner product enables us to introduce an orthogonal matrix S € O(N), independent of both 6 and ¢,
to transform the total error vector to

€a(0) =D Saar€a (0) = éa(8). (15)



A direct result is that the MSE loss function is gauge invariant as

£6) = 5 S A0 = 5050 D Sy (6) S, (0) (16)

a ap,az

1 9 _
= 5% za: ¢2(9) = L(8), (17)

where in the second line we apply > Saa;Saas = 0ara,- Thus we can identify the orthogonal group as a global
gauge symmetry since it is independent of ¢ and 0 as we state above. The gauge invariance can be concluded from
its inner product structure. Following the definitions of QNTK and dQNTK in Egs. (7), (10) of the main text, they
are transformed as

— Z Saa’KOc’ﬂ'(e)SﬁB’ = Raﬁ(e), (18)
a/,ﬁ/
Hrvap(0) = > SiyrSaarthyar(0)Sspr = fivas(6). (19)
,y/,a/76/

One can directly see that the QNTK and dQNTK do not exhibit the gauge invariance due to their outer product
structure. However, one can easily check that tr(K) = )" Kqq is gauge invariant under the transformation.
For the dynamics, we begin with the gradient descent rule.

50,(t) :——Zea 36“ (20)

aee
O€q, (0
- —NZ 5 Saoston O)50n, 2 1)
5‘6(,

which also preserves the gauge invariance.
For the first dynamical equation in Egs. (9) of the main text, we have

Sa(t) + % 3" Raplt)es(t) (23)
B
= Sawdear®)+ 3 D SaaKars ()Spm Sppes (1) (24)
o’ B,a’,B81,B2
n
=3 Sawr | dewr®)+ 7 52 Karpy (t)es, (1) | = 0. (25)

Similarly, for the second one, we have

N Z & (t) [fiyap (t) + fiypa(t)] (26)
- Z Saa'6Karp (t)Spp + N Z Sy €4, (1) [Swzsaa’ﬂ"fza/ﬂ’ (t)Sppr + 5372588 iz o (t)Saa] (27)
ol B’ Vs 71;[;727
= Z Saa 0K, ’,8’ Ze’yl M’ha’ﬁ +M’Y1ﬁ' '( )) Sﬁﬁ’ (28)
al,B’
=0. (29)

Therefore we can conclude that the dynamical equations in Egs. (9) of the main text are gauge invariant under basis
transformation from orthogonal group O(N), which also suggests that €, (t) Kna(t) = 0,Va are fixed points.



Supplementary Note 4. DETAILED SOLUTIONS FOR THE CONVERGENCE DYNAMICS

In this section, we present the details on deriving the convergence solution perturbatively around the stable fixed
point. For convenience, we re-print the dynamical equations of (17) in the main text here

{ ealt) = =% 25 Zapga(t)gs(t)es(t); (30)
atgoz<t) = 7% Zﬁ )‘aaﬁgﬁ(t)eﬁ(t)a

where we define g, (t) = /Ko (t) to simplify the notation.

Supplementary Note 4.1. Exponential convergence class

In this part, we study the exponential convergence class where S N Sk = 0. The main idea for perturbatively
solving the convergence dynamics towards a fixed point is to first focus on those quantities converging towards zero,
and then apply the obtained solutions back to equations of the other equations.

Supplementary Note 4.1.1. frozen-kernel dynamics

For frozen-kernel dynamics, the fixed point is {(e4(00) = 0, K0 (00) > 0)}acq. The leading order of the first PDE
in Egs. (30) becomes

6t€a = Z ga aﬁgﬁ(oo)eﬁ(t) (31)
BGQ

_% 3" Kag(00)es(t). (32)
BeQ

As K,p(0c0) is symmetric and positive definite, we can diagonalize it as Kog =,/ B PoorNorp P, 6 L where Ay/pr is
a diagonal matrix consisting of eigenvalues {w,}Y_; of K,5. Thus, we can solve ¢, as

= Z bgpage_nwﬁt/N, (33)
BEQ

where bg are fitting parameters.
Plugging it into the second PDE in Eqgs. (30), we have

Drga(t) = wam )Y by Paye N (34)
[‘369 YEN
n —nw
=3 2 | 22 Aaasgs(00)Pay | bye N, (35)
yEQ \ BEQ

which can be solved as

g( Z Z)\aaggg(oo)Pﬁw efm)ﬂ,t/]\f7 (36)

769 BEQ

In the asymptotic limit of £ > 1, we can only keep track on the exponent with the smallest eigenvalue w* = min{wg},
which determines the leading-order behavior, resulting in simpler solutions as

{ €0 () = bye Poyee M0 H/N,

b 37
9a(t) = ga(o0) + (Zﬁeﬂ )\aaggg(oo)Pgw) w:* e /N (37)

where 7" = argming w,.



Supplementary Note 4.1.2. frozen-error dynamics

Inversely, for the frozen-error dynamics, the fixed point is {(e4(c0) # 0, Koa(00) = 0)}acq, the second PDE in
Egs. (30) is reduced to

Ui
hga(t) = —~ Z Aaap€s(00)gs(t) = — D Fapgs(t), (38)
N i E

where we define Fp = Aypep(00). Although F,p is not symmetric in general, we can still perform diagonalization
to obtain Fog =), g = PoowAorp P 5 B’ where Ao/gr = Warar 0o is the diagonal matrix of eigenvalues. Then g, (t)
can be solved as

Ga(t) = Z bgPage_nwﬁt/N, (39)
BEQ

where bg are also free fitting parameters. One can then solve the dynamics of €,(t) as

atea(t) = _% Z Zaﬁ Z b’YPa'ye_nwwt/N Z b"/’Pﬂ’Y’e_nw’ylt/Neﬁ(OO) (40)
BeEN ~eEQ o
Z Zapep(00)Pg.y Pavbybﬂy,e—n(wwwwl)t/z\z, (41)
'7 v’

which leads to the solution as

P, byb, )
€a(t) = €q(00) + Z Zgaﬁeﬁ 00) Pg.yr ﬁe n(wy+w., )t /N (42)
~, EQ Y v

In the asymptotic limit, the leading-order solution is

2
€a(t) = €q(00) + (Zﬁ 40‘565(00)135“/*> Pa;;g’y* e=2mt/N. (13)
ga(t) = b’Y* Pa’y* efnw*t/Nv

where 7* = argmin, wy and w* = w«.

Supplementary Note 4.1.3. mixed-frozen dynamics

For the mized-frozen dynamics, the fixed point is {(eq(00) = 0, Kqa(00) > 0)}aecsy U {(€a(00) # 0, Kqo(oo) =
0)}aes,. We first study the PDEs of {e,(t), Vo € Sg} and {g4(t), Va E Sk}, which can be reduced from Egs. (30) as

Oucalt) = =3 (Sies, 90(00)2apgal00)al) + T ga(o0)conalo)gsl®) Ve
0ua(t) =~ (Spcs, Auasds(0)es (1) + T e, Aaases(00)as(t) ) Yo € Sic.
Observing that the above linear PDEs can be reformed in a matrix form as
o, <[€a(t)]aesE) __n < [Kaﬁ(oo)]a,,@eSE [ga(oo)laﬁeﬂ(oo)]aesaﬂesx> ([eﬁ(t)]5655> (45)
[9a(D)]aesx N \[Aaapgs(o0)]laesi, bess [Aaap€s(00)]a,pesi [95(8)]sesk )

where ‘[ }/ indicate the vector or matrix form with indices constraints. Through the eigen-decomposition of the

above matrix Paa/AO/g/Pﬁ_,é with eigen-matrix A,/ g = Diag{ws,--- ,wn}, we obtain
€alt) = geq bpPape™ N Vo € Sp; (46)
Jga(t) = ZBGQ bﬂPa[je_nwﬂt/N,VO{ € Sk,



where {bg}peq are free fitting parameters. The PDE for {€,(t), Voo € Sk} becomes

8tga(t) = _% Z ba/paa/efnwa/t/N Z 4aﬁgﬁ Z bg/ng/e nwgrt/N + Z 4aﬁ€[i Z bg/ngfe nwgt/N
a’eQ) BESE BeQ BESK BeQ

(47)

:_% Y Zapgs(00)Psp + Y Zapes(00)Pogr | barbyr Pagre™1(0er ts JUN, (48)
a’,5'eQ \BESE BESK

leading to the solution

babg Poor  p(witwgy
calt) =ea(00)+ Y | D Zapgs(0)Pag + D Lapes(o0)Pap ﬁe n(wartws )N Yo € Sk (49)
o' Bre0 \peSp BESK « B

Similarly, for {gaa(t), Vo € Sg}, we have

atga(t) :—% Z )‘aaﬁgﬁ Z bﬁ/PBB/e n’wﬁlt/N+ Z Aaaﬁeﬁ Z bﬁ’Pﬁ‘B’e nw;a/t/N (50)
BESE BeQ BESK BeQ
?7 —nNwegr
- N Y Aaasgs(00)Psg + Y Aaapen(00)Pagr | bgre N, (51)
B'eQ \BeSE BeSK
resulting in the solution
b ! —nNwgs

9a(t) = galoo) + Z Z Aaapyp(00)Pgr + Z Aaap€s(00)Pagr ’wi,@/e e t/N,Va € Sg. (52)

B'eQ \BESE BESK

In the asymptotic limit £ > 1, we have the leading-order solution as

€a(t) = bye Poyre 1 YN Yo € Sp;

B2u Papr ot )
edﬂ= o+ (2%&;awa ﬂ%w+zggk4w%<>&7)ﬁmi«2nfmxmesﬁ -
9a(t) = ga(o0) + (desE Aaap98(00) Py + 2 ges, ’\aaB%(OO)Pﬁv*) w,- Vo€ Sg;
ga(t): oz'y*e —nwTt/N VQESK,

where 7" = argmin, wy and w* = wy«.

Supplementary Note 4.2. Polynomial convergence class

In this section, we consider Sg N Sk # (), which corresponds to the polynomial convergence class.

Supplementary Note 4.2.1.  Critical point

When Sg = Sk =, it corresponds to the critical point with the fixed point {(€,(00) = 0, K40 (o0) = 0)}acn. The
PDE:s for error and kernel are the same as in Egs. (30), and to solve it, we take an ansatz solution

A o -
ga(t) = c§/\/co+nt/N,

with fitting parameters {c

) OL



Supplementary Note 4.2.2. Critical-frozen-kernel dynamics

When Sk € Sg = Q, we have the fixed points {(e4(00) = 0, Kna(00) = 0)}aes, U {(€a(0) = 0, Kgya(oo) >
0)}aesm\sx- Initially, the interaction between different data is negligible, and we can expect that data from Sk
follows the dynamics of critical point while the one from Sg \ Sk follows the dynamics of frozen-kernel dynamics,
which suggests that the convergence of eg(t)gs(t) from Sk, governed by Eqgs. (30), is much faster compared to Sg\ Sk
Therefore, for the dynamics of error and kernel from Sk, we treat them as self-governed in a “free-field” theory as

{ diealt) = =% Ypesy 9a(t)Zapgs(t)es(t),Va € Sk; (55)
0i9a(t) = *% Z,@ESK Aaapgs(t)es(t), Vo € Sk.

The solution of these “free-field” part can be described by Eqgs. (54).
Plugging in the polynomial solutions, the PDE for error from « € Sg \ Sk is

Aagcgcg

Orealt) = —59a(00) [ Y Zapgs(o)es(t) + Y (56)

T a2
BESE\SK sesy (co+nt/N) /

At late time, when {gg(00)es(t), V8 € Sg\ Sk} is comparable to (¢o + nt/N)fB/Q, the interactions cannot be neglected,
and thus we take
ba

W,VOZESE\SK, (57)

ealt) =

with fitting parameters b,. Then g,(t),« € Sg \ Sk can be obtained from
E G
o Aaasgs(00)ba AaafCy CF
CPRUTEE N G e P TR L (59

3/2 3/2
BESE\SK (CO T nt/N) / BESK (CO + nt/N) /

leading to

+ ga(00),Va € Sg \ Sk. (59)

2
Jgalt) = Aaa gp(o0 bo + Ao CECG _—
(t) > 395(0) > Aaapchc§ TN

BESE\SK BESK

To summarize, we have

€a(t) = cB/(co +nt/N),Va € Sk;

€alt) = ba/(co +nt/N)3/2. Vo € Sg \ Sk;

Ja(t) = G /\/co +nt/N,Ya € Sk; (60)
ga(t) =2 (ZﬁesE\SK Aaapgs(00)by + ZBGSK )\Qagcgcg> /v o+ nt/N + go(0),Va € Sg \ Sk.

Supplementary Note 4.2.3. Critical-frozen-error dynamics

When Sg € Sk =, the fixed point is described by: {(e4(00) = 0, Kpa(00) = 0)}aesy U {(€a(o0) # 0, Kpa(o0) =
0)}acsi\se- Similar to the previous case, we apply the same method to solve the dynamics. For data from Sg, it is
still described by Eq. (54), and for g,,Va € Sk \ Sk, the PDE for g, (t) becomes

AaasclcG

n aaf B¢B
Oga) == | DY gz + D, Aaases(o0)gs(t) | - (61)

/2
N\ sz, (co +nt/N) BESK\SE
From the balance of r.h.s., we have
ba

Galt) = ——2 Vo € Sk \ Sg, (62)

(co+nt/N)3/2’



with free fitting parameters b,. One can then integrate over ¢ to find the dynamics for €,(t),Va € Sk \ (Sg N Sk).
Overall, we have

ea(t) =cf/(co +nt/N),Ya € Sg;

(1) = } [Ses, Zosbochef + Ty, Zoatubaca00] /cn /NP +caloe) Vo € Sc\ S5 (g
ga(t) = ¢S /\/co +nt/N,Ya € Sg;

ga(t) = b /(co +nt/N)3/? Va € Sk \ Sg.

Supplementary Note 4.2.4. Critical-mized-frozen dynamics

Finally, we extend our analyses to the case where the target values lie in all possible regions R. With the same
“free-field” approach, the data from S N Sk can be described by Eq. (54). Then the dynamical equations for
{€a;Va € Sp\ (SN Sk)} and {ga,VSk \ (S N Sk)} become

ea(t) = —Fga(o0) (Zﬁesg\(SEmSK) Zapgs(00)es(t) + X pespns Lasds)ea(t) + X ses\(spnsi) 4aﬁ€6(00)95(t)> ;
Otga(t) = % ZBGSE\(SEmSK) Aaapgp(00 )e ( )+ ZﬁesEmsK Aaapdp(t)e (t) + desK\ (SENSk) /\aaﬁeﬁ(oo>95(00)) .
(64)
As eg(t)gp(t) = cgcg/(co +nt/N)3/2 VB € Sg N Sk, we here take
bE
€a(t) = ————— VaeSs SENSk), 65
(t) ot ot/ £\ (SeNSk) (65)
bG
ga(t):—a VO(ESK\(SEHSK), (66)

(co+nt/N)*?

with free fitting parameters b2, bS. By taking one additional step, one can find the solutions for the other errors and

QNTKs. We summarize the solutions for errors and QNTKs as

€a(t) = cE/(co +nt/N),Ya € Sg N Sk;

€alt) =bE /(co +nt/N)?? Vo € Sp\ (Sg N Sk);

ea(t) = 3 (zﬂesE\(SEmSK) Lap 980008 + Y pesnns LabEG + X pesinsense) 4aﬁeﬂ(oo)bg) b6/ (co + 1t /N)?
+6a(OO),VCk € Sk \ (SE N SK);

ga(t) =2 (ZﬁesE\(sEmsK) Aaapgp(00)bF + X gespnsi AaaBCE S + X pesi\(smnsx) Aaaaemoo)bﬁ) /vVeo+nt/N
+ga(0),a € Sg\ (Sg N Sk);

Ga(t) = S/ \/co +nt/N,Ya € Sg N Sk;

galt) = b5 /(co +nt/N)3/2 Vo € Sk \ (Sp N Sk).

(67)

Supplementary Note 5. RESTRICTED HAAR RANDOM ENSEMBLE

To provide an insight on the converged unitary in late time, we consider a multi-state preparation task with both
input and target states {|¢o)}, {|®a)} forming orthonormal sets, (o |1g) = (Po|Pg) = dos. We can then formulate
the ensemble of unitary (up to permutation) for the multi-state preparation task as

Ury = {U ‘U - (QON 3) ., Qn =diag (e", ..., ") {pa} 1 ~ U[0,27),V € Unaar(d — N)} ) (68)

The unitary in the ensemble consists of two blocks, the first block @ is a diagonal matrix of complex numbers
with unity modulus and their corresponding angles are uniformly distributed within [0, 27) as there is no preferred
distribution for the complex phases. The second block V' is sampled from Haar random unitaries with dimension
d — N. Specifically, when N > d — 1, V reduces to a complex scalar e’® with ¢ uniformly distributed in [0,27) as
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Supplementary Figure 2. Distribution of complex angles. In (a), (b), we show the distribution of ¢1 and ¢2 from circuit
unitaries at late time. We consider a n = 2 qubit multi-state preparation task, and the RPA consists of I, = 64 parameters. In
(c) we show the distribution of ¢ generated from d = 8 haar random unitaries. The black dashed lines represent the p.d.f of
uniform distribution U[—m, 7).

well. The uniform distribution of ¢, is verified in Fig. 2 (a) and (b) up to some fluctuations. Note that the ensemble
Urp is a generalization of single-data restricted Haar ensemble discussed in Ref. [1].

To unveil ensemble properties of the restricted Haar ensemble, we focus on its frame potential [2], a quantity to
represent the randomness of unitaries within the ensemble. Ahead of presenting the calculation details, we summarize
the calculation results here. The kth frame potential of restricted Haar ensemble can be lower bounded by

k k—k; k! k—ky—ko (k1/2+k2)
]_—(k) {Zkl evenZkz =0 ((k1/2)')2k2'(k ki— kg)lN Y P LS N <d-—1

, 69
dF—kr d—1<N<d (69)

> i meven TETBAG—EY
where the frame potential of Haar random unitaries is .7-"H = k! [2]. Specifically for k& = 2, the frame potential can
be exactly solved as

aar

1< N<d-1

. 70
d—1< N <d (70)

2) 2N? 4 3N +2,
A P

In Fig. 3(a)-(b), we see that our lower bound (Eq. (69)) can characterize the leading order scaling of the exact kth
frame potential for restricted Haar ensemble. Specifically, for k = 2, Eq. (70) (red line in Fig. 3 (b)) agrees with

numerical results. In Fig. 3(a), the gap between flgk and ]—'H enlarges with increasing k for a fixed number of

aar
data N. On the other hand, in Fig. 3(b) for a specific order k for example k = 2, the fé’ﬁ increases with N until
convergence to a d-dependent constant, which is significantly different from the constant ]—"I({I;)ar = k! of Haar ensemble.
We can interpret the phenomena by the increasing number of constraints thus less degree of randomness of unitaries
from Urp given more input data, leading to a larger frame potential.

The detailed calculations of QNTK matrix and relative dQNTK averaged over restricted Haar ensemble can be

Appendix Supplementary Note 7.

Supplementary Note 5.1. Calculation details of frame potential

Following the definition, the kth frame potential of the restricted Haar ensemble unitaries becomes

k) 1 .

Fru = W UUZ |tI"(UTU/)|2k (71)

U’ €Urn
= > lu(eben) (v P (72)

|g| V,V'€UHaar

2k
/ H Ao del, / dv av’ Zelw —¢a) 4 tr(VIV) (73)
U[0,27) j—1 Ustaar o1
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® numerics lower bound —  theory — .7:}({3&1,
10() - <a> T T | = (b) T T T
100 b
<= 10°F 1
o ol
K K sok ]
10'F .
1 1 1 0 -l [ [ [ L]
2 4 2 4 6
k N

Supplementary Figure 3. Frame potential of restricted Haar ensemble. In (a) the restricted Haar ensemble is in dimension of
d = 4 with N = 2 data. In (b), the restricted Haar ensemble is in dimension d = 8 with various N. Blue dots are numerical
results of an ensemble of 10* unitaries sampled from Urm. Red solid lines in (a) and (b) represent exact analytical results
calculated from Eq. (75) and Eq. (70). The orange dashed lines represent the lower bound from Eq. (69). Green lines show the
corresponding frame potential of haar random unitaries.

For convenience, we denote z = tr(VTV’ ) = |z]e*®, which is a complex scalar in general. As V, V' ~ Ugaar without
other limitations, we expect ¢ ~ U[0, 27) (see example in Fig. 2 (c)), then we have

2
N
]-'P(ﬁ{):/ dog dga/ d|z| N+QZCOS(¢;*¢(1*¢%+¢§) +2|Z|ZCOS(¢;*¢)Q*@)+|Z|2 (74)
ulo,2m) H—1 Unaar a<p @
2
(%) N (%) N
= /deinyij(J;i)py(yj)/ dlz| N+2Zcos(mi) +2|Z|Zcos(yj) + |2]? (75)
iy i=1 Unaar i=1 Jj=1
k
> [dymvi) [ dle| [N+ 20z]cos(an) + 2F] (76)
Unaar
k
= Z /dylpy(yl) / d|z| ok NF=ki=kz cogkt (4 )| 2|1 T2k2 (77)
Usa k1, ko
k1,ka=0 Haar
ki+ko<k
k
= Z ok Nk—ki—kz /dylpy(yl) cos™ (y1) / d|z||z|FrT2k2 (78)
kla k2 U
kl,kQ:O Haar
k1+k2<k
k
_ Z 2k1 Nk—kl—szpY [COSkl (yl)} flglkl/2+k2)7 (79)
kl’ kQ aar
k1,k2=0
ki+ko<k

where in Eq. (75) we introduce the notation x; = ¢o — o — qb’ﬁ + ¢p for a < B and y; = ¢ — da — ¢ for simplicity,
and thus in total there are (N) variables z; and N variables y;. As ¢, ¢ ~ U[0,27), the distribution of z; and y; can

2
be found to be

z+4m)3

( 96#4) ) —4m <x < 2 (y+4m)* dr <y < =2

327° — 12722 —32° 1673 TATSY S AT

o T —27 S xT S 0 o 271’2—271'y—y2 0
Px(T) = § 3,5 1992 1325 py(y) = 88 ; 2m<y<0 (80)
9671'4 b 0 S X S 27T (y727r)2 O < < 2
)3 s
(4r—z) <z < A 1673 Sy

9674
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The average E,, [cos®! (y1)] can thus be evaluated as

2m
E,, [cos™ (y1)] = / dy1py (y1) cos™ (y1) (81)
—47
2T 2 0 2 2 27 2
(y + 4m) ko 2m% — 2y — y . (y — 2m) ko
:/_Mdylwws (y1) + _deleCOS (y1) + ; dylwws (y1) (82)
27 2 2m 2 2 2 2
2% —2m(y — 2m) — (y — 27 —2m
_ dyllgﬁcoskl (y1 — 47) + Ay (y 87T3) (y ) cosFt (y1 — 27) + dyl(y]ﬁiﬂ_?))coskl (1)
0 0 0
(83)
27 1
:/o dyr 5 cos™ (1) (84)
_ (0 (B (85)
o 4yar (B 1)
where in Eq. (83) we make the change of variables. Therefore, the frame potential can be reduced to
k
Fan >y oh1 NERi ke Teos™ (1)) Fip ) (86)
k17k2 aar
k?l,kg_o
k1+ka<k
21 (k
B Z ( k >2k1Nk—k1—k2 ((=1)F +1)7 1 (Bt )]__ngl/%kg) (87)
k aar
by oo\, k2 4yl (% +1)
k1+ko<k
E k—k
k1/241/2) _(k1/2+k
_ ok1 pTh—k1—k2 L(ky S M2 2/2) p(k1/24k2) S8
Py (knkz> VAT (2 4+ 1) Haar (88)
1=even ko=0
ko k—k
= Z Zl i ok1 prk—Fki— k22 klﬁr(kl+1)f(k1/2+k2) (89)
o Sten 15 T ol (ke = e — eo)! VAl (ky /2 +1)2 7 Hear
S k! (k1 /2+k)
— Nk kl kQJT_' kl 2+k2 90
2 Z ((k1/2))%ka!(k — k1 — k) Haar (%0)

k1=even k2=0

which holds for N < d — 1. For a fixed k-th order, the leading order of the frame potential scales as ]-'1(12 ~ NF.

Specifically, for k = 2, we can find the exact result from Eq. (75) as

) (3) N
-7:1(%2131 = /del dejpx(a:i)py(yj)/ dlz] | N + 2Zcos + 2|z| Zcos y;) + |2 (91)
i=1 j=1 Unaar i=1 j=1
2 N (1;) N
= /H dx; H dyij(zi)py(yj)/ dlz| [N? +4 Z cos(x;) cos(zi) + 4|z)? Z cos(y;) cos(y;r) + |2|*
i= j=1 Ustaar ii'=1 Jg'=1
(3) N
+4N Z cos(x;) + 4N |z| Z cos(y;) + 2N|z|* + 8|z Z cos(z;) cos(y;)
i=1 j=1 i,j
+4|Z‘QZCOS(CU1') +2|z|3Zcos(yj) (92)
i J
2, of N ) 2 (1)
=N"+2 ) + 2‘N"/_..Haar fHaar + 2ATJ_:Haar (93)
=2N?+ 3N +2, (94)

where we utilize E,, , [cos(z)] = E,, [cos(y)] = 0 and E,, [cos(x;) cos(zy)] = E,,, [cos(y;) cos(yy )] = 6;.47 /2.
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For N > d — 1, the kth frame potential is reduced to

d d 2k
}‘F({’g = / H Ao del, Z RICA ) (95)
U[0,27) a=1 a—=1
k
d
:/ [ d¢a [d+2 " cos(d), — da — & + 05) (96)
U[0,27) a=1 a<f

k

(2) (2)
:/deipx(xi) d+22cos(xi) (97)

Y

; (:1)2’“ /dxlpx(xl)coskl (z1)dF— (98)

k
3 <k>2k gotr L(R1/2+1/2) (99)

ki=even kl ﬁr(kl/Q + 1)
_ k k! ko .
- k_zw (o1 /2)D2(k — ko) . "

Here we see that the k-th order frame potential leads to a constant only depending on the system dimension d = 2™.
For k = 2, we can also obtain the exact analytical result from Eq. 97 as

(2) (2)
Froa :/Hdmx(%) d+2) cos(z;) (101)

i=1

2

@) TG ®
= /deipx(a:i) d? +4 Z cos(z;) cos(xy) +4chos(azi) (102)

iyi'=1 i=1

=2d* —d. (103)

Supplementary Note 6. ADDITIONAL NUMERICAL RESULTS

In the main text, we develop the coupled dynamical equations Eqs. (17) relying on an assumption that the relative
dQNTK Ayap(t) = pyap(t)/ /Ky~ (t)Kps(t) converges to a constant at late time, and provide numerical results based
on a generalized norm. In the following, we show the additional numerical evidence to support it for each type of
dynamics. From the definition of \,.g, we see that Ayo3 = Agay, and thus in the following we only present the
independent elements. In Fig. 4, 5 and 6, we show the convergence of A\,p for frozen-kernel dynamics, frozen-error
dynamics and mized-frozen dynamics in the exponential convergence class. In Fig. 7, 8, 9, 10, we plot its convergence
for critical point, critical-frozen-kernel dynamics, critical-frozen-error dynamics and critical-mized-frozen dynamics in
the polynomial convergence class. In both convergence classes of dynamics, we see that every element of the relative
dQNTK A,.p converges to a constant in late time of training.

In Fig. 11 and Fig. 12, we show the convergence of geometric quantity Z,s(t) towards a constant for dynamics in
exponential and polynomial convergence class, which supports Lemma. 2 in the main text. Indeed, the converged
constant for each dynamics lies within the range [—1, 1], indicating the geometric interpretation discussed in the main
text.
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frozen-kernel dynamics
) -I T (3,1)‘_ -I T (an- -I T (8,3)._

«f’

1 - - - -
—1k . byl | . m2)| L . (b3)
0 3 6 0 3 6 0 3 6
t x10* t x10* t x10*

Supplementary Figure 4. Dynamics of Ayqs for frozen-kernel dynamics in Fig. 5 (al)-(c1) of the main text. Grey lines represent
Avap of each random sample, and the blue lines represent the corresponding average.

frozen-error dynamics
2F (al)- - ' (a2 5 ' (a3)

o2

)\112

/\122

-2k . (b4 | . (h24 L . (b3)
0 3 6 0 3 6 0 3 6
t x10* t x10* t x10*

Supplementary Figure 5. Dynamics of Ayap for frozen-error dynamics in Fig. 5 (a2)-(c2) of the main text. Grey lines represent
Ayag of each random sample, and the blue lines represent the corresponding average.

Supplementary Note 7. ADDITIONAL CALCULATIONS ON ENSEMBLE AVERAGE RESULTS

In this section, we present calculations for ensemble average of QNTK and dQNTK. As they are defined in terms of
first and second-order derivatives, we first show the expression for gradients. From parameter-shift rule, the derivative
of €4 = (Va|UTOLU|1s) with O, = | @, )P4 is

Oeg )

_ T
(970@ = § <¢a|Ue7 [Xg, Oa;@*] UZ* Wa) ) (104)
where we define the notation
/—1 L
U = [T WaVi0h). Uss = T Wivie(6u), (105)
k=1 k=t

and O+ = U;Jr O,Up+. Thus the unitary for whole circuit becomes U = Uyp+U,-. One can show that Eq. (104) is
equivalent to the parameter-shift rule [3, 4], and the expression here is also utilized in previous related works [1, 5.
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mized-frozen dynamics

2.0F ) a4 F (2] (a3)

A2
\

\

|
212

>\222

A2

~10f . (bD)1 A . (b3)]
0 2 4 0 2 4
t x10* t x10* t x10*

Supplementary Figure 6. Dynamics of A\yap for mized-frozen dynamics in Fig. 5 (a3)-(c3) of the main text. Grey lines represent
Ayag of each random sample, and the blue lines represent the corresponding average.

critical point
2.0 T (&1)‘ T T (aZ T <3,3>I

. . o2 [ L ()
.0 0.5 1. .0 0.5 1.
t x10° t x10°

Supplementary Figure 7. Dynamics of A\yap for critical point in Fig. 6 (al)-(cl) of the main text. Grey lines represent A,ag of
each random sample, and the blue lines represent the corresponding average.

The second order gradient assuming ¢; < {5 and ¢; = {5 = £ can be written in a similar way as

0%, 1 1
P =1 <¢a|U;1, [Xer, U,y [ X, UJ; Oalps Ut 2]V, [} = =7 <¢Q|U;1, [Xe0, Uy, [ X2, 0 01Ut 21U, [th0)
1 2
(106)
0%, 1
52 — "1 (ol UL [Xe, [Xe, O 1Up- [0 (107)
¢
where
lo—1
Uniots = [ WaVi (). (108)
k=t

The ensemble average over Haar random unitaries are performed via symbolic calculation tools RTNI [6].
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critical-frozen-kernel dynamics
2.0F ' )1 [ ' (2] F (a3)7

/\212

21
122
)\222

1 -I 1 (bg)l-
.0 0.5 1. .0 0.5 1.
t x10° t x10°

Supplementary Figure 8. Dynamics of \,ag for critical-frozen-kernel dynamics in Fig. 6 (a2)-(c2) of the main text. Grey lines
represent A\,qp of each random sample, and the blue lines represent the corresponding average.

critical-frozen-error dynamics
' S (a2

Al12
Ao1o

/\222

/\122

1 1 (b2) 1 1 <b3)l
0.0 0.5 1. .0 0.5 1.0
t x10° t x10°

Supplementary Figure 9. Dynamics of Ayap for critical-frozen-kernel dynamics in Fig. 6 (a3)-(c3) of the main text. Grey lines
represent A\,qp of each random sample, and the blue lines represent the corresponding average.



critical-mized-frozen phase

1 Fa3)

' 1 Fe

)\'222

Aoos

323

133

)\232

o33

As33

1

~

x10°

x10°

2
x10°
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Supplementary Figure 10. Dynamics of Ayqp for critical-frozen-kernel dynamics in Fig. 7 of the main text. Grey lines represent
Ayag of each random sample, and the blue lines represent the corresponding average.

2.5
t

50

x10* t

025 50

x10*

t

4

x10*

Supplementary Figure 11. Dynamics of Z12(t) for exponential convergence class. From left to right we show Z12(t) for frozen-
kernel dynamics, frozen-error dynamics and mized-frozen dynamics. Grey lines represent /12 of each random sample, and the

blue lines represent the corresponding average. The settings follow Fig. 5 of the main text.
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@] | (@) (d3

—100 05 T0 0.0 05 T0 0.0 05 T0
t x10° t x10° t x10°

Supplementary Figure 12. Dynamics of Z,g(t) for polynomial convergence class. We show Zi2(t) for (a) critical point, (b)
critical-frozen-kernel dynamics and (c) critical-frozen-error dynamics. We plot Z12(t), Z13(t), Z23(t) in (d1)-(d3) for critical-
mized-frozen dynamics. Grey lines represent /2 of each random sample, and the blue lines represent the corresponding average.
The settings of top and bottom panels follow Fig. 6 and Fig. 7 of the main text separately.

Supplementary Note 7.1. Average QNTK under restricted Haar ensemble

For the QNTK K.3 =), ?Tjg%, the restricted Haar ensemble average of product of derivatives become

1
Ftr [agzm] =-1 / dU,- AU+ tr (PgaUg, [X¢, Oniet | Up- PagU]- [Xe,0p.0+] Uﬁ) (109)

1
-7 / au / AUy [tr (PsaUf- XeUs- O PasU}- XeUp- Opr) + tr (PoaOarUf- XeUs- PagOpu U X,Up- )
Z/IRH uHaar

—tr (PﬁaUg_ XUy Oy PagOp Ul XgUg—) —tr (PBQOQ;UUJ_ XUy PagU]_ XUy oﬂ;U)]

(110)
_ _1/ v | 48 OQaivPap) (00 Psa) = tr(PasOpw PsaOaw) | dtr(PagOpu) 1(PsaOaivr) = tr(PsaOasts PasOpiv)
4 fy 21 21
_dtr(Pga) tr(Oau PapOpiu) — t1(PsaOaiu PapOpiu) — dtr(Pag) tr(Ogu PaaOaiv) — t1(Opu PsaOaiu Pag)
2 -1 21
(111)
_ _ﬂ/ qu 1O Pap) tr(Op0 Psa) + tr(PapOpiu) t1(PsaOaivr) — tr(Psa) 1(Oaiv PasOpivr) — tr(Pag) t1(Opw PsaOavr)
Uns d? -1
(112)
_ _é/ qu 8Oa Pap) 81(Opi0 Bga) + tr(PapOpiv) tr(PsaOair) = (Yalts) t1(Oasu PasOsivr) — (bpl¥a) t1(Opiu PgaOaivr)
" 2 -1
(113)
d * * * * * *
= (@ 1) P [TrsT0aT3aTss + TipTsaTaaTas — (Valtbp) (26|Pa) TaaThs — (¥8lva) (Pal®s) TosTas]
(114)
d * * *
= —mEL{RH [TaBTOéaT,BaTﬁﬂ — 50/3T040¢TB,6’ + C.C.] s (115)

where P,s = |a)(f] is an operator introduced for the convenience of unitary integral calculation utilizing RTNI and
Top = (Po|U|1Yg). Here c.c. stands for complex conjugate.
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For o = 3, we have
Oea d

Oeqy O€q, B
[602 GGJ 22 —1) 0a(1l = 0q), (116)

]EMRH [|Taa|4 - |Taa|2] =

where we utilize |Tho|? = | (®a|U|1a) |2 = 04 On the other hand, for a # S, it becomes

O€q O€g d
=Y R, [T T T Tas + coc. 117
[aee aeg] A(d? - 1) i [T TaaT5a s + -] (117)
d y , y |
= _mEMRH [[Tople™ "% | Taale'® [Taale "% |Tpple'®® + c.c.] (118)
d
—s——E Ta Taa Ta T ; 11
2(@ =1 tinn [[Tas|Taal Tsal 5] (119)

where in the second line, we utilize the definition of restricted Haar ensemble in Eq. (68). We see that the off-diagonal
terms require extra information.
The average QNTK under restricted Haar ensemble becomes

—_ Oeq Oceg, B Ld L

Kaa(oo) = LEZ/{RH |:89£69Z:| = moa(l Oa) ~ ﬁoa(l Oa), (120)
B — Oey Oc Ld L

Kozﬁ’(oo) = LEL{RH |:69669i:| = 7mEMRH HTaﬁHTa(XHTﬂaHTB,«BH QdEMRH “TaﬂHTaaHTBaHTﬁﬁ” (121)

where we approximate them with d > 1 at the end.

Supplementary Note 7.2. Average relative dQNTK under restricted Haar ensemble

Ahead of presenting the calculation details of relative QNTK, we summarize the results here.

R (53] = m ~ o [2(doq —2) + L(20, — )] (122)

In this section, we evaluate the relative dQNTK X\,q3(00) = fiyas(00 /\/Kaa 00)Kgp(00). We first calculate

— B B, 8%c, Oes ey 92, Des O, 0%, Oes
Hryap(00). Recall that fiyap = > 4 20, D0;06, 90 = =275 a5 o8, T Dot 30; 30,00, 90, » We then calculate the

ensemble average of the two terms separately. As only Apapg is utilized in the dynamical equations (see Eq. (30)),
then we only consider ensemble average of finqg in the following.

Supplementary Note 7.2.1. Eypgy [gzcz 8;;; g;f] under restricted Haar ensemble
> 96,

We can expand it following the parameter-shift rule as

E ey O%ca Oeg
“rit | 90, 962 96,

_ 2 av / av,- [t
URH U,

Haar
— tr( PaaOusvs PapU] XZUFO,;;UPMOQ;UU;,X[UF) ftr(PaaOa;UPa;aOﬁ;UU;,XzUﬁfPﬁaUg,XgU,sza;U)

} - 16/dUZ AU+ tr(PmUT [Xe, [Xe, Ot WUp= PagUl_ [Xe,0gp4] Up— Psal]- [Xboa;ﬁ]UZ,)
(123)

Paaoa 0 PagUl_ XUy O, PsoU- XU, - oa;U) T tr(PaaOa;UPa@Og;UUg, XUy PsaOau Ul XZUZ,)

r(PwU XUy Oaw Ul XoUp PagUl- XZUFog;UPMOQ.UUtX[Uk)
r(PaaU XeUp-Oaw Ul XoUp PapOpu Ul XUy PsaUl_ X,U,— O )
tr(PaaU XoU,- OQ;UUJ,XgUrPQBUJ,XngfOB;UPBa _XeU,-O )

—tr( PaaUl_ XoUp- O Ul XUy PagOpv Ul XUy PsaOaw Ul XoU- ] (124)
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The first term is

I = / dU/ AUy t( PaaOasts PagUL- XeUp-Op0 Poa UL XeUp-Ocir )
Urn Unaar

dtr(O,B;UPﬂa) (Oa;UPaocOa;UPozB) - tr(Oa;UPaaOa;UPaﬂoﬁ;UPBa)

= dU 125
1 * * * * * *
= ﬁIE:MRH [dT 35T 50 ToaThoTaaThg — TaaT o TaaTis T s ] (126)
1 " .
= ﬁEZ/{RH [dTﬂﬁTBaTaa|Taa|2 aB T |Taa|4|Tﬁ/3‘2] : (127)
The second term is
)= / au dU,- tr(PmOa U PasOpu U] XZUZ-PMOQ;UU;,XZUZ_>
Urn Unaar
dtr(PgaOq. PLoOu.vPrsOs.0) — t1(PaaOa.uPasOs.uP3aOa:
:/ qu L8 (BsaOasv) tr( v Pap BQ,U) r( U PapO0s:0 PaOasv) (128)
Unar d?—1
1 * 2k 4 2 *
= 51 Btan [ATop T | Taa *T55Ts0 — |Taal*Tssl?] = ;- (129)
The third term is
;/ dU/ dU,- tr(PmOa U PasUl X,Up-0p.0 Poa O UUT,X4U¢_>
Urn Unaar
dtr(Og.u P3aOa.) t1(PaaOa:uPag) — t1(PaaOa.u PasOp.U P3aOa:
:/ qu (050 PsaOaitr) tr( U 2/3) r( 0 PapOp PsaOavr) (130)
Unar d?—1
1 " .
= ﬁEZ/{RH [dTBﬁ’Taa (Pa|®s) TooTaa (¥8ltha) — |Taa|2|Taa|2|T[3[3|2] (131)
1 *
= 251 Etn (80 TppT o] Taal* = Taal*|Tpsl?] - (132)
The forth term is
E/ dU/ AUy 1 ( PuaOustr PagOp Ul XeUp- PoaUf- XoUp- O )
MRH Z/{H-mr
dt Pozt a; Paa a; Pa ; —t a; Paa a; Pa 'Pa
:/ g 48 (Fsa) r(O U LoaOav 50/32,U) 1(Oa; Poa O, Pa Ot Ppa) (133)
Urn d?—1
1 * *
= ﬁEuRH [d <wa|¢ﬂ> TaaTaaTaaTﬂB <(I)B|(I)a> - |Taa|2|Taa|2|TBB|2] (134)
1 " X
= ﬁEZf{RH [ddaﬁTaa|Taa|2T,Bﬁ - |Taa|4|T5ﬁ‘2] =1I3. (135)
The fifth term is
I5E/ dU dU@— tr(PaaU XeUg OQ;UU X(Ug QBU Xng—Oﬁ UPBO(OQ UUT,X[Ug—)
Z/{RH uHaar
2(d + 2) T, — 2Tpp|Taal® (T(;"ﬂ +Tho + T(;"a)
= a5
opPtrn & +3d2—d—3
d+ 2)TwaT38|Tea P T 5T T, Tssl? — 2|T, Tss/?
+ By ( oo /3/3| aal*T, B Ba = aa| | /3/3| | aa| ‘ 6,3| (136)
' d®+3d?2—d—3
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The sixth term is

16—/ dU/ dU,- tr PaaUT,XgUkOa;UU XUy~ PapOpu Ul XoUp- PBQUT,XgUkOa;U)
Urnu U,

Haar

(d + Q)TaaTBﬁ - 2|To¢a‘2T,§5(Taa + Taﬁ + Tﬂa)
d>4+3d*>—-d-3

(d+2) aﬁTﬁa|Taa|2 Tﬁﬁ |Taa|4|TﬁB|2 - 2|Taa|2‘TB,3|2

d®4+3d*>—-d-3

= 60&5EURH

+ EZ/{RH = I; (137)

The seventh term is

I; = / dU / dU,- tr PMUT_X@UWOO,;UU XUy~ PopU]- XgUgfOﬁ;UPgaUg_XgUrOa;U>
Urnu U,

Haar
Tyl Taal? ((d + 215, — 2155 - 275,
d3+3d2—-d—-3

= 60&5EURH

E 2(d + 2)TaaTBBT;BTEa 2TaaTBﬂ|Taa|2 TBO{ |Taa|4|T5ﬁ|2 - Q\Taa\2|T5ﬁ|2 138
Bt P32 —d—3 (138)

The eighth (last) term is

Iy = / au / AU, tr PaaU XUp-OpvrU)- XUy~ PopOp.uU]- XoUp- PsoaOuiUJ- XgUgf)
Urn Unaar
Tﬁﬁ|To¢a| ((d + 2)Taa - 2Ta6 - 2T,8a)
= 5O¢B]EMRH
d3+3d2—d—3
L E 2(d + 2)TopTpaTra T — 2TapTsalTool*TaaThs — [Tool* | Tasl* — 2\Taal* Tasl* | b (139
o &+ 32 —d—3 =1
Then we have
Oeo 0%€q Oe 2
s {ae a0 aeﬂ Sqeht bl lit bt lo =1 = 1)

:%(11—134‘]5—]74-6.6.) (140)

By [d00sTpsTna|Tual” — |Toal* [Tss]?]

1 1 1
= (d2 EURH [dTBBTBa aa|Taa‘ TaB - ‘Taa| T4l ] 21

S E 2(d + 2)TppTo0 — 2Tpp|Tanl® (Tap + Tia + Tac) (d+2)TaaTpp|Taa*TopTha — |Taal?(Tss]? (|Taal® +2)
+ 0aplliipy d3+3d2—d—3 UrH d3+3d?2—-d—-3
5 5 | TeslTeal® (d+ 2)Tda — 2135 — 2T5,) 2000 T55TapTho (442 = | Taal?) = [Taa*|Tps|* (ITaal* +2)
—b0pEugy B 13E —d_3 UrH Br32—d—3 + c.c.
(141)
1 (d+2)? 2 2(d+2) . .
=K Toaal” — TooTssTosTs0 — 0apTaal) .c.| . 142
UrH |:8(d271)( d+3 | ‘ d+3 ( BBLapLp B 55)+CC ( )

For o = f3, it is reduced to

Oeq 0%cq Dea] _ 1 (d+2)° o 2(d+2) 4 2

_ (d+2)(00 — L)oa((d + 2)0q — 2)
B 4(d? —1)(d +3) ’

(144)
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where we denote 0, = €,(00) + Yy, for simplicity. On the other hand, for « # 3, it is reduced to

e O%eg Oe, 1 (d +2)? 5 2(d+2)
v | = T — ————— | ToaTpsT}5T5 .c. 14
Ui [392 962 aeJ Ui [8(d2—1)( a3 el == ) oe’pplap Ba“c] (145)
B 1 (d+2)? 5 2(d+2)
S | gy (e Toal? = 22 Tl Tosl Tl | (140

2
Supplementary Note 7.2.2. IEMRH[SG% aej gg( 8896; | under restricted Haar ensemble
1 1 2 -2

Oeq  D%eq  Oeg 1 _ 8%eq ey Ocp e, Ocp :
The other part >°; ;, Evpy [—80[1 0,001, —8022] = 0, <ty Bty 0. o0, \ 00 B0, T vocs a0, ) | and specifically for
_ 3 : s 9% Oe,, Oe 8%e de, O€p Oe, O€p
a = f3, it can be simplified to 23, _, EuRH[W%Z ooe | Eugn [W (39;‘1 a0, T voc de, ) | Pecomes

9%, Oeq Oeg Oeq O€g
Ey +
%1 | 90,,00,, \ 96y, 00,, | 00y, 90y,
1
— T T
- = / AU, AUty -g; AUg t1(Poal) [ X, Ul o, [Xea Ot | Utiota | Uy PaaUL | Xe,, 0 | Uy PasU]
1
T T T T
(147)

|Xe2 Oz | U,

2
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We calculate the above two separately. The first one becomes

0%, Oe, Oes
EURH
00,00y, 00,4, 00y,

1
= == [ AUy AUty AU 6r(PoaU - [Xes UL, [ X Oy | Utiota | Uy PaaUS- [Xe1, 0ot | Upy PasUL [ X 05| U,
1
- U / U, dUs, ., [u(PﬁaU Xo Xt 102Uy Ot PaaU} X1,Uy O UPaﬁUT;XZQ,MQUZIO&U)
MRH uHaar

tr P/gaUgl_XnggﬂﬁgQUz;Oa;UPaaOa;UUZ_XglszPaﬂOg;UUg_Xg%gﬁgQUf)
tr(PsalU] Xt Xty 01-62Ug; Oa Paa O U Xey Uy PasUJ Xeo 10Uy O, U)
tr(PsalU Xt Xtz 012020 Oast PaaU}- Xt Uy O PagOpvUf Xty )
t1(PsaOut U] Xea,t,-0Xe, Uy PaaU}- X, Uy O PasUJ Xety-0Up; oﬁU)
tr( P, aOa;UUZ;XgﬂﬁngglUEIPWOQ;UUZ,X&UzIPaﬂOg;UUE,XgMI%Q )
t1(PsaOut U] Xtat,-0Xe, Uy PaaOaw U XeyUpy PasUJ Xety-0Up; oﬁU)
t1(PsaOut U] Xea,t,-0Xe, Uy PaaUf- XglUg;OQ;UPaﬂoﬂ;UUél,X@,KIQ,ZQUG)

r PQUZ,XZIUE;O&;U Xty 3-0,Uy PaaU, XglUEIOa;UPaﬁoﬂ;UUZ,XMMQ

tr P(XUJIXelUZ;OOGU Xg%gl.)&U PaaU XélUg;Oa;UPaﬁU ng,@ﬁgzU O,@U

+er(
+er(
+er(
+tr<P aUzl,XglUe;Oa;UUe;Xg%gl%UrPwOa;UUZ,X&Ue;PaﬁU Xty 1-6Up-Op0
+t (
+tr(P QUZ,ng,gﬁgte;Oa;UUg;XglUrPaaOa;UU;;XgquPaﬁU Xty ,-6Up-Op0
+tr<P aUZ,ng,gﬁgte;Oa;U X0, Uy PaoU] XglUel—Oa;UPaﬁOﬁ;UUZ,Xg%gl.)gz

tr{ P, aUgl—XflUg;Oa;UUel—Xég,éleégUg;Paaoa;UU;rl—XélUg;PaﬁOﬂ;UUZ—XZQ,Zl-Jg )
— tr(PsaUf Xes 102Uy Oaitr Ul X, Uy PaaU}- X, Uy O PagUJ XUy OﬂU)

~tr (PMUZ, Xeyt1t0 Uean;UUé; X0, U, PwOa;UUZ, Xo, Uy Paﬁoﬁ;UUgl, Xttr-0,U, (148)
The first term is
L= / AU, dUs, e, AUy 8 (PoaU Xe Xt t1-02Uy; Ot PaaU}- X1, Uy O PagU}- X -,U Opo )
p [TaaTs a0 PTEs T = Taal sl "
Unn (d—1)(d+1)2
The second term is
12 = /dUEI dUél B2 dU,e;r tr(PBaUZ_ X[1X€21€1 +0o Ulf Oa;UPaaOa;UU le U@ aﬂOB U X[2,[1 >0y Ul;)
— R 5 d|Taa‘2T§ﬁ (dTaﬁ - Taa) ‘Taa‘QlTﬁﬂP (|Taa|2 - d) 150
— SUrna | Yap 2 2 : ( )
(d®2-1) (d>-1)
The third term is
I3 = /dUg; dU€1 B2 dUg;r tr(PBaUgl_ X21X€2,€1 +La Ug; OOL;UP(XOLOO(;UUJI— le U@l— PQBUZ_ Xg%gl >lq Ulf OB;U)
|Taa|2 (|T,3ﬁ|2 (|Taa|2 - d) — dToaTppT 5T, a) d?Tsp|Toe|? T
)y 6QBL|“B . (151)

e (@ —1)? (@ —1)?
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The forth term is

1

I, = /dUg; dUy, -0, dUz;r tI'(PBaUg; X£1X22,£1->£2 Ue; Oa;UPaaUgl, Xy, Uzl— OQ;UPagOB;UUJ; X£2,£1->£2 Ul )

dTaa|Tao¢|2T* Taa 4 T 2
= Fitny |Oap /ﬂ; . | [Tl 51 (152)
(d-=1)(d+1) (d=1)(d+1)
The fifth term is
I = / AU, AUl 1, AU, 1 Poo O UL X 1o XUy P} X0, Uy Ousts PasUf- X1, 1,0,V O
2 * *
e s dTs5|Taal (dTag - Taa) Toa P Ta5* (Toal* = d) | _ .. (153)
I (2 —1)° (2 — 1) T
The sixth term is
Ig = /dUg; dU€1 +La dUg;r tr(PBaOa;UUZ_ X@g,él -»EQXél Ug; PaaOQ;UUgl_ le U@; PaBOﬁ;UUgl_ X€2,€1 >0q Ull’)
_ dTaﬁTﬁa‘Taa‘QT&kaTgﬁ - |Taa|4|TfJ’5‘2 — (154)
Urn (d—l)(d+1)2 1-
The seventh term is
I7 = /dUgl_ dUh Y2 dUg;’ tr(PﬁaOa;UU;; sz,fl»szll Ug; Paaoa;UU;; Xfl Uzl— PaﬁUZ, X42,41952 Uzl— Oﬁ;U)
dTﬁﬁ|Taa|2T* |Taa|4‘Tﬂﬁ|2
=E da e =1I. 155
“RH{ PA=1D)(d+1)2  (d=1)(d+1) 4 (155)
The eighth term is
Iy = /dUZf dUp, e, dUZj tr(PBaOa;UUZ— Xy, 0150: X1 sz PaaUZ_XZl Uz; Oa;UPaBOB;UUgl— Xy 0140, Ug;)
_ [ Tool” ('TBW (ITaal* - d) - dTaﬁTﬂaTiaTEﬁ) PTop|Toal*Ths | _ . (156)
= Z/{RH (d2 _ 1)2 Ocﬁ (d2 . 1)2 — 13-

The ninth term is
Iy = / AU~ dUp,., AU,y tr (PﬂaUgl, XUy OV} Xoy t1-62Upy PaaOaw U Xe Uy PasU- Xy 102Uy Oﬂ;U)

dT/BﬁT&ka (d* |Taa|2) _ |Taa|2|Tﬁ/5|2 (d* |Taa|2)

(d2 _ 1)2 (d2 o 1)2 (157)

= EURH 60&5

The tenth term is
o = / AU, Uy, ¢, AU s tx (P,B(XUZ, XUy OaitU] Xeat,-0Uy; PaaUJ- Xe,Up Ot Pag O U] Xyt U,:)
ATopTpa|Toal* TaaThs — |Taal*Tssl?

d—D(d+1) =1 (158)

= LUrn

The eleventh term is

I = / AU, AU, ., AU,y tr (PBQUZ, X0, U, Oa;UUZ, Xty t1-0,U,- PMUZ, X0,Up- Ot Pag Ugl, Xtz 120Uy OM)

_ dTﬁB‘Taa‘QTa*a |Taa|4|TﬁI3‘2
= EURH 604,3 -

(d=1)(d+1)2  (d—1)(d+1)? =1 (159)
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The twelfth term is

Iy = / AU~ dUs,g, Uy tr (PﬁaUZ, XUy OV} Xos 10Uy PaaOaw U XUy PagOpuU)- Xy 1ot Ue;)
(d = [Taal?) (T Tsa T Thp = |Taal* Tss?)
(@17

(160)

= LUrn

The thirteenth term is
L = / AU, dUp, .z, Uy tr (PgaUZ, Xty 126Uy OQ;UUZ, X0, Uy PMOWUZ, leUzl-PagUZ, Xoy.01+05 Uel_o[w)

dTaaT55|Taa|2T56TEa - |Taa|4|TﬁB|2
d—Dd+ 1?2

=1. (161)

= LUrn

The fourteenth term is
N

Iy = / AU, Uy, .r, AU, s tx (PﬁaUZ, Xez tr-62Ug; Oar U} X, Uy PaaUf- XUy O PasOp0 U} X100, )

AToaTjs (d = |Taal?)  |Taal*Tpsl* (d = [Taal?)
(d2 —1)° (d? —1)°

= Bty | Oap =1 (162)

The fifteenth term is

Lis = / AU, AUy, ¢, AU, s tx (PﬂaUgl_ Xer U OV Xeo Uy PaalUJ Xe,Up O PagU- Xy 1ot UZIOB.,U)

(d - ‘TOMIQ) (dTaaTﬂBTzﬂTﬁ*a - |Taa|2|Tﬂ5‘2> N
=Eupn (d2 — 1)2 =175 (163)

The sixteenth term is

I = /dUg; dUZ1%2 dUZ; tr (PﬁaU;; Xég,fl by UZ; OQ;UUZ, X(l UZ; Paaoa;UUZ, XEl Ue; Paﬂoﬁ;UUg;Xb}h»fz UZ;)
5 dTaa|Taa|2Tgﬁ _ |Taa|4|T55|2
FA=1)(d+1)2  (d—1)(d+1)?

=Eupn =14. (164)

Finally we have

0%eq  Oeq Oes 1<
E = =5 (Luisr + Luivo — Liivs — L
Unn [5’9z15’9z2 0, 3952} (Tait1 + Taivo — Laiv3 — Laiqa)

16 ~
1
= TG (211 + Iy — I3 — 214 + Iy —112+C.C.) (165)
P (|Taol> ~ V) TaaTss T TS PToaTs5(1 — |Taol?)
JFEZ/{RH (d2 — 1)2 +c.c.| + 6aﬁEZ/{RH (d2 — 1)2 c.c. (166)
) (2| Tnal? — 1) (TaaTwT;BTga _ 5aﬁTngﬁ>
= —Fupn +cc.| . (167)
16 (@2 —1)2
Specifically, for a = 3, we have
%€ Oen Oty d%04(00 — 1)(20, — 1)
E ' = 168
Unn {aezlaegz 90y, 8042] 8(d2 —1)2 (168)
On the other hand, for a # 3, we have
e Oeq O 1 2| Toa|?> = V)TwaTssTy5T5,
IE‘URH ‘ ° -2 = 7 BUrn ( ‘ aa‘ ) PP app +c.c (169)
00,06, 06,, 06y, 16 (d? — 1)2
@*(2|Taa|? — D)|Taal|Tpsl| Tos||Tsal
Urn [ 8(d2 — 1)2 :l ( 70)
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Similarly, we next work on

L D%, Oeq Oeg
Uri | 96, 00,, 00y, 06,

1
= == [ AUy AUty AU 0 (PoaU [Xes U, [ X Oy | Utiota | U PaaUS [Xeas Oy | Upy PasUL [ X0 0] U )
1
= 16 dURH/ dUZ; dUy, s, [tr(PBQU;,X@le%gl»zQUZ—OQ;UPaaU;,ngygﬁgQUe— Oa;UPagU Xeer— Og. U)
Urn Unaar B ! B !

+tr(PgaUT_Xngg%gﬁgQszOQ;UPMOQ;UU Xty 010,V PagOp U] Xgle—)
—tr(PﬁaU Xe Xes.t1-0.Up; Ot PaaOai! Ul Xy 102Uy PasUf Xa, Uy OQU)
7tr<P QUZI_XZIXW%UE;OQ;UPMUZ_XZQ,KI%UZ;OQ;UPMO@U XUy )
+tr<P 2Ot U X t-0:X0,Uyy PaaU}- Xtst1-0,Uy; Oair PasUf X0, Uy O, U)
+tr<P 2O U X t1-6:X0,Uyy PaaOat U} Xoz 102U, PagOp U] Xe, 2)
—tr(P 2O U} X t-6:X6,Uyy PaaOait Ul Xoy 102Uy PasUf Xa, Uy OQU)
Ctr (P 2O U X t-6X0,Uyy PaaU} Xes 120Uy Oair PasOp U _Xglel—)
+tr<P WUl XUy OaoU] Xeat,-0aUy; PaaOait U] Xeaty-0aUy PapU) X, Uy OﬁU)
+tr<P aUgl_XglU,Zfoa;UUgl_XWMQUZIPWUJI_XWMQUZIOQ;UPa,gO,g;UUZ_Xgl - )
—tr(P WUl XUy OaorU] Xeat,-0aUy; PaaUf X ty-Upy Ot PapU)- X, Uy O, U)
—tr(P WUl XUy OaoU] Xty -0aUy; PaaOaitr U] XtV PapOp Ul X, e)
+tr<P WUl Xer 026U OV Xeo Uy PaaOait U] Xeayty-0aUy PapU] X, Uy 057[])
+tr<P QUZ_XZQ,ZI%UZ;OQ;UUZ_X&UZIPaaUgl_Xg%gﬁ@szOQ;UPQBO&UUK_XZI - )
ftr(PﬁaUTI_XZQ,KI%UEOQ;UUZ_X& Upy PaaU} Xt t1-0.Uy; O PasU} X0, Uy O, U)
ftr(PﬁaUgl_XZQ,ZMZUZIOQ;UUZ_X&szPaaoa;UU X, 0,-6,U- PagOpu U] Xger) (171)
The first is
1 = tr(PsaUl Xe, Xt 262Uy Oat PaaU} Xeat,-U O PasU}- X, Uy O

dTaaTﬁ5|Taa|2 ﬁTBa |Taa|4|T55|2
(d—1)(d+1)?

(172)

Urn

The second is
I, = tr(PgaU;r;Xngg%gl R UZ; Oa;UPaaOa;UU;; Xy 0050, UZ; PagOg;UU;} Xy, UZ;)

d‘TaaPTgB(dTﬁa - Taa) |Taa|2|TﬁB‘2 (‘Taa‘g - d)
(d? — 1) (@2 — 1)

(173)

= Eupy 6045

The third is
I3 = tr<P6aU;1—X€1X€2,51+€2U£;Oa;UPaOZOa;UUJl—X€2,€1*€2Ue;PaBUgl—Xh UZI—O,B;U)

Taal® (15512 (1Taal® = ) = dTaaTpaT5T5,) LT s5|Tal T3,
Urn 2 Foap—"
(@ —=1) (& = 1)

(174)
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The forth is

Iy = tr(PgaUgl_ Xngg%gl S0y Ulf Oa;UPaaUgl— Xg%gl.)gQU[l— OQ;UPQQOQ;UUZ_ Xel Ulf)

dTaa Taa QT* Taa 4 T 2
— By |6us Taal*Tgs  |Taal*|Tps] . (175)
d=1)(d+1)2 (d-=1)(d+1)?
The fifth is
Iy = tr(PgaOa;UU;} Xes 162X Uy PaaU} Xty 02Uy Oaitr PasUJ Xeu Uy OB;U)
o s ATl (T~ Tea) | Taa AT (Tual? -~ )| (176)
— LUrna [%ap (d2—1)2 (d2—1)2 - 2
The sixth is
Is = tr(PsaOaw U} Xez 10X, Up; PaaOar Ul Xeat, Uy PasOs0 U XUy, )
_ dTaﬁTﬁa|Taa|2Ta*aTEg - |T(x0¢|4|T,BB|2 _ I* (177)
Urn (d—l)(d+1)2 1-
The seventh is
I; = tr(PBaOa;UU;} Xég,él »ZQX& Ug; PaaOa;UUgl— X@z,h 2 U[; PaﬁU;r; X& Ué; OB;U)
dTs5|Toal* Ty |Toal*|Tps)?
=E 6& o = Jr. 178
”RH{ PA=Dd+1)2 Wd-1Dd+12] ™ (178)
The eighth is
Is = t1(PsaOaw U} Xes 102 X6, Uy PaaU} Xty -U O Pas O30 U XUy, )
g [Tl (ool (Taol =) ~dTeToaTiuTis) | PToalTualTia] _ o
= LUrn (d271)2 af (d2*1)2 - 3
The ninth is
Iy = tr(PgaUgl_Xgl Uzl— OQ;UUZ_ Xy 0,50 Ugl— PMOQ;UU;I_ Xy 00505 Uzl— PQBUZ_ Xy, UEI— Og;U)
_ dTaaTﬁBlTaaPT;BTEa — |Taal*|Tps/? 7 (180)
Unn (d—1)(d+1)? 1'
The tenth is
Iig=tr (PﬂaU;; Xél Ug; Oa;UUg; Xéz,él%ng; PaaUg; XZz,ZﬁZng; Ooc;UPaﬂoﬁ;UU,j-; Xfl UZ;)
-F 5 dTaaTEﬁ (d - |T0404|2) _ |Tao¢|2|TBﬁ|2 (d - |Ta04|2) (181)
— LUrn |%ap (d2 . 1)2 <d2 _ 1)2
The eleventh is
I = tr(PBaUgl_ Xe,U,- OQ;UUZ_ Xtz 126Uy PaaUgl_ Xtz 126Uy OQ;UPagUgl_ Xe,U,- O@;U>
(d = Taal?) (AT Ts 55T — 1 Toal* Tss )
= By, (182)

(@ —1)°



The twelfth is
Ly = tr(PBaUgl_ X, UZIOQ;UUZTI_XL;MI%ZUZI PMOQ;UUZ_ Xty.t10, UZIPaﬁoﬂ;UUZ_ X, UZI)

dTaa‘Taa‘ngﬂ |Taa|4‘T55|2

dap d—1)(d+1)2 (d—1)(d+1)?

= Eyppy =1,

The thirteenth is
s = tr (P,MUZ_ Xer -:Up; OV XUy PaaOawrU) Xty -0aUp PaU) X, Uy O,g;U>

dTBﬁT;a (d - |Tau|2) o ITaa|2|Tﬁﬂ|2 (d - |Ta(x|2)

ey (@~ 1)

*
= Eugu = Lo

The fourteenth is
Ly = tr (PMUZ, Xty t1-0,U, - OQ;UUZ, X0, U, PMUZ, Xey t1-0,U,- OQ;UPagOg;UU;; X, Ue;>

dTaBTBa|Taa|2T;aTgﬁ - |Taa|4‘TBﬁ|2
(d—1)(d+1)?

=17

= LUrn

The fifteenth is
s = tr (PBQUZ, Xes t2-62Ug; Oatr U} Xe,Upy PaaUf- X 022Uy Oaitr PagUf X, Uy oﬂ;U)

-E 5 dT5ﬁ|Tao¢|2TO¢*a o |T0401|4|T5ﬁ‘2 _ I*
U [P0 1) (d+1)2 d-D(d+1)2]

The sixteenth (last) is
o = tr (PﬁaUgl, Xer -:Ug; OV XUy PaaOaiwU]- Xty -0.Up; PagOsu Ul X, U )

(4~ 1Tol2) (4T T T2 T35 — | Toa 1 Tol?)
= Liru (d2 _ 1)2 =111

Therefore, we have

0% Oeq Ocp 1 &
: ~ 16 Lai Lyiyo — Igiq3 — Ly
Urn [69516942 00y, 8941:| 16 s (Lait1 + Laiyo 4i+3 i)
1
— 1—6 (211 + .[2 — 13 — 2[4 + ]10 _ Ill + C.C.)
= L d2<2|Taa|2 B 1) (TaaTﬂﬁTgﬁTga - 6aﬁTaaT§5) +
T 16 UrH (d2 _ 1)2 cc.|,

which matches Eq. (167).

Supplementary Note 7.2.3. Summary

Combining Eq. (142), Eq. (167) and (189), we finally have

- e, D%e Oe 0% Oe
o — LF, bt B R G AR ) 0 o oA
Haas(00) = LBy |:695 962 ] + L(L = DEg {ae,ﬁ 06,. 061, 3%]

d+2
= Ll [S(dQ —1)(d+3)

B (2| Tna|? — 1) (TaaTB@T;ﬁTga - 5a5Tngﬁ)
16 (d2 —1)°

((d+ 2)|Toal® = 2) (TaaTpsTrsTh0 — 6apTaaTls) + c.c.

+ L(L — 1)Eyyy + c.c.
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(188)
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(191)
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For a = 3, it can be simplified to

Paaa(00)
L(d + 2) 2 4 2 d2(2|Taa|2 - 1) (|Taa|4 - |Taa|2)
=K ————————— ((d+ 2)|Tael” — 2) (|[Toal” = |Tha L(L-1
UrH l4(d21)(d+3) (( + )| | )(| | | |)+ ( ) 8(d2—1)2
(192)
_ Log(0q — 1) [2(d +2) (L —1)d?(20, — 1)
= S —1) { 1513 ((d+2)o, —2) + 21 , (193)
and for a # 3, it becomes
Haas(o0)
[ L@+2) ) L(L — D /Taal? = VT Tps T2 T
=E ——————— ((d+ 2)|Taal” — 2) TuaTssT:sTs .c.
| 8(@ — 1)(d +3) (24 DlTual” = 2) ToaTpTopTha + 16 (d2 — 1)° e
(194)
| L(d+2) 2 L(L = 1)d?(2|Taal® = 1)|Taal|Tssl Tas|| Tpal
=E ————————— ((d+ 2)|Taal” = 2) | Tual|Tss||Tas||Tsa
. (@ - 1)(d+3) ((d+2)|Twal ) [ ToallTss||Tap|| Tpal + S (1)
(195)

With one more step, we can obtain the ensemble average relative dQNTK as

_ Maaoz(oo) 1 2(d +2) (L — 1)d2(20a — 1)

_ 1
Noma(00) = Hoeel®) 2 1 2EF ) (54 9)0, —2 ~ — = [2(dog — 2) + L(204 — 1],
(o) = hezelee) L [HOED (04 290 —2) + = L (2(do, ~2)+ L(20, — 1)
(196)
(197)
where we approximate it with L,d > 1 at the end. The off-diagonal part Agas(c0) = —_Haop(®)  cap be found

V Kaa(o0) Kpp(oo)
from Eq. (195) and (120).
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