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Supplementary Note 1. PROOF OF LEMMA 2

In this section, we provide the proof of Lemma 2. Proof. Recall fαβ(t) defined in Eq. (13), for convenience we also
define

gγ(t) =
√
Kγγ(t), (1)

such that fαβ(t) =
∑
γ gγ(t)εγ(t)λγαβ .

We can derive the time-derivative of ∠αβ as follows.

∂t∠αβ =
(∂tKαβ)

√
KααKββ −Kαβ∂t

√
KααKββ

KααKββ
(2)

= − η

N

∑
γ εγ

√
Kγγ

(
λγβα

√
Kαα + λγαβ

√
Kββ

)√
KααKββ

− Kαβ

KααKββ

(∂tKαα)Kββ +Kαα∂tKββ

2
√
KααKββ

(3)

= − η

N

∑
γ εγ

√
Kγγ

(
λγβα

√
Kαα + λγαβ

√
Kββ

)√
KααKββ

+
2η

N

Kαβ

KααKββ

(∑
γ εγ

√
Kγγλγαα

√
KααKββ

2
√
KααKββ

+
Kαα

∑
γ εγ

√
Kγγλγββ

√
Kββ

2
√
KααKββ

)
(4)

= − η

N

∑
γ

εγ
√
Kγγ√

KααKββ

[
λγβα

√
Kαα + λγαβ

√
Kββ

−Kαβ

(
λγαα√
Kαα

+
λγββ√
Kββ

)]
(5)

= − η

N

∑
γ

εγ
√
Kγγ

[
λγβα − ∠αβλγββ√

Kββ

+
λγαβ − ∠αβλγαα√

Kαα

]
(6)

= − η

N

∑
γ

εγgγ

[(
λγβα
gβ

+
λγαβ
gα

)
−
(
λγββ
gβ

+
λγαα
gα

)
∠αβ

]
. (7)

Then Eq. (7) can be simplified as

dt∠αβ(t) = − η

N

[(
fβα(t)

gβ(t)
+
fαβ(t)

gα(t)

)
−
(
fββ(t)

gβ(t)
+
fαα(t)

gα(t)

)
∠αβ(t)

]
. (8)

Suppose

Aαβ ≡ lim
t→∞

(
fβα(t)
gβ(t) +

fαβ(t)
gα(t)

)
(
fββ(t)
gβ(t) + fαα(t)

gα(t)

) = const, (9)

is a non-zero constant in [−1, 1], at late time Eq. (8) can be simplified as

dt∠αβ(t) = − η

N

(
fββ(t)

gβ(t)
+
fαα(t)

gα(t)

)
[Aαβ − ∠αβ(t)] . (10)

Therefore we obtain the fixed point

∠αβ(t) = Aαβ . (11)
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Supplementary Figure 1. Spectrum of Hessian of loss function for different QNN training dynamics with two data. We plot
the 4 and 32 largest eigenvalues in (a) and (b) separately. The setting is the same as in Fig. 2.

Supplementary Note 2. HESSIAN SPECTRUM INTERPRETATION

In this section, we interpret the dynamical transition via the spectrum of Hessian of loss function in Eq. (2). To
see this, we begin with the dynamical equation of variational parameters at the stable fixed point θ∗ as

δθ ' −ηH(θ∗) (θ − θ∗) , (12)

where H(θ∗) is the Hessian matrix of loss function with dimension L× L defined as

H`1`2(θ) =
∂2L

∂θ`1∂θ`2
=
∑
β∈Ω

(
∂εβ
∂θ`1

∂εβ
∂θ`2

+ εβ
∂2εβ

∂θ`1∂θ`2

)
(13)

=
∑

β∈SE\(SE∩SK)

∂εβ
∂θ`1

∂εβ
∂θ`2

+
∑

β∈SK\(SE∩SK)

εβ
∂2εβ

∂θ`1∂θ`2
. (14)

In the above, the first equation comes from definition and the second equation adopts the definition of SE and SK . We
can regard Eq. (12) as an imaginary-time Schrödinger equation with H(θ∗) as an effective Hamiltonian. Therefore,
it is natural to study the spectrum of H(θ∗). Clearly, we see the matrices in the first summation are only rank-1,
while the others in general have rank much larger than one. For frozen-kernel dynamics with SE = Ω, the Hessian
H`1`2 =

∑
β∈SE

∂εβ
∂θ`1

∂εβ
∂θ`2

becomes sums of rank-1 matrices, resulting in a rank-N matrix given an orthogonal input
data set. Furthermore, one can see that the trace of Hessian is simply the trace of QNTK matrix tr(H`1`2) =

∑
βKββ .

When part of the data are targeted at the boundary leading to the critical-frozen-kernel dynamics with SK ( SE = Ω,
the rank of the Hamiltonian directly decreases to N − |SK |. Specifically, at critical point with all data targeted at the
boundary, all eigenvalues in the spectrum vanish at the fixed point. The above results are verified in Fig. 1(a). On
the other hand, when there are data targeted beyond the accessible region, the Hessian of total error ∂2εβ

∂θ`1∂θ`2
would

significantly increase the number of positive eigenvalues in the spectrum. In fact, through numerical simulation (see
Fig. 1(b)) we find that the number of positive eigenvalues in mixed-frozen dynamics is just |SE \ (SE ∩SK)| more than
that for critical-frozen-error dynamics, and the frozen-error dynamics has many more positive eigenvalues compared
to the others. Meanwhile, how the spectrum behaves with more data involved still remains unexplored as the rank
may saturate to the number of parameters L. We leave that as an open question in future research.

Supplementary Note 3. GAUGE INVARIANCE IN TRAINING DYNAMICS

In this section, we study the training dynamics under basis transformation. We begin with the MSE loss L =
1

2N

∑
α ε

2
α. The inner product enables us to introduce an orthogonal matrix S ∈ O(N), independent of both θ and t,

to transform the total error vector to

εα(θ)→
∑
α′

Sαα′εα′(θ) ≡ ε̃α(θ). (15)
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A direct result is that the MSE loss function is gauge invariant as

L̃(θ) =
1

2N

∑
α

ε̃2α(θ) =
1

2N

∑
α

∑
α1,α2

Sαα1
εα1

(θ)Sαα2
εα2

(θ) (16)

=
1

2N

∑
α

ε2α(θ) = L(θ), (17)

where in the second line we apply
∑
α Sαα1Sαα2 = δα1α2 . Thus we can identify the orthogonal group as a global

gauge symmetry since it is independent of t and θ as we state above. The gauge invariance can be concluded from
its inner product structure. Following the definitions of QNTK and dQNTK in Eqs. (7), (10) of the main text, they
are transformed as

Kαβ(θ)→
∑
α′,β′

Sαα′Kα′β′(θ)Sββ′ ≡ K̃αβ(θ), (18)

µγαβ(θ)→
∑

γ′,α′,β′

Sγγ′Sαα′µγ′α′β′(θ)Sββ′ ≡ µ̃γαβ(θ). (19)

One can directly see that the QNTK and dQNTK do not exhibit the gauge invariance due to their outer product
structure. However, one can easily check that tr(K) =

∑
αKαα is gauge invariant under the transformation.

For the dynamics, we begin with the gradient descent rule.

δθ`(t) = − η

N

∑
α

ε̃α(θ)
∂ε̃α(θ)

∂θ`
(20)

= − η

N

∑
α

∑
α1,α2

Sαα1
εα1

(θ)Sαα2

∂εα2(θ)

∂θ`
(21)

= − η

N

∑
α

εα(θ)
∂εα(θ)

∂θ`
, (22)

which also preserves the gauge invariance.
For the first dynamical equation in Eqs. (9) of the main text, we have

δε̃α(t) +
η

N

∑
β

K̃αβ(t)ε̃β(t) (23)

=
∑
α′

Sαα′δεα′(t) +
η

N

∑
β,α′,β1,β2

Sαα′Kα′β1
(t)Sββ1

Sββ2
εβ2

(t) (24)

=
∑
α′

Sαα′

δεα′(t) +
η

N

∑
β1

Kα′β1(t)εβ1(t)

 = 0. (25)

Similarly, for the second one, we have

δK̃αβ(t) +
η

N

∑
γ

ε̃γ(t) [µ̃γαβ(t) + µ̃γβα(t)] (26)

=
∑
α′,β′

Sαα′δKα′β′(t)Sββ′ +
η

N

∑
γ,γ1,γ2,
α′,β′

Sγγ1εγ1(t) [Sγγ2Sαα′µγ2α′β′(t)Sββ′ + Sγγ2Sββ′µγ2β′α′(t)Sαα′ ] (27)

=
∑
α′,β′

Sαα′

[
δKα′β′(t) +

η

N

∑
γ1

εγ1 (µγ1α′β′(t) + µγ1β′α′(t))

]
Sββ′ (28)

= 0. (29)

Therefore we can conclude that the dynamical equations in Eqs. (9) of the main text are gauge invariant under basis
transformation from orthogonal group O(N), which also suggests that ε̃α(t)K̃αα(t) = 0,∀α are fixed points.
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Supplementary Note 4. DETAILED SOLUTIONS FOR THE CONVERGENCE DYNAMICS

In this section, we present the details on deriving the convergence solution perturbatively around the stable fixed
point. For convenience, we re-print the dynamical equations of (17) in the main text here{

∂tεα(t) = − η
N

∑
β ∠αβgα(t)gβ(t)εβ(t);

∂tgα(t) = − η
N

∑
β λααβgβ(t)εβ(t),

(30)

where we define gα(t) ≡
√
Kαα(t) to simplify the notation.

Supplementary Note 4.1. Exponential convergence class

In this part, we study the exponential convergence class where SE ∩ SK = ∅. The main idea for perturbatively
solving the convergence dynamics towards a fixed point is to first focus on those quantities converging towards zero,
and then apply the obtained solutions back to equations of the other equations.

Supplementary Note 4.1.1. frozen-kernel dynamics

For frozen-kernel dynamics, the fixed point is {(εα(∞) = 0,Kαα(∞) > 0)}α∈Ω. The leading order of the first PDE
in Eqs. (30) becomes

∂tεα(t) = − η

N

∑
β∈Ω

gα(∞)∠αβgβ(∞)εβ(t) (31)

= − η

N

∑
β∈Ω

Kαβ(∞)εβ(t). (32)

As Kαβ(∞) is symmetric and positive definite, we can diagonalize it as Kαβ =
∑
α′,β′ Pαα′Λα′β′P

T
β′β , where Λα′β′ is

a diagonal matrix consisting of eigenvalues {wα}Nα=1 of Kαβ . Thus, we can solve εα as

εα(t) =
∑
β∈Ω

bβPαβe
−ηwβt/N , (33)

where bβ are fitting parameters.
Plugging it into the second PDE in Eqs. (30), we have

∂tgα(t) = − η

N

∑
β∈Ω

λααβgβ(∞)
∑
γ∈Ω

bγPβγe
−ηwγt/N (34)

= − η

N

∑
γ∈Ω

∑
β∈Ω

λααβgβ(∞)Pβγ

 bγe
−ηwγt/N , (35)

which can be solved as

gα(t) = gα(∞) +
∑
γ∈Ω

bγ
wγ

∑
β∈Ω

λααβgβ(∞)Pβγ

 e−ηvγt/N , (36)

In the asymptotic limit of t� 1, we can only keep track on the exponent with the smallest eigenvalue w∗ = min{wβ},
which determines the leading-order behavior, resulting in simpler solutions as{

εα(t) = bγ∗Pαγ∗e
−ηw∗t/N ;

gα(t) = gα(∞) +
(∑

β∈Ω λααβgβ(∞)Pβγ∗
)
bγ∗

wγ∗
e−ηw

∗t/N ,
(37)

where γ∗ = argminβ wγ .
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Supplementary Note 4.1.2. frozen-error dynamics

Inversely, for the frozen-error dynamics, the fixed point is {(εα(∞) 6= 0,Kαα(∞) = 0)}α∈Ω, the second PDE in
Eqs. (30) is reduced to

∂tgα(t) = − η

N

∑
β∈Ω

λααβεβ(∞)gβ(t) = − η

N

∑
β

Fαβgβ(t), (38)

where we define Fαβ ≡ Aαβεβ(∞). Although Fαβ is not symmetric in general, we can still perform diagonalization
to obtain Fαβ =

∑
α′,β′ = Pαα′Λα′β′P

−1
β′β , where Λα′β′ = wα′α′δα′β′ is the diagonal matrix of eigenvalues. Then gα(t)

can be solved as

gα(t) =
∑
β∈Ω

bβPαβe
−ηwβt/N , (39)

where bβ are also free fitting parameters. One can then solve the dynamics of εα(t) as

∂tεα(t) = − η

N

∑
β∈Ω

∠αβ
∑
γ∈Ω

bγPαγe
−ηwγt/N

∑
γ′∈Ω

bγ′Pβγ′e
−ηwγ′ t/N εβ(∞) (40)

= − η

N

∑
γ,γ′

∑
β

∠αβεβ(∞)Pβγ′

Pαγbγbγ′e
−η(wγ+wγ′)t/N , (41)

which leads to the solution as

εα(t) = εα(∞) +
∑

γ,γ′∈Ω

∑
β

∠αβεβ(∞)Pβγ′

 Pαγbγbγ′

(wγ + wγ′)
e−η(wγ+wγ′ )t/N . (42)

In the asymptotic limit, the leading-order solution is{
εα(t) = εα(∞) +

(∑
β ∠αβεβ(∞)Pβγ∗

)
Pαγ∗b

2
γ∗

2w∗ e−2ηw∗t/N ;

gα(t) = bγ∗Pαγ∗e
−ηw∗t/N ,

(43)

where γ∗ = argminγ wγ and w∗ = wγ∗ .

Supplementary Note 4.1.3. mixed-frozen dynamics

For the mixed-frozen dynamics, the fixed point is {(εα(∞) = 0,Kαα(∞) > 0)}α∈SE ∪ {(εα(∞) 6= 0,Kαα(∞) =
0)}α∈SK . We first study the PDEs of {εα(t),∀α ∈ SE} and {gα(t),∀α ∈ SK}, which can be reduced from Eqs. (30) as ∂tεα(t) = − η

N

(∑
β∈SE gα(∞)∠αβgβ(∞)εβ(t) +

∑
β∈SK gα(∞)∠αβεβ(∞)gβ(t)

)
,∀α ∈ SE ;

∂tgα(t) = − η
N

(∑
β∈SE λααβgβ(∞)εβ(t) +

∑
β∈SK λααβεβ(∞)gβ(t)

)
,∀α ∈ SK .

(44)

Observing that the above linear PDEs can be reformed in a matrix form as

∂t

(
[εα(t)]α∈SE
[gα(t)]α∈SK

)
= − η

N

(
[Kαβ(∞)]α,β∈SE [gα(∞)∠αβεβ(∞)]α∈SE ,β∈SK

[λααβgβ(∞)]α∈SK ,β∈SE [λααβεβ(∞)]α,β∈SK

)(
[εβ(t)]β∈SE
[gβ(t)]β∈SK

)
, (45)

where ‘[·]{... }′ indicate the vector or matrix form with indices constraints. Through the eigen-decomposition of the
above matrix Pαα′Λα′β′P−1

β′β with eigen-matrix Λα′β′ = Diag{w1, · · · , wN}, we obtain{
εα(t) =

∑
β∈Ω bβPαβe

−ηwβt/N ,∀α ∈ SE ;

gα(t) =
∑
β∈Ω bβPαβe

−ηwβt/N ,∀α ∈ SK ,
(46)
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where {bβ}β∈Ω are free fitting parameters. The PDE for {εα(t),∀α ∈ SK} becomes

∂tεα(t) = − η

N

∑
α′∈Ω

bα′Pαα′e
−ηwα′ t/N

∑
β∈SE

∠αβgβ(∞)
∑
β′∈Ω

bβ′Pββ′e
−ηwβ′ t/N +

∑
β∈SK

∠αβεβ(∞)
∑
β′∈Ω

bβ′Pββ′e
−ηwβ′ t/N


(47)

= − η

N

∑
α′,β′∈Ω

∑
β∈SE

∠αβgβ(∞)Pββ′ +
∑
β∈SK

∠αβεβ(∞)Pββ′

 bα′bβ′Pαα′e
−η(wα′+wβ′)t/N , (48)

leading to the solution

εα(t) = εα(∞) +
∑

α′,β′∈Ω

∑
β∈SE

∠αβgβ(∞)Pββ′ +
∑
β∈SK

∠αβεβ(∞)Pββ′

 bα′bβ′Pαα′

wα′ + wβ′
e−η(wα′+wβ′)t/N ,∀α ∈ SK . (49)

Similarly, for {gαα(t),∀α ∈ SE}, we have

∂tgα(t) = − η

N

∑
β∈SE

λααβgβ(∞)
∑
β′∈Ω

bβ′Pββ′e
−ηwβ′ t/N +

∑
β∈SK

λααβεβ(∞)
∑
β′∈Ω

bβ′Pββ′e
−ηwβ′ t/N

 (50)

= − η

N

∑
β′∈Ω

∑
β∈SE

λααβgβ(∞)Pββ′ +
∑
β∈SK

λααβεβ(∞)Pββ′

 bβ′e
−ηwβ′ t/N , (51)

resulting in the solution

gα(t) = gα(∞) +
∑
β′∈Ω

∑
β∈SE

λααβgβ(∞)Pββ′ +
∑
β∈SK

λααβεβ(∞)Pββ′

 bβ′

wβ′
e−ηwβ′ t/N ,∀α ∈ SE . (52)

In the asymptotic limit t� 1, we have the leading-order solution as
εα(t) = bγ∗Pαγ∗e

−ηw∗t/N ,∀α ∈ SE ;

εα(t) = εα(∞) +
(∑

β∈SE ∠αβgβ(∞)Pβγ∗ +
∑
β∈SK ∠αβεβ(∞)Pβγ∗

)
b2γ∗Pαγ∗

2wγ∗
e−2ηw∗t/N ,∀α ∈ SK ;

gα(t) = gα(∞) +
(∑

β∈SE λααβgβ(∞)Pβγ∗ +
∑
β∈SK λααβεβ(∞)Pβγ∗

)
bγ∗

wγ∗
e−ηw

∗t/N ,∀α ∈ SE ;

gα(t) = bγ∗Pαγ∗e
−ηw∗t/N ,∀α ∈ SK ,

(53)

where γ∗ = argminγ wγ and w∗ = wγ∗ .

Supplementary Note 4.2. Polynomial convergence class

In this section, we consider SE ∩ SK 6= ∅, which corresponds to the polynomial convergence class.

Supplementary Note 4.2.1. Critical point

When SE = SK = Ω, it corresponds to the critical point with the fixed point {(εα(∞) = 0,Kαα(∞) = 0)}α∈Ω. The
PDEs for error and kernel are the same as in Eqs. (30), and to solve it, we take an ansatz solution{

εα(t) = cEα /(c0 + ηt/N);

gα(t) = cGα /
√
c0 + ηt/N,

(54)

with fitting parameters {cEα , cGα }.
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Supplementary Note 4.2.2. Critical-frozen-kernel dynamics

When SK ( SE = Ω, we have the fixed points {(εα(∞) = 0,Kαα(∞) = 0)}α∈SK ∪ {(εα(∞) = 0,Kαα(∞) >
0)}α∈SE\SK . Initially, the interaction between different data is negligible, and we can expect that data from SK
follows the dynamics of critical point while the one from SE \ SK follows the dynamics of frozen-kernel dynamics,
which suggests that the convergence of εβ(t)gβ(t) from SK , governed by Eqs. (30), is much faster compared to SE \SK .
Therefore, for the dynamics of error and kernel from SK , we treat them as self-governed in a “free-field” theory as{

∂tεα(t) = − η
N

∑
β∈SK gα(t)∠αβgβ(t)εβ(t),∀α ∈ SK ;

∂tgα(t) = − η
N

∑
β∈SK λααβgβ(t)εβ(t),∀α ∈ SK . (55)

The solution of these “free-field” part can be described by Eqs. (54).
Plugging in the polynomial solutions, the PDE for error from α ∈ SE \ SK is

∂tεα(t) = − η

N
gα(∞)

 ∑
β∈SE\SK

∠αβgβ(∞)εβ(t) +
∑
β∈SK

∠αβcEβ cGβ
(c0 + ηt/N)

3/2

 . (56)

At late time, when {gβ(∞)εβ(t),∀β ∈ SE\SK} is comparable to (c0 + ηt/N)
−3/2, the interactions cannot be neglected,

and thus we take

εα(t) =
bα

(c0 + ηt/N)3/2
,∀α ∈ SE \ SK , (57)

with fitting parameters bα. Then gα(t), α ∈ SE \ SK can be obtained from

∂tgα(t) = − η

N

 ∑
β∈SE\SK

λααβgβ(∞)bα
(c0 + ηt/N)3/2

+
∑
β∈SK

λααβc
E
β c

G
β

(c0 + ηt/N)
3/2

 , (58)

leading to

gα(t) =

 ∑
β∈SE\SK

λααβgβ(∞)bα +
∑
β∈SK

λααβc
E
β c

G
β

 2√
c0 + ηt/N

+ gα(∞),∀α ∈ SE \ SK . (59)

To summarize, we have
εα(t) = cEα /(c0 + ηt/N),∀α ∈ SK ;
εα(t) = bα/(c0 + ηt/N)3/2,∀α ∈ SE \ SK ;

gα(t) = cGα /
√
c0 + ηt/N, ∀α ∈ SK ;

gα(t) = 2
(∑

β∈SE\SK λααβgβ(∞)bα +
∑
β∈SK λααβc

E
β c

G
β

)
/
√
c0 + ηt/N + gα(∞),∀α ∈ SE \ SK .

(60)

Supplementary Note 4.2.3. Critical-frozen-error dynamics

When SE ( SK = Ω, the fixed point is described by: {(εα(∞) = 0,Kαα(∞) = 0)}α∈SE ∪ {(εα(∞) 6= 0,Kαα(∞) =
0)}α∈SK\SE . Similar to the previous case, we apply the same method to solve the dynamics. For data from SE , it is
still described by Eq. (54), and for gα,∀α ∈ SK \ SE , the PDE for gα(t) becomes

∂tgα(t) = − η

N

∑
β∈SE

λααβc
E
β c

G
β

(c0 + ηt/N)3/2
+

∑
β∈SK\SE

λααβεβ(∞)gβ(t)

 . (61)

From the balance of r.h.s., we have

gα(t) =
bα

(c0 + ηt/N)3/2
,∀α ∈ SK \ SE , (62)
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with free fitting parameters bα. One can then integrate over t to find the dynamics for εα(t),∀α ∈ SK \ (SE ∩ SK).
Overall, we have

εα(t) = cEα /(c0 + ηt/N),∀α ∈ SE ;

εα(t) = 1
2

[∑
β∈SE ∠αβbαcEβ cGβ +

∑
β∈SK\SE ∠αβbαbβεβ(∞)

]
/ (c0 + ηt/N)

2
+ εα(∞),∀α ∈ SK \ SE ;

gα(t) = cGα /
√
c0 + ηt/N, ∀α ∈ SE ;

gα(t) = bα/(c0 + ηt/N)3/2,∀α ∈ SK \ SE .

(63)

Supplementary Note 4.2.4. Critical-mixed-frozen dynamics

Finally, we extend our analyses to the case where the target values lie in all possible regions R. With the same
“free-field” approach, the data from SE ∩ SK can be described by Eq. (54). Then the dynamical equations for
{εα,∀α ∈ SE \ (SE ∩ SK)} and {gα,∀SK \ (SE ∩ SK)} become ∂tεα(t) = − η

N gα(∞)
(∑

β∈SE\(SE∩SK) ∠αβgβ(∞)εβ(t) +
∑
β∈SE∩SK ∠αβgβ(t)εβ(t) +

∑
β∈SK\(SE∩SK) ∠αβεβ(∞)gβ(t)

)
;

∂tgα(t) = − η
N

(∑
β∈SE\(SE∩SK) λααβgβ(∞)εβ(t) +

∑
β∈SE∩SK λααβgβ(t)εβ(t) +

∑
β∈SK\(SE∩SK) λααβεβ(∞)gβ(∞)

)
.

(64)

As εβ(t)gβ(t) = cEβ c
G
β /(c0 + ηt/N)3/2,∀β ∈ SE ∩ SK , we here take

εα(t) =
bEα

(c0 + ηt/N)
3/2

,∀α ∈ SE \ (SE ∩ SK), (65)

gα(t) =
bGα

(c0 + ηt/N)
3/2

,∀α ∈ SK \ (SE ∩ SK), (66)

with free fitting parameters bEα , bGα . By taking one additional step, one can find the solutions for the other errors and
QNTKs. We summarize the solutions for errors and QNTKs as



εα(t) = cEα /(c0 + ηt/N),∀α ∈ SE ∩ SK ;
εα(t) = bEα /(c0 + ηt/N)3/2,∀α ∈ SE \ (SE ∩ SK);

εα(t) = 1
2

(∑
β∈SE\(SE∩SK) ∠αβgβ(∞)bEβ +

∑
β∈SE∩SK ∠αβcEβ cGβ +

∑
β∈SK\(SE∩SK) ∠αβεβ(∞)bGβ

)
bGα / (c0 + ηt/N)

2

+εα(∞),∀α ∈ SK \ (SE ∩ SK);

gα(t) = 2
(∑

β∈SE\(SE∩SK) λααβgβ(∞)bEβ +
∑
β∈SE∩SK λααβc

E
β c

G
β +

∑
β∈SK\(SE∩SK) λααβεβ(∞)bGβ

)
/
√
c0 + ηt/N

+gα(∞), α ∈ SE \ (SE ∩ SK);

gα(t) = cGα /
√
c0 + ηt/N, ∀α ∈ SE ∩ SK ;

gα(t) = bGα /(c0 + ηt/N)3/2,∀α ∈ SK \ (SE ∩ SK).

(67)

Supplementary Note 5. RESTRICTED HAAR RANDOM ENSEMBLE

To provide an insight on the converged unitary in late time, we consider a multi-state preparation task with both
input and target states {|ψα〉}, {|Φα〉} forming orthonormal sets, 〈ψα|ψβ〉 = 〈Φα|Φβ〉 = δαβ . We can then formulate
the ensemble of unitary (up to permutation) for the multi-state preparation task as

URH =

{
U

∣∣∣∣U =

(
QN 0
0 V

)
, QN = diag

(
eiφ1 , . . . , eiφN

)
, {φα}Nα=1 ∼ U[0, 2π), V ∈ UHaar(d−N)

}
. (68)

The unitary in the ensemble consists of two blocks, the first block Q is a diagonal matrix of complex numbers
with unity modulus and their corresponding angles are uniformly distributed within [0, 2π) as there is no preferred
distribution for the complex phases. The second block V is sampled from Haar random unitaries with dimension
d − N . Specifically, when N ≥ d − 1, V reduces to a complex scalar eiφ with φ uniformly distributed in [0, 2π) as
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Supplementary Figure 2. Distribution of complex angles. In (a), (b), we show the distribution of φ1 and φ2 from circuit
unitaries at late time. We consider a n = 2 qubit multi-state preparation task, and the RPA consists of L = 64 parameters. In
(c) we show the distribution of ϕ generated from d = 8 haar random unitaries. The black dashed lines represent the p.d.f of
uniform distribution U[−π, π).

well. The uniform distribution of φα is verified in Fig. 2 (a) and (b) up to some fluctuations. Note that the ensemble
URH is a generalization of single-data restricted Haar ensemble discussed in Ref. [1].

To unveil ensemble properties of the restricted Haar ensemble, we focus on its frame potential [2], a quantity to
represent the randomness of unitaries within the ensemble. Ahead of presenting the calculation details, we summarize
the calculation results here. The kth frame potential of restricted Haar ensemble can be lower bounded by

F (k)
RH ≥

{∑k
k1=even

∑k−k1
k2=0

k!
((k1/2)!)2k2!(k−k1−k2)!N

k−k1−k2F (k1/2+k2)
Haar , 1 ≤ N < d− 1∑k

k1=even
k!

((k1/2)!)2(k−k1)!d
k−k1 , d− 1 ≤ N ≤ d , (69)

where the frame potential of Haar random unitaries is F (k)
Haar = k! [2]. Specifically for k = 2, the frame potential can

be exactly solved as

F (2)
RH =

{
2N2 + 3N + 2, 1 ≤ N < d− 1

2d2 − d, d− 1 ≤ N ≤ d . (70)

In Fig. 3(a)-(b), we see that our lower bound (Eq. (69)) can characterize the leading order scaling of the exact kth
frame potential for restricted Haar ensemble. Specifically, for k = 2, Eq. (70) (red line in Fig. 3 (b)) agrees with
numerical results. In Fig. 3(a), the gap between F (k)

RH and F (k)
Haar enlarges with increasing k for a fixed number of

data N . On the other hand, in Fig. 3(b) for a specific order k for example k = 2, the F (k)
RH increases with N until

convergence to a d-dependent constant, which is significantly different from the constant F (k)
Haar = k! of Haar ensemble.

We can interpret the phenomena by the increasing number of constraints thus less degree of randomness of unitaries
from URH given more input data, leading to a larger frame potential.

The detailed calculations of QNTK matrix and relative dQNTK averaged over restricted Haar ensemble can be
Appendix Supplementary Note 7.

Supplementary Note 5.1. Calculation details of frame potential

Following the definition, the kth frame potential of the restricted Haar ensemble unitaries becomes

F (k)
RH =

1

|E|2
∑

U,U ′∈URH

| tr
(
U†U ′

)
|2k (71)

=
1

|E|2
∑

V,V ′∈UHaar

| tr
(
Q†NQ

′
N

)
+ tr

(
V †V ′

)
|2k (72)

=

ˆ
U[0,2π)

N∏
α=1

dφα dφ′α

ˆ
UHaar

dV dV ′

∣∣∣∣∣
N∑
α=1

ei(φ
′
α−φα) + tr

(
V †V ′

)∣∣∣∣∣
2k

(73)
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Supplementary Figure 3. Frame potential of restricted Haar ensemble. In (a) the restricted Haar ensemble is in dimension of
d = 4 with N = 2 data. In (b), the restricted Haar ensemble is in dimension d = 8 with various N . Blue dots are numerical
results of an ensemble of 104 unitaries sampled from URH. Red solid lines in (a) and (b) represent exact analytical results
calculated from Eq. (75) and Eq. (70). The orange dashed lines represent the lower bound from Eq. (69). Green lines show the
corresponding frame potential of haar random unitaries.

For convenience, we denote z ≡ tr
(
V †V ′

)
= |z|eiϕ, which is a complex scalar in general. As V, V ′ ∼ UHaar without

other limitations, we expect ϕ ∼ U[0, 2π) (see example in Fig. 2 (c)), then we have

F (k)
RH =

ˆ
U[0,2π)

N∏
α=1

dφα dϕ

ˆ
UHaar

d|z|

N + 2
∑
α<β

cos
(
φ′α − φα − φ′β + φβ

)
+ 2|z|

∑
α

cos(φ′α − φα − ϕ) + |z|2
k (74)

=

ˆ (N2 )∏
i=1

dxi

N∏
j=1

dyjpX(xi)pY (yj)

ˆ
UHaar

d|z|

N + 2

(N2 )∑
i=1

cos(xi) + 2|z|
N∑
j=1

cos(yj) + |z|2

k

(75)

≥
ˆ

dy1pY (y1)

ˆ
UHaar

d|z|
[
N + 2|z| cos(y1) + |z|2

]k (76)

=
∑

k1,k2=0
k1+k2≤k

ˆ
dy1pY (y1)

ˆ
UHaar

d|z|
(

k

k1, k2

)
2k1Nk−k1−k2 cosk1(y1)|z|k1+2k2 (77)

=
∑

k1,k2=0
k1+k2≤k

(
k

k1, k2

)
2k1Nk−k1−k2

ˆ
dy1pY (y1) cosk1(y1)

ˆ
UHaar

d|z||z|k1+2k2 (78)

=
∑

k1,k2=0
k1+k2≤k

(
k

k1, k2

)
2k1Nk−k1−k2EpY

[
cosk1(y1)

]
F (k1/2+k2)

Haar , (79)

where in Eq. (75) we introduce the notation xi ≡ φα − φα − φ′β + φβ for α < β and yj ≡ φα − φα − ϕ for simplicity,
and thus in total there are

(
N
2

)
variables xi and N variables yi. As φα, ϕ ∼ U[0, 2π), the distribution of xi and yj can

be found to be

pX(x) =


(x+4π)3

96π4 , −4π ≤ x ≤ −2π
32π3−12πx2−3x3

96π4 , −2π ≤ x ≤ 0
3x3−12πx2+32π3

96π4 , 0 ≤ x ≤ 2π
(4π−x)3

96π4 , 2π ≤ x ≤ 4π

, pY (y) =


(y+4π)2

16π3 , −4π ≤ y ≤ −2π
2π2−2πy−y2

8π3 , −2π ≤ y ≤ 0
(y−2π)2

16π3 , 0 ≤ y ≤ 2π

(80)
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The average EpY [cosk1(y1)] can thus be evaluated as

EpY [cosk1(y1)] =

ˆ 2π

−4π

dy1pY (y1) cosk1(y1) (81)

=

ˆ 2π

−4π

dy1
(y + 4π)2

16π3
cosk1(y1) +

ˆ 0

−2π

dy1
2π2 − 2πy − y2

8π3
cosk1(y1) +

ˆ 2π

0

dy1
(y − 2π)2

16π3
cosk1(y1) (82)

=

ˆ 2π

0

dy1
y2

16π3
cosk1(y1 − 4π) +

ˆ 2π

0

dy1
2π2 − 2π(y − 2π)− (y − 2π)2

8π3
cosk1(y1 − 2π) +

ˆ 2π

0

dy1
(y − 2π)2

16π3
cosk1(y1)

(83)

=

ˆ 2π

0

dy1
1

2π
cosk1(y1) (84)

=

(
(−1)k1 + 1

)2
Γ
(
k1+1

2

)
4
√
πΓ
(
k1
2 + 1

) , (85)

where in Eq. (83) we make the change of variables. Therefore, the frame potential can be reduced to

F (k)
RH ≥

∑
k1,k2=0
k1+k2≤k

(
k

k1, k2

)
2k1Nk−k1−k2EpY

[
cosk1(y1)

]
F (k1/2+k2)

Haar (86)

=
∑

k1,k2=0
k1+k2≤k

(
k

k1, k2

)
2k1Nk−k1−k2

(
(−1)k1 + 1

)2
Γ
(
k1+1

2

)
4
√
πΓ
(
k1
2 + 1

) F (k1/2+k2)
Haar (87)

=

k∑
k1=even

k−k1∑
k2=0

(
k

k1, k2

)
2k1Nk−k1−k2 Γ(k1/2 + 1/2)√

πΓ(k1/2 + 1)
F (k1/2+k2)

Haar (88)

=

k∑
k1=even

k−k1∑
k2=0

k!

k1!k2!(k − k1 − k2)!
2k1Nk−k1−k2 2−k1

√
πΓ(k1 + 1)√

πΓ(k1/2 + 1)2
F (k1/2+k2)

Haar (89)

=

k∑
k1=even

k−k1∑
k2=0

k!

((k1/2)!)2k2!(k − k1 − k2)!
Nk−k1−k2F (k1/2+k2)

Haar , (90)

which holds for N < d − 1. For a fixed k-th order, the leading order of the frame potential scales as F (k)
RH ∼ Nk.

Specifically, for k = 2, we can find the exact result from Eq. (75) as

F (2)
RH =

ˆ (N2 )∏
i=1

dxi

N∏
j=1

dyjpX(xi)pY (yj)

ˆ
UHaar

d|z|

N + 2

(N2 )∑
i=1

cos(xi) + 2|z|
N∑
j=1

cos(yj) + |z|2


2

(91)

=

ˆ (N2 )∏
i=1

dxi

N∏
j=1

dyjpX(xi)pY (yj)

ˆ
UHaar

d|z|

N2 + 4

(N2 )∑
i,i′=1

cos(xi) cos(xi′) + 4|z|2
N∑

j,j′=1

cos(yj) cos(yj′) + |z|4

+ 4N

(N2 )∑
i=1

cos(xi) + 4N |z|
N∑
j=1

cos(yj) + 2N |z|2 + 8|z|
∑
i,j

cos(xi) cos(yj)

+4|z|2
∑
i

cos(xi) + 2|z|3
∑
j

cos(yj)

 (92)

= N2 + 2

(
N

2

)
+ 2NF (1)

Haar + F (2)
Haar + 2NF (1)

Haar (93)

= 2N2 + 3N + 2, (94)

where we utilize EpX [cos(x)] = EpY [cos(y)] = 0 and EpX [cos(xi) cos(xi′)] = EpY [cos(yi) cos(yi′)] = δi,i′/2.
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For N ≥ d− 1, the kth frame potential is reduced to

F (k)
RH =

ˆ
U[0,2π)

d∏
α=1

dφα dφ′α

∣∣∣∣∣
d∑

α=1

ei(φ
′
α−φα)

∣∣∣∣∣
2k

(95)

=

ˆ
U[0,2π)

d∏
α=1

dφα

d+ 2
∑
α<β

cos
(
φ′α − φα − φ′β + φβ

)k (96)

=

ˆ (d2)∏
i=1

dxipX(xi)

d+ 2

(d2)∑
i=1

cos(xi)


k

(97)

≥
∑
k1

(
k

k1

)
2k1
ˆ

dx1pX(x1) cosk1(x1)dk−k1 (98)

=

k∑
k1=even

(
k

k1

)
2k1dk−k1

Γ(k1/2 + 1/2)√
πΓ(k1/2 + 1)

(99)

=

k∑
k1=even

k!

((k1/2)!)2(k − k1)!
dk−k1 . (100)

Here we see that the k-th order frame potential leads to a constant only depending on the system dimension d = 2n.
For k = 2, we can also obtain the exact analytical result from Eq. 97 as

F (2)
RH =

ˆ (d2)∏
i=1

dxipX(xi)

d+ 2

(d2)∑
i=1

cos(xi)


2

(101)

=

ˆ (d2)∏
i=1

dxipX(xi)

d2 + 4

(d2)∑
i,i′=1

cos(xi) cos(xi′) + 4d

(d2)∑
i=1

cos(xi)

 (102)

= 2d2 − d. (103)

Supplementary Note 6. ADDITIONAL NUMERICAL RESULTS

In the main text, we develop the coupled dynamical equations Eqs. (17) relying on an assumption that the relative
dQNTK λγαβ(t) = µγαβ(t)/

√
Kγγ(t)Kββ(t) converges to a constant at late time, and provide numerical results based

on a generalized norm. In the following, we show the additional numerical evidence to support it for each type of
dynamics. From the definition of λγαβ , we see that λγαβ = λβαγ , and thus in the following we only present the
independent elements. In Fig. 4, 5 and 6, we show the convergence of λγαβ for frozen-kernel dynamics, frozen-error
dynamics and mixed-frozen dynamics in the exponential convergence class. In Fig. 7, 8, 9, 10, we plot its convergence
for critical point, critical-frozen-kernel dynamics, critical-frozen-error dynamics and critical-mixed-frozen dynamics in
the polynomial convergence class. In both convergence classes of dynamics, we see that every element of the relative
dQNTK λγαβ converges to a constant in late time of training.

In Fig. 11 and Fig. 12, we show the convergence of geometric quantity ∠αβ(t) towards a constant for dynamics in
exponential and polynomial convergence class, which supports Lemma. 2 in the main text. Indeed, the converged
constant for each dynamics lies within the range [−1, 1], indicating the geometric interpretation discussed in the main
text.
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Supplementary Figure 4. Dynamics of λγαβ for frozen-kernel dynamics in Fig. 5 (a1)-(c1) of the main text. Grey lines represent
λγαβ of each random sample, and the blue lines represent the corresponding average.
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Supplementary Figure 5. Dynamics of λγαβ for frozen-error dynamics in Fig. 5 (a2)-(c2) of the main text. Grey lines represent
λγαβ of each random sample, and the blue lines represent the corresponding average.

Supplementary Note 7. ADDITIONAL CALCULATIONS ON ENSEMBLE AVERAGE RESULTS

In this section, we present calculations for ensemble average of QNTK and dQNTK. As they are defined in terms of
first and second-order derivatives, we first show the expression for gradients. From parameter-shift rule, the derivative
of εα = 〈ψα|U†OαU |ψα〉 with Oα = |Φα〉〈Φα| is

∂εα
∂θ`

=
i

2
〈ψα|U†`−

[
X`, Oα;`+

]
U`− |ψα〉 , (104)

where we define the notation

U`− =

`−1∏
k=1

WkVk(θk), U`+ =

L∏
k=`

WkVk(θk), (105)

and Oα;`+ = U†`+OαU`+ . Thus the unitary for whole circuit becomes U = U`+U`− . One can show that Eq. (104) is
equivalent to the parameter-shift rule [3, 4], and the expression here is also utilized in previous related works [1, 5].
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Supplementary Figure 6. Dynamics of λγαβ for mixed-frozen dynamics in Fig. 5 (a3)-(c3) of the main text. Grey lines represent
λγαβ of each random sample, and the blue lines represent the corresponding average.
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Supplementary Figure 7. Dynamics of λγαβ for critical point in Fig. 6 (a1)-(c1) of the main text. Grey lines represent λγαβ of
each random sample, and the blue lines represent the corresponding average.

The second order gradient assuming `1 < `2 and `1 = `2 = ` can be written in a similar way as

∂2εα
∂θ`1∂θ`2

= −1

4
〈ψα|U†`−1 [X`1 , U

†
`1�`2 [X`2 , U

†
`+2
OαU`+2

]U`1�`2 ]U`−1
|ψα〉 = −1

4
〈ψα|U†`−1 [X`1 , U

†
`1�`2 [X`2 , Oα;`+2

]U`1�`2 ]U`−1
|ψα〉

(106)
∂2εα
∂θ2
`

= −1

4
〈ψα|U†`− [X`, [X`, Oα;`+ ]]U`− |ψα〉 , (107)

where

U`1�`2 =

`2−1∏
k=`1

WkVk(θk). (108)

The ensemble average over Haar random unitaries are performed via symbolic calculation tools RTNI [6].
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Supplementary Figure 8. Dynamics of λγαβ for critical-frozen-kernel dynamics in Fig. 6 (a2)-(c2) of the main text. Grey lines
represent λγαβ of each random sample, and the blue lines represent the corresponding average.
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represent λγαβ of each random sample, and the blue lines represent the corresponding average.
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The settings of top and bottom panels follow Fig. 6 and Fig. 7 of the main text separately.

Supplementary Note 7.1. Average QNTK under restricted Haar ensemble

For the QNTK Kαβ =
∑
`
∂εα
∂θ`

∂εβ
∂θ`

, the restricted Haar ensemble average of product of derivatives become

EURH

[
∂εα
∂θ`

∂εβ
∂θ`

]
= −1

4

ˆ
dU`− dU`+ tr

(
PβαU

†
`−

[
X`, Oα;`+

]
U`−PαβU

†
`−

[
X`, Oβ;`+

]
U`−

)
(109)

= −1

4

ˆ
URH

dU

ˆ
UHaar

dU`−
[
tr
(
PβαU

†
`−X`U`−Oα;UPαβU

†
`−X`U`−Oβ;U

)
+ tr

(
PβαOα;UU

†
`−X`U`−PαβOβ;UU

†
`−X`U`−

)
− tr

(
PβαU

†
`−X`U`−Oα;UPαβOβ;UU

†
`−X`U`−

)
− tr

(
PβαOα;UU

†
`−X`U`−PαβU

†
`−X`U`−Oβ;U

)]
(110)

= −1

4

ˆ
URH

dU

[
d tr(Oα;UPαβ) tr(Oβ;UPβα)− tr(PαβOβ;UPβαOα;U )

d2 − 1
+
d tr(PαβOβ;U ) tr(PβαOα;U )− tr(PβαOα;UPαβOβ;U )

d2 − 1

−d tr(Pβα) tr(Oα;UPαβOβ;U )− tr(PβαOα;UPαβOβ;U )

d2 − 1
− d tr(Pαβ) tr(Oβ;UPβαOα;U )− tr(Oβ;UPβαOα;UPαβ)

d2 − 1

]
(111)

= −d
4

ˆ
URH

dU
tr(Oα;UPαβ) tr(Oβ;UPβα) + tr(PαβOβ;U ) tr(PβαOα;U )− tr(Pβα) tr(Oα;UPαβOβ;U )− tr(Pαβ) tr(Oβ;UPβαOα;U )

d2 − 1
(112)

= −d
4

ˆ
URH

dU
tr(Oα;UPαβ) tr(Oβ;UPβα) + tr(PαβOβ;U ) tr(PβαOα;U )− 〈ψα|ψβ〉 tr(Oα;UPαβOβ;U )− 〈ψβ |ψα〉 tr(Oβ;UPβαOα;U )

d2 − 1
(113)

= − d

4(d2 − 1)
EURH

[
T ∗αβTααT

∗
βαTββ + T ∗ββTβαT

∗
ααTαβ − 〈ψα|ψβ〉 〈Φβ |Φα〉TααT ∗ββ − 〈ψβ |ψα〉 〈Φα|Φβ〉TββT ∗αα

]
(114)

= − d

4(d2 − 1)
EURH

[
T ∗αβTααT

∗
βαTββ − δαβTααT ∗ββ + c.c.

]
, (115)

where Pαβ = |α〉〈β| is an operator introduced for the convenience of unitary integral calculation utilizing RTNI and
Tαβ ≡ 〈Φα|U |ψβ〉. Here c.c. stands for complex conjugate.
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For α = β, we have

EURH

[
∂εα
∂θ`

∂εα
∂θ`

]
= − d

2(d2 − 1)
EURH

[
|Tαα|4 − |Tαα|2

]
=

d

2(d2 − 1)
oα(1− oα), (116)

where we utilize |Tαα|2 = | 〈Φα|U |ψα〉 |2 = oα. On the other hand, for α 6= β, it becomes

EURH

[
∂εα
∂θ`

∂εβ
∂θ`

]
= − d

4(d2 − 1)
EURH

[
T ∗αβTααT

∗
βαTββ + c.c.

]
(117)

= − d

4(d2 − 1)
EURH

[
|Tαβ |e−iφβ |Tαα|eiφα |Tβα|e−iφα |Tββ |eiφβ + c.c.

]
(118)

= − d

2(d2 − 1)
EURH

[|Tαβ ||Tαα||Tβα||Tββ |] , (119)

where in the second line, we utilize the definition of restricted Haar ensemble in Eq. (68). We see that the off-diagonal
terms require extra information.

The average QNTK under restricted Haar ensemble becomes

Kαα(∞) = LEURH

[
∂εα
∂θ`

∂εα
∂θ`

]
=

Ld

2(d2 − 1)
oα(1− oα) ' L

2d
oα(1− oα), (120)

Kαβ(∞) = LEURH

[
∂εα
∂θ`

∂εβ
∂θ`

]
= − Ld

2(d2 − 1)
EURH

[|Tαβ ||Tαα||Tβα||Tββ |] ' −
L

2d
EURH

[|Tαβ ||Tαα||Tβα||Tββ |] , (121)

where we approximate them with d� 1 at the end.

Supplementary Note 7.2. Average relative dQNTK under restricted Haar ensemble

Ahead of presenting the calculation details of relative QNTK, we summarize the results here.

λααα(∞) =
µααα(∞)

Kαα(∞)
' − 1

4d
[2(doα − 2) + L(2oα − 1)] . (122)

In this section, we evaluate the relative dQNTK λγαβ(∞) = µγαβ(∞)/
√
Kαα(∞)Kββ(∞). We first calculate

µγαβ(∞). Recall that µγαβ =
∑
`,`′

∂εγ
∂θ`

∂2εα
∂θ`∂θ`′

∂εβ
∂θ`′

=
∑
`
∂εγ
∂θ`

∂2εα
∂θ2`

∂εβ
∂θ`

+
∑
` 6=`′

∂εγ
∂θ`

∂2εα
∂θ`∂θ`′

∂εβ
∂θ`′

, we then calculate the
ensemble average of the two terms separately. As only λααβ is utilized in the dynamical equations (see Eq. (30)),
then we only consider ensemble average of µααβ in the following.

Supplementary Note 7.2.1. EURH

[
∂εα
∂θ`

∂2εα
∂θ2
`

∂εβ
∂θ`

]
under restricted Haar ensemble

We can expand it following the parameter-shift rule as

EURH

[
∂εα
∂θ`

∂2εα
∂θ2`

∂εβ
∂θ`

]
=

1

16

ˆ
dU`− dU`+ tr

(
PααU

†
`−

[X`, [X`, Oα;`+ ]]U`−PαβU
†
`−

[
X`, Oβ;`+

]
U`−PβαU

†
`−

[
X`, Oα;`+

]
U`−

)
(123)

=
2

16

ˆ
URH

dU

ˆ
UHaar

dU`−
[
tr
(
PααOα;UPαβU

†
`−
X`U`−Oβ;UPβαU

†
`−
X`U`−Oα;U

)
+ tr

(
PααOα;UPαβOβ;UU

†
`−
X`U`−PβαOα;UU

†
`−
X`U`−

)
− tr

(
PααOα;UPαβU

†
`−
X`U`−Oβ;UPβαOα;UU

†
`−
X`U`−

)
− tr

(
PααOα;UPαβOβ;UU

†
`−
X`U`−PβαU

†
`−
X`U`−Oα;U

)
+ tr

(
PααU

†
`−
X`U`−Oα;UU

†
`−
X`U`−PαβU

†
`−
X`U`−Oβ;UPβαOα;UU

†
`−
X`U`−

)
+ tr

(
PααU

†
`−
X`U`−Oα;UU

†
`−
X`U`−PαβOβ;UU

†
`−
X`U`−PβαU

†
`−
X`U`−Oα;U

)
− tr

(
PααU

†
`−
X`U`−Oα;UU

†
`−
X`U`−PαβU

†
`−
X`U`−Oβ;UPβαU

†
`−
X`U`−Oα;U

)
− tr

(
PααU

†
`−
X`U`−Oα;UU

†
`−
X`U`−PαβOβ;UU

†
`−
X`U`−PβαOα;UU

†
`−
X`U`−

)]
. (124)
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The first term is

I1 ≡
ˆ
URH

dU

ˆ
UHaar

dU`− tr
(
PααOα;UPαβU

†
`−X`U`−Oβ;UPβαU

†
`−X`U`−Oα;U

)
=

ˆ
URH

dU
d tr(Oβ;UPβα) tr(Oα;UPααOα;UPαβ)− tr(Oα;UPααOα;UPαβOβ;UPβα)

d2 − 1
(125)

=
1

d2 − 1
EURH

[
dTββT

∗
βαTααT

∗
ααTααT

∗
αβ − TααT ∗ααTααT ∗ββTββT ∗αα

]
(126)

=
1

d2 − 1
EURH

[
dTββT

∗
βαTαα|Tαα|2T ∗αβ − |Tαα|4|Tββ |2

]
. (127)

The second term is

I2 ≡
ˆ
URH

dU

ˆ
UHaar

dU`− tr
(
PααOα;UPαβOβ;UU

†
`−X`U`−PβαOα;UU

†
`−X`U`−

)
=

ˆ
URH

dU
d tr(PβαOα;U ) tr(PααOα;UPαβOβ;U )− tr(PααOα;UPαβOβ;UPβαOα;U )

d2 − 1
(128)

=
1

d2 − 1
EURH

[
dTαβT

∗
αα|Tαα|2T ∗ββTβα − |Tαα|4|Tββ |2

]
= I∗1 . (129)

The third term is

I3 ≡
ˆ
URH

dU

ˆ
UHaar

dU`− tr
(
PααOα;UPαβU

†
`−X`U`−Oβ;UPβαOα;UU

†
`−X`U`−

)
=

ˆ
URH

dU
d tr(Oβ;UPβαOα;U ) tr(PααOα;UPαβ)− tr(PααOα;UPαβOβ;UPβαOα;U )

d2 − 1
(130)

=
1

d2 − 1
EURH

[
dTββT

∗
αα 〈Φα|Φβ〉T ∗ααTαα 〈ψβ |ψα〉 − |Tαα|2|Tαα|2|Tββ |2

]
(131)

=
1

d2 − 1
EURH

[
dδαβTββT

∗
αα|Tαα|2 − |Tαα|4|Tββ |2

]
. (132)

The forth term is

I4 ≡
ˆ
URH

dU

ˆ
UHaar

dU`− tr
(
PααOα;UPαβOβ;UU

†
`−X`U`−PβαU

†
`−X`U`−Oα;U

)
=

ˆ
URH

dU
d tr(Pβα) tr(Oα;UPααOα;UPαβOβ;U )− tr(Oα;UPααOα;UPαβOβ;UPβα)

d2 − 1
(133)

=
1

d2 − 1
EURH

[
d 〈ψα|ψβ〉TααT ∗ααTααT ∗ββ 〈Φβ |Φα〉 − |Tαα|2|Tαα|2|Tββ |2

]
(134)

=
1

d2 − 1
EURH

[
dδαβTαα|Tαα|2T ∗ββ − |Tαα|4|Tββ |2

]
= I∗3 . (135)

The fifth term is

I5 ≡
ˆ
URH

dU

ˆ
UHaar

dU`− tr
(
PααU

†
`−X`U`−Oα;UU

†
`−X`U`−PαβU

†
`−X`U`−Oβ;UPβαOα;UU

†
`−X`U`−

)

= δαβEURH

2(d+ 2)TββT
∗
αα − 2Tββ |Tαα|2

(
T ∗αβ + T ∗βα + T ∗αα

)
d3 + 3d2 − d− 3


+ EURH

[
(d+ 2)TααTββ |Tαα|2T ∗αβT ∗βα − |Tαα|4|Tββ |2 − 2|Tαα|2|Tββ |2

d3 + 3d2 − d− 3

]
. (136)
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The sixth term is

I6 ≡
ˆ
URH

dU

ˆ
UHaar

dU`− tr
(
PααU

†
`−X`U`−Oα;UU

†
`−X`U`−PαβOβ;UU

†
`−X`U`−PβαU

†
`−X`U`−Oα;U

)
= δαβEURH

[
2(d+ 2)TααT

∗
ββ − 2|Tαα|2T ∗ββ(Tαα + Tαβ + Tβα)

d3 + 3d2 − d− 3

]

+ EURH

[
(d+ 2)TαβTβα|Tαα|2T ∗ααT ∗ββ − |Tαα|4|Tββ |2 − 2|Tαα|2|Tββ |2

d3 + 3d2 − d− 3

]
= I∗5 . (137)

The seventh term is

I7 ≡
ˆ
URH

dU

ˆ
UHaar

dU`− tr
(
PααU

†
`−X`U`−Oα;UU

†
`−X`U`−PαβU

†
`−X`U`−Oβ;UPβαU

†
`−X`U`−Oα;U

)

= δαβEURH

Tββ |Tαα|2
(

(d+ 2)T ∗αα − 2T ∗αβ − 2T ∗βα

)
d3 + 3d2 − d− 3


+ EURH

[
2(d+ 2)TααTββT

∗
αβT

∗
βα − 2TααTββ |Tαα|2T ∗αβT ∗βα − |Tαα|4|Tββ |2 − 2|Tαα|2|Tββ |2

d3 + 3d2 − d− 3

]
. (138)

The eighth (last) term is

I8 ≡
ˆ
URH

dU

ˆ
UHaar

dU`− tr
(
PααU

†
`−X`U`−Oα;UU

†
`−X`U`−PαβOβ;UU

†
`−X`U`−PβαOα;UU

†
`−X`U`−

)
= δαβEURH

[
T ∗ββ |Tαα|2 ((d+ 2)Tαα − 2Tαβ − 2Tβα)

d3 + 3d2 − d− 3

]

+ EURH

[
2(d+ 2)TαβTβαT

∗
ααT

∗
ββ − 2TαβTβα|Tαα|2T ∗ααT ∗ββ − |Tαα|4|Tββ |2 − 2|Tαα|2|Tββ |2

d3 + 3d2 − d− 3

]
= I∗7 . (139)

Then we have

EURH

[
∂εα
∂θ`

∂2εα
∂θ2`

∂εβ
∂θ`

]
=

2

16
(I1 + I2 − I3 − I4 + I5 + I6 − I7 − I8)

=
1

8
(I1 − I3 + I5 − I7 + c.c.) (140)

=
1

8

(
1

d2 − 1
EURH

[
dTββT

∗
βαTαα|Tαα|2T ∗αβ − |Tαα|4|Tββ |2

]
− 1

d2 − 1
EURH

[
dδαβTββT

∗
αα|Tαα|2 − |Tαα|4|Tββ |2

]
+ δαβEURH

[
2(d+ 2)TββT

∗
αα − 2Tββ |Tαα|2

(
T ∗αβ + T ∗βα + T ∗αα

)
d3 + 3d2 − d− 3

]
+ EURH

[
(d+ 2)TααTββ |Tαα|2T ∗αβT ∗βα − |Tαα|2|Tββ |2

(
|Tαα|2 + 2

)
d3 + 3d2 − d− 3

]

−δαβEURH

[
Tββ |Tαα|2

(
(d+ 2)T ∗αα − 2T ∗αβ − 2T ∗βα

)
d3 + 3d2 − d− 3

]
− EURH

[
2TααTββT

∗
αβT

∗
βα

(
d+ 2− |Tαα|2

)
− |Tαα|2|Tββ |2

(
|Tαα|2 + 2

)
d3 + 3d2 − d− 3

]
+ c.c.

)
(141)

= EURH

[
1

8(d2 − 1)

(
(d+ 2)2

d+ 3
|Tαα|2 −

2(d+ 2)

d+ 3

)(
TααTββT

∗
αβT

∗
βα − δαβTααT ∗ββ

)
+ c.c.

]
. (142)

For α = β, it is reduced to

EURH

[
∂εα
∂θ`

∂2εα
∂θ2
`

∂εα
∂θ`

]
= EURH

[
1

4(d2 − 1)

(
(d+ 2)2

d+ 3
|Tαα|2 −

2(d+ 2)

d+ 3

)(
|Tαα|4 − |Tαα|2

)]
(143)

=
(d+ 2)(oα − 1)oα((d+ 2)oα − 2)

4(d2 − 1)(d+ 3)
, (144)
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where we denote oα = εα(∞) + yα for simplicity. On the other hand, for α 6= β, it is reduced to

EURH

[
∂εα
∂θ`

∂2εβ
∂θ2
`

∂εα
∂θ`

]
= EURH

[
1

8(d2 − 1)

(
(d+ 2)2

d+ 3
|Tαα|2 −

2(d+ 2)

d+ 3

)
TααTββT

∗
αβT

∗
βα + c.c.

]
(145)

= EURH

[
1

4(d2 − 1)

(
(d+ 2)2

d+ 3
|Tαα|2 −

2(d+ 2)

d+ 3

)
|Tαα||Tββ ||Tαβ |Tβα|

]
. (146)

Supplementary Note 7.2.2. EURH [
∂εα
∂θ`1

∂2εα
∂θ`1∂θ`2

∂εβ
∂θ`2

] under restricted Haar ensemble

The other part
∑
l1 6=l2 EURH

[ ∂εα∂θ`1

∂2εα
∂θ`1∂θ`2

∂εβ
∂θ`2

] =
∑
`1<`2

EURH

[
∂2εα

∂θ`1∂θ`2

(
∂εα
∂θ`1

∂εβ
∂θ`2

+ ∂εα
∂θ`2

∂εβ
∂θ`1

)]
, and specifically for

α = β, it can be simplified to 2
∑
`1<`2

EURH
[ ∂2εα
∂θ`1∂θ`2

∂εα
∂θ`1

∂εα
∂θ`2

]. EURH

[
∂2εα

∂θ`1∂θ`2

(
∂εα
∂θ`1

∂εβ
∂θ`2

+ ∂εα
∂θ`2

∂εβ
∂θ`1

)]
becomes

EURH

[
∂2εα

∂θ`1∂θ`2

(
∂εα
∂θ`1

∂εβ
∂θ`2

+
∂εα
∂θ`2

∂εβ
∂θ`1

)]
=

1

16

ˆ
dU`−1

dU`1�`2 dU`+2
tr
(
PβαU

†
`−1

[
X`1 , U

†
`1�`2

[
X`2 , Oα;`+2

]
U`1�`2

]
U`−1

PααU
†
`−1

[
X`1 , Oα;`+1

]
U`−1

PαβU
†
`−2

[
X`2 , Oβ;`+2

]
U`−2

)
+

1

16

ˆ
dU`−1

dU`1�`2 dU`+2
tr
(
PβαU

†
`−1

[
X`1 , U

†
`1�`2

[
X`2 , Oα;`+2

]
U`1�`2

]
U`−1

PααU
†
`−2

[
X`2 , Oα;`+2

]
U`−2

PαβU
†
`−1

[
X`1 , Oβ;`+1

]
U`−1

)
.
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We calculate the above two separately. The first one becomes

EURH

[
∂2εα

∂θ`1∂θ`2

∂εα
∂θ`1

∂εβ
∂θ`2

]
=

1

16

ˆ
dU`−1

dU`1�`2 dU`+2
tr
(
PβαU

†
`−1

[
X`1 , U

†
`1�`2

[
X`2 , Oα;`+2

]
U`1�`2

]
U`−1

PααU
†
`−1

[
X`1 , Oα;`+1

]
U`−1

PαβU
†
`−2

[
X`2 , Oβ;`+2

]
U`−2

)
=

1

16

ˆ
URH

dURH

ˆ
UHaar

dU`−1
dU`1�`2

[
tr
(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααU
†
`−1
X`1U`−1

Oα;UPαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
+ tr

(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααOα;UU
†
`−1
X`1U`−1

PαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
− tr

(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααOα;UU
†
`−1
X`1U`−1

PαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
− tr

(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααU
†
`−1
X`1U`−1

Oα;UPαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
+ tr

(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααU
†
`−1
X`1U`−1

Oα;UPαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
+ tr

(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααOα;UU
†
`−1
X`1U`−1

PαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
− tr

(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααOα;UU
†
`−1
X`1U`−1

PαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
− tr

(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααU
†
`−1
X`1U`−1

Oα;UPαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
+ tr

(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααOα;UU
†
`−1
X`1U`−1

PαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
+ tr

(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααU
†
`−1
X`1U`−1

Oα;UPαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
− tr

(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααU
†
`−1
X`1U`−1

Oα;UPαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
− tr

(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααOα;UU
†
`−1
X`1U`−1

PαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
+ tr

(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααOα;UU
†
`−1
X`1U`−1

PαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
+ tr

(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααU
†
`−1
X`1U`−1

Oα;UPαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
− tr

(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααU
†
`−1
X`1U`−1

Oα;UPαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
− tr

(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααOα;UU
†
`−1
X`1U`−1

PαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
. (148)

The first term is

I1 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααU
†
`−1
X`1U`−1

Oα;UPαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
= EURH

[
dTααTββ |Tαα|2T ∗αβT ∗βα − |Tαα|4|Tββ |2

(d− 1)(d+ 1)2

]
. (149)

The second term is

I2 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααOα;UU
†
`−1
X`1U`−1

PαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
= EURH

[
δαβ

d|Tαα|2T ∗ββ (dTαβ − Tαα)

(d2 − 1)
2 +

|Tαα|2|Tββ |2
(
|Tαα|2 − d

)
(d2 − 1)

2

]
. (150)

The third term is

I3 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααOα;UU
†
`−1
X`1U`−1

PαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
= EURH

 |Tαα|2
(
|Tββ |2

(
|Tαα|2 − d

)
− dTααTββT ∗αβT ∗βα

)
(d2 − 1)

2 + δαβ
d2Tββ |Tαα|2T ∗αβ

(d2 − 1)
2

 . (151)
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The forth term is

I4 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααU
†
`−1
X`1U`−1

Oα;UPαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
= EURH

[
δαβ

dTαα|Tαα|2T ∗ββ
(d− 1)(d+ 1)2

− |Tαα|4|Tββ |2
(d− 1)(d+ 1)2

]
. (152)

The fifth term is

I5 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααU
†
`−1
X`1U`−1

Oα;UPαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
= EURH

δαβ dTββ |Tαα|2
(
dT ∗αβ − T ∗αα

)
(d2 − 1)

2 +
|Tαα|2|Tββ |2

(
|Tαα|2 − d

)
(d2 − 1)

2

 = I∗2 . (153)

The sixth term is

I6 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααOα;UU
†
`−1
X`1U`−1

PαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
= EURH

[
dTαβTβα|Tαα|2T ∗ααT ∗ββ − |Tαα|4|Tββ |2

(d− 1)(d+ 1)2

]
= I∗1 . (154)

The seventh term is

I7 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααOα;UU
†
`−1
X`1U`−1

PαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
= EURH

[
δαβ

dTββ |Tαα|2T ∗αα
(d− 1)(d+ 1)2

− |Tαα|4|Tββ |2
(d− 1)(d+ 1)2

]
= I∗4 . (155)

The eighth term is

I8 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααU
†
`−1
X`1U`−1

Oα;UPαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
= EURH

 |Tαα|2
(
|Tββ |2

(
|Tαα|2 − d

)
− dTαβTβαT ∗ααT ∗ββ

)
(d2 − 1)

2 + δαβ
d2Tαβ |Tαα|2T ∗ββ

(d2 − 1)
2

 = I∗3 . (156)

The ninth term is

I9 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααOα;UU
†
`−1
X`1U`−1

PαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
= EURH

[
δαβ

dTββT
∗
αα

(
d− |Tαα|2

)
(d2 − 1)

2 − |Tαα|
2|Tββ |2

(
d− |Tαα|2

)
(d2 − 1)

2

]
. (157)

The tenth term is

I10 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααU
†
`−1
X`1U`−1

Oα;UPαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
= EURH

[
dTαβTβα|Tαα|2T ∗ααT ∗ββ − |Tαα|4|Tββ |2

(d− 1)(d+ 1)2

]
= I∗1 . (158)

The eleventh term is

I11 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααU
†
`−1
X`1U`−1

Oα;UPαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
= EURH

[
δαβ

dTββ |Tαα|2T ∗αα
(d− 1)(d+ 1)2

− |Tαα|4|Tββ |2
(d− 1)(d+ 1)2

]
= I∗4 . (159)
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The twelfth term is

I12 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααOα;UU
†
`−1
X`1U`−1

PαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
= EURH

(d− |Tαα|2)
(
dTαβTβαT

∗
ααT

∗
ββ − |Tαα|2|Tββ |2

)
(d2 − 1)

2

 . (160)

The thirteenth term is

I13 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααOα;UU
†
`−1
X`1U`−1

PαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
= EURH

[
dTααTββ |Tαα|2T ∗αβT ∗βα − |Tαα|4|Tββ |2

(d− 1)(d+ 1)2

]
= I1. (161)

The fourteenth term is

I14 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααU
†
`−1
X`1U`−1

Oα;UPαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
= EURH

[
δαβ

dTααT
∗
ββ

(
d− |Tαα|2

)
(d2 − 1)

2 − |Tαα|
2|Tββ |2

(
d− |Tαα|2

)
(d2 − 1)

2

]
= I∗9 . (162)

The fifteenth term is

I15 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααU
†
`−1
X`1U`−1

Oα;UPαβU
†
`−1
X`2,`1�`2U`−1

Oβ;U

)
= EURH

(d− |Tαα|2)
(
dTααTββT

∗
αβT

∗
βα − |Tαα|2|Tββ |2

)
(d2 − 1)

2

 = I∗12. (163)

The sixteenth term is

I16 ≡
ˆ

dU`−1
dU`1�`2 dU`+2

tr
(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααOα;UU
†
`−1
X`1U`−1

PαβOβ;UU
†
`−1
X`2,`1�`2U`−1

)
= EURH

[
δαβ

dTαα|Tαα|2T ∗ββ
(d− 1)(d+ 1)2

− |Tαα|4|Tββ |2
(d− 1)(d+ 1)2

]
= I4. (164)

Finally we have

EURH

[
∂2εα

∂θ`1∂θ`2

∂εα
∂θ`1

∂εβ
∂θ`2

]
=

1

16

4∑
i=1

(I4i+1 + I4i+2 − I4i+3 − I4i+4)

=
1

16
(2I1 + I2 − I3 − 2I4 + I9 − I12 + c.c.) (165)

+EURH

[
d2(|Tαα|2 − 1)TααTββT

∗
αβT

∗
βα

(d2 − 1)2
+ c.c.

]
+ δαβEURH

[
d2TααT

∗
ββ(1− |Tαα|2)

(d2 − 1)2
+ c.c.

])
(166)

=
1

16
EURH

d2(2|Tαα|2 − 1)
(
TααTββT

∗
αβT

∗
βα − δαβTααT ∗ββ

)
(d2 − 1)2

+ c.c.

 . (167)

Specifically, for α = β, we have

EURH

[
∂2εα

∂θ`1∂θ`2

∂εα
∂θ`1

∂εα
∂θ`2

]
=
d2oα(oα − 1)(2oα − 1)

8(d2 − 1)2
. (168)

On the other hand, for α 6= β, we have

EURH

[
∂2εα

∂θ`1∂θ`2

∂εα
∂θ`1

∂εβ
∂θ`2

]
=

1

16
EURH

[
d2(2|Tαα|2 − 1)TααTββT

∗
αβT

∗
βα

(d2 − 1)2
+ c.c.

]
(169)

= EURH

[
d2(2|Tαα|2 − 1)|Tαα||Tββ ||Tαβ ||Tβα|

8(d2 − 1)2

]
. (170)
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Similarly, we next work on

EURH

[
∂2εα

∂θ`1∂θ`2

∂εα
∂θ`2

∂εβ
∂θ`1

]
=

1
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ˆ
dU`−1

dU`1�`2 dU`+2
tr
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†
`−1
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X`1 , U
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X`2 , Oα;`+2

]
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PααU
†
`−2
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X`2 , Oα;`+2

]
U`−2

PαβU
†
`−1

[
X`1 , Oβ;`+1

]
U`−1

)
=

1

16

ˆ
URH

dURH

ˆ
UHaar

dU`−1
dU`1�`2

[
tr
(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβU
†
`−1
X`1U`−1

Oβ;U

)
+ tr

(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβOβ;UU
†
`−1
X`1U`−1

)
− tr

(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβU
†
`−1
X`1U`−1

Oβ;U

)
− tr

(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβOβ;UU
†
`−1
X`1U`−1

)
+ tr

(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβU
†
`−1
X`1U`−1

Oβ;U

)
+ tr

(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβOβ;UU
†
`−1
X`1U`−1

)
− tr

(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβU
†
`−1
X`1U`−1

Oβ;U

)
− tr

(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβOβ;UU
†
`−1
X`1U`−1

)
+ tr

(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβU
†
`−1
X`1U`−1

Oβ;U

)
+ tr

(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβOβ;UU
†
`−1
X`1U`−1

)
− tr

(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβU
†
`−1
X`1U`−1

Oβ;U

)
− tr

(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβOβ;UU
†
`−1
X`1U`−1

)
+ tr

(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβU
†
`−1
X`1U`−1

Oβ;U

)
+ tr

(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβOβ;UU
†
`−1
X`1U`−1

)
− tr

(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβU
†
`−1
X`1U`−1

Oβ;U

)
− tr

(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβOβ;UU
†
`−1
X`1U`−1

)
. (171)

The first is

I1 ≡ tr
(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβU
†
`−1
X`1U`−1

Oβ;U

)
= EURH

[
dTααTββ |Tαα|2T ∗αβT ∗βα − |Tαα|4|Tββ |2

(d− 1)(d+ 1)2

]
. (172)

The second is

I2 ≡ tr
(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβOβ;UU
†
`−1
X`1U`−1

)
= EURH

[
δαβ

d|Tαα|2T ∗ββ(dTβα − Tαα)

(d2 − 1)
2 +

|Tαα|2|Tββ |2
(
|Tαα|2 − d

)
(d2 − 1)

2

]
. (173)

The third is

I3 ≡ tr
(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβU
†
`−1
X`1U`−1

Oβ;U

)
= EURH

 |Tαα|2
(
|Tββ |2

(
|Tαα|2 − d

)
− dTααTββT ∗αβT ∗βα

)
(d2 − 1)

2 + δαβ
d2Tββ |Tαα|2T ∗βα

(d2 − 1)
2

 . (174)
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The forth is

I4 ≡ tr
(
PβαU

†
`−1
X`1X`2,`1�`2U`−1

Oα;UPααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβOβ;UU
†
`−1
X`1U`−1

)
= EURH

[
δαβ

dTαα|Tαα|2T ∗ββ
(d− 1)(d+ 1)2

− |Tαα|4|Tββ |2
(d− 1)(d+ 1)2

]
. (175)

The fifth is

I5 ≡ tr
(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβU
†
`−1
X`1U`−1

Oβ;U

)
= EURH

δαβ dTββ |Tαα|2
(
dT ∗βα − T ∗αα

)
(d2 − 1)

2 +
|Tαα|2|Tββ |2

(
|Tαα|2 − d

)
(d2 − 1)

2

 = I∗2 . (176)

The sixth is

I6 ≡ tr
(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβOβ;UU
†
`−1
X`1U`−1

)
= EURH

[
dTαβTβα|Tαα|2T ∗ααT ∗ββ − |Tαα|4|Tββ |2

(d− 1)(d+ 1)2

]
= I∗1 . (177)

The seventh is

I7 ≡ tr
(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβU
†
`−1
X`1U`−1

Oβ;U

)
= EURH

[
δαβ

dTββ |Tαα|2T ∗αα
(d− 1)(d+ 1)2

− |Tαα|4|Tββ |2
(d− 1)(d+ 1)2

]
= I∗4 . (178)

The eighth is

I8 ≡ tr
(
PβαOα;UU

†
`−1
X`2,`1�`2X`1U`−1

PααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβOβ;UU
†
`−1
X`1U`−1

)
= EURH

 |Tαα|2
(
|Tββ |2

(
|Tαα|2 − d

)
− dTαβTβαT ∗ααT ∗ββ

)
(d2 − 1)

2 + δαβ
d2Tβα|Tαα|2T ∗ββ

(d2 − 1)
2

 = I∗3 . (179)

The ninth is

I9 ≡ tr
(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβU
†
`−1
X`1U`−1

Oβ;U

)
= EURH

[
dTααTββ |Tαα|2T ∗αβT ∗βα − |Tαα|4|Tββ |2

(d− 1)(d+ 1)2

]
= I1. (180)

The tenth is

I10 ≡ tr
(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβOβ;UU
†
`−1
X`1U`−1

)
= EURH

[
δαβ

dTααT
∗
ββ

(
d− |Tαα|2

)
(d2 − 1)

2 − |Tαα|
2|Tββ |2

(
d− |Tαα|2

)
(d2 − 1)

2

]
. (181)

The eleventh is

I11 ≡ tr
(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβU
†
`−1
X`1U`−1

Oβ;U

)
= EURH

(d− |Tαα|2)
(
dTααTββT

∗
αβT

∗
βα − |Tαα|2|Tββ |2

)
(d2 − 1)

2

 . (182)
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The twelfth is

I12 ≡ tr
(
PβαU

†
`−1
X`1U`−1

Oα;UU
†
`−1
X`2,`1�`2U`−1

PααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβOβ;UU
†
`−1
X`1U`−1

)
= EURH

[
δαβ

dTαα|Tαα|2T ∗ββ
(d− 1)(d+ 1)2

− |Tαα|4|Tββ |2
(d− 1)(d+ 1)2

]
= I4. (183)

The thirteenth is

I13 ≡ tr
(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβU
†
`−1
X`1U`−1

Oβ;U

)
= EURH

[
δαβ

dTββT
∗
αα

(
d− |Tαα|2

)
(d2 − 1)

2 − |Tαα|
2|Tββ |2

(
d− |Tαα|2

)
(d2 − 1)

2

]
= I∗10. (184)

The fourteenth is

I14 ≡ tr
(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβOβ;UU
†
`−1
X`1U`−1

)
= EURH

[
dTαβTβα|Tαα|2T ∗ααT ∗ββ − |Tαα|4|Tββ |2

(d− 1)(d+ 1)2

]
= I∗1 . (185)

The fifteenth is

I15 ≡ tr
(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααU
†
`−1
X`2,`1�`2U`−1

Oα;UPαβU
†
`−1
X`1U`−1

Oβ;U

)
= EURH

[
δαβ

dTββ |Tαα|2T ∗αα
(d− 1)(d+ 1)2

− |Tαα|4|Tββ |2
(d− 1)(d+ 1)2

]
= I∗4 . (186)

The sixteenth (last) is

I16 ≡ tr
(
PβαU

†
`−1
X`2,`1�`2U`−1

Oα;UU
†
`−1
X`1U`−1

PααOα;UU
†
`−1
X`2,`1�`2U`−1

PαβOβ;UU
†
`−1
X`1U`−1

)
= EURH

(d− |Tαα|2)
(
dTαβTβαT

∗
ααT

∗
ββ − |Tαα|2|Tββ |2

)
(d2 − 1)

2

 = I∗11. (187)

Therefore, we have

EURH

[
∂2εα

∂θ`1∂θ`2

∂εα
∂θ`2

∂εβ
∂θ`1

]
=

1

16

4∑
i=1

(I4i+1 + I4i+2 − I4i+3 − I4i+4)

=
1

16
(2I1 + I2 − I3 − 2I4 + I10 − I11 + c.c.) (188)

=
1

16
EURH

d2(2|Tαα|2 − 1)
(
TααTββT

∗
αβT

∗
βα − δαβTααT ∗ββ

)
(d2 − 1)

2 + c.c.

 , (189)

which matches Eq. (167).

Supplementary Note 7.2.3. Summary

Combining Eq. (142), Eq. (167) and (189), we finally have

µααβ(∞) = LEURH

[
∂εγ
∂θ`

∂2εα
∂θ2
`

]
+ L(L− 1)EURH

[
∂εγ
∂θ`1

∂2εα
∂θ`1∂θ`2

∂εβ
∂θ`2

]
(190)

= LEURH

[
d+ 2

8(d2 − 1)(d+ 3)

(
(d+ 2)|Tαα|2 − 2

) (
TααTββT

∗
αβT

∗
βα − δαβTααT ∗ββ

)
+ c.c.

]

+ L(L− 1)EURH

d2(2|Tαα|2 − 1)
(
TααTββT

∗
αβT

∗
βα − δαβTααT ∗ββ

)
16 (d2 − 1)

2 + c.c.

 . (191)



29

For α = β, it can be simplified to

µααα(∞)

= EURH

[
L(d+ 2)

4(d2 − 1)(d+ 3)

(
(d+ 2)|Tαα|2 − 2

) (
|Tαα|4 − |Tαα|2

)
+ L(L− 1)

d2(2|Tαα|2 − 1)
(
|Tαα|4 − |Tαα|2

)
8 (d2 − 1)

2

]
(192)

=
Loα(oα − 1)

8(d2 − 1)

[
2(d+ 2)

d+ 3
((d+ 2)oα − 2) +

(L− 1)d2(2oα − 1)

d2 − 1

]
, (193)

and for α 6= β, it becomes

µααβ(∞)

= EURH

[
L(d+ 2)

8(d2 − 1)(d+ 3)

(
(d+ 2)|Tαα|2 − 2

)
TααTββT

∗
αβT

∗
βα +

L(L− 1)d2(2|Tαα|2 − 1)TααTββT
∗
αβT

∗
βα

16 (d2 − 1)
2 + c.c.

]
(194)

= EURH

[
L(d+ 2)

4(d2 − 1)(d+ 3)

(
(d+ 2)|Tαα|2 − 2

)
|Tαα||Tββ ||Tαβ ||Tβα|+

L(L− 1)d2(2|Tαα|2 − 1)|Tαα||Tββ ||Tαβ ||Tβα|
8 (d2 − 1)

2

]
(195)

With one more step, we can obtain the ensemble average relative dQNTK as

λααα(∞) =
µααα(∞)

Kαα(∞)
= − 1

4d

[
2(d+ 2)

d+ 3
((d+ 2)oα − 2) +

(L− 1)d2(2oα − 1)

d2 − 1

]
' − 1

4d
[2(doα − 2) + L(2oα − 1)] ,

(196)
(197)

where we approximate it with L, d� 1 at the end. The off-diagonal part λααβ(∞) =
µααβ(∞)√

Kαα(∞)Kββ(∞)
can be found

from Eq. (195) and (120).
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