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I. MEASUREMENT SETUP

The Josephson parametric amplifier (JPA) is cooled
to 10mK with a dilution refrigerator and operated in
reflection, which means that the input and output share
the same port. The two opposite travelling waves are
separated by a circulator (see Fig. ?7a) permitting us
to further amplify only the outgoing signal. A pair of
isolators prevents noise from the following amplifier from
reaching the JPA signal port.

An RF pump applied at a second port modulates the
flux in the JPA SQUID. We also apply a DC current
through the pump port to tune the JPA resonance down
to 4.2GHz. A diplexer at the 10 mK-stage of the dilu-
tion refrigerator combines the DC current and RF pumps.
See Fig. S1 for schematic description of the entire mea-
surement setup. We pump at twice the JPA resonance
frequency using external signal generators locked to the
measurement, sampling clock.

Measurement of the noise covariance is performed with
Vivace from Intermodulation Products [1] running a
continuous wave firmware which implements a multifre-
quency lockin amplifier. The lockin is designed to work
with orthogonal frequencies on the time-window used for
demodulation. A process refered to as tuning fixes the
drive and measurement frequencies such that they are in-
teger multiples of the measurement bandwidth (inverse
of the time window) while being commensurate with the
sampling frequency [2, 3].

Based on the latest Radio Frequency System-on-a-
Chip (RFSoC) technology, Vivace uses fast Digital-
Analog Converters (DAC) at 5 GSamples/s, resulting in
a Nyquist frequency of 2.5 GHz. We operate the DAC
in the second Nyquist zone to directly access the mi-
crowave noise. Bandpass filters select the noise in the
second Nyquist zone, measured at its alias frequency in
the 1st zone, while rejecting noise at that frequency in
the 1st zone. This digital method of down conversion
eliminates analog mixers, thus removing another source
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of error from improperly calibrated mixers [4]. We use a
bandpass filter at the warm amplifier stage to prevent
aliasing when sampling the noise. However the filter
(VBFZ-5500-S+) has a specified range of 4.9-6.2 GHz,
meaning that measurements at 4.3 GHz suffer from addi-
tional loss.

II. CALIBRATION

To reconstruct the quantum state before amplification,
we need an accurate estimate of the gain and added noise
of the entire amplification chain. If we consider the am-
plification chain as a noisy bosonic Gaussian channel [?
] where each mode, labelled by index n, is subject to a
frequency-dependent gain G,, and an average number of
added noise photons 7,,. Amplification transforms the
multimodal quantum covariance matrix V” into the mea-
sured covariance matrix V according to

V=TV'TT +N, (S1)

where T = @, VG,I, and N = @, (G, — 1)(2A, +
1)I. Here € is the direct sum and I the identity matrix.
By inverting T, the quantum covariance matrix V' is
reconstructed according to

V=T (V= N) (1) (S2)

using calibrated values for G,, and 7n,. All our expres-
sions assume covariance matrices are normalized such
that the vacuum state corresponds to the identity ma-
trix.

We estimate parameters GG, and 7i,, by measuring the
noise emitted from a matched resistor R = 50 Q2 as a func-
tion of the temperature 7', a method known as Planck
spectroscopy [5, 6]. This black-body noise is reflected
off of the quiescent JPA, operated with no flux pump
or flux bias. There are two noise sources: the —20dB
attenuator on the input signal line to the JPA and the
matched load of the isolators, both at the 10 mK-stage.
Their temperature is controlled by slowly heating up the
entire 10 mK-stage, allowing the temperature to stabilize
for 20 min before measuring.

The power spectral density of the noise is given by [7]

hw hw
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FIG. S1. Schematic of complete measurement setup including cryogenic electronics. Note that despite the JPA signal input is
connected to our multi-frequency lockin, it was not used in the measurements presented in the main text. A signal was provided
only for characterization purposes. Here we use a bandpass filter in the warm amplifier (WAMP) stage to 4.9-6.2 GHz range
with the purpose to reduce aliasing.

An amplifier scales this noise power by the gain G and bandwidth Ay this expression reads
adds an average number of noise photons 7,
1 hw 1
o 1 1 _
(V*) =4A;GhwR 3 coth T + 2(1 +2n)|. (SH)
1

hw 1 B
P =Ghw 92 coth 2%T + 5(1 +2n)| . (54) Note that even if the added noise 7 = 0, there is always
a half-photon of added noise power, which reflects the
nature of phase insensitive amplification [8]. Figure S2a

In terms of the voltage variance over a measurement depicts the fit of Eq. (S4) to the noise power, there ex-



pressed instead in units of photon number at the ampli-
fier input (hence this quantity is divided by the amplifier
gain) called the input referred photon number.

The noise power for the calibration is obtained at all
frequencies simultaneously (in the same time window)
with the multifrequency lockin. The data (Fig. S2a)
clearly shows the flattening at lower temperatures, re-
vealing the measurement of quantum fluctuations. The
extracted gain G and 7 as a function of frequency is
shown in Fig. S2b and Fig. S2¢ respectively. Heating the
10 mK-stage in this manner places the reference plane
for the calibration (as seen by the amplifier) close to the
first isolator and after the JPA. A better calibration pro-
cedure that takes in to account the small insertion losses
of the isolator and circulator, is expected to improve the
purity of our reconstructed data.

III. JOSEPHSON PARAMETRIC AMPLIFIER

The JPA is fabricated in the NIST Boulder cleanroom
using an optical lithography process for multi-layer su-
perconducting circuits with niobium trilayer junctions.
The layer stack details are given in the appendix of
Ref. [9]. The circuit, shown in Fig. S3, has a parallel LC
resonance, where C' ~ 12 pF is realized by an overlap ca-
pacitor with low-loss amorphous silicon as the dielectric
(e ~ 9, tand ~1.5-5x107°). L is the Josephson induc-
tance of a gradiometric de-SQUID, with junction critical
currents, Iy ~ 5 pA, giving a total SQUID critical cur-
rent, Isq ~ 10 pA. The SQUID’s Josephson inductance
is modulated with external magnetic flux from a flux line.
The flux port is driven by a diplexer (see fig. S1) for both
DC bias and AC pumping. The circuit was designed for
a maximum resonant frequency of approximately 8 GHz.
At zero flux bias the resonance is found at 7.8 GHz. The
resonator is coupled to the signal port through a capac-
itance C. =~ 0.5 pF which fixes the loaded bandwidth of
the JPA.

For entanglement measurements we bias the JPA res-
onance with DC flux to achieve wg/2m ~ 4.3 GHz (g, ~
+0.49(), where we measure a loaded bandwidth of k ~
124 MHz. At this flux bias, where the slope of the reso-
nance frequency versus flux is roughly linear, we mod-
ulate (pump) the flux at 42 ~ 2wy to generate 3-
wave mixing (in contrast to 4-wave mixing or ‘doubly-
degenerate’ pumping where Q4 o ~ wp). Three-wave mix-
ing has the advantage that pump-to-signal port leakage,
which may interfere with measurements of multi-mode
entanglement, is far from the mode frequencies of inter-
est.

For all entanglement tests we operate the JPA at rel-
atively low pump power. For the monochromatic case
the applied output pump power at the signal generator
output is —3dBm. With a bichromatic pump however,
we operate the JPA with each pump at —7dBm. Fig. S4
shows the power dependence of the noise power spec-
tral density (PSD) emitted by the JPA subjected to a

bichromatic pump. At —3dBm a Lorentzian-like shape
appears, indicating gain in the JPA. At —7dBm we see
that the PSD lifts slightly above the pump-off reference
(solid line). We found that —3dBm added too much
noise to the data for investigation of multi-modal entan-
glement, but —7dBm was a good compromise between
strong correlations and low added noise. The shaded re-
gion indicates the frequency range where the entangled
modes from the main text can be found.

IV. COVARIANCE MATRIX
RECONSTRUCTION

A. Error propagation

The experimental errors in the covariance matrix V'
should take into account uncertainties in both the mea-
surement and the calibration. We estimate measurement
errors by applying a bootstrap method (see [10] for a
pedagogical discussion) to each element in the covariance
matrix. The two sources of error are appropriately com-
bined through error propagation based on Eq. (S2) in the
main text (assuming G > 1), to obtain an estimate of
the uncertainty of each element in V', expressed as an
error matrix o,,.,.

N2
Gy 2 7 Gn v
o Van 2 Vino; Inm
(=) + (207 + 4tz +<Gn)
o2 if n =m,
nm _ 2 N 2 _ 2
o Vim + 05 Vinn + N
2,/G3 G 2,/G3,Gn GnGm
if n #m,
(S6)
where ¢& and o7 are uncertainties in the parameters G

and . As we cannot assume these are completely inde-
pendent, their covariance O‘TCL'% has to be accounted for.
The measurement errors in V,,,,, are denoted o/, .

For the SvL criteria Eq. (??), the uncertainty in the
quantity £ is estimated using error propagation, for
which the result is

68 = I3 ((0™%shah% + (099)2 40203 ). (ST)
ap

The uncertainties in the covariance matrix are denoted
by o'l and 0@? (corresponds to the uncertainties in ele-
ments of V! and V@ respectively, see the main text).

B. Additional details on data analysis

The optimization of Eq. (??) is performed by convex
optimization [11, 12]. As mentioned in the main text, for
each of the three subsets of independent modes, K1,
K9 K' we analyze six covariance matrices from which
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FIG. S2. a: Number of photons referred to the amplifier input. The fit provides with the values G (gain) and 7 (added noise)
at the frequency specified by the dashed vertical line in figures b and ¢ (at 4.19 GHz). The deviation from the green line is due
to vacuum fluctuations. b and c¢: The gain and added noise is plotted as a function of frequency. In all figures, the errorbars
indicating one standard deviation are smaller than the marker size.

flux port

FIG. S3. An optical image of the JPA device with an inset
zoomed in on the gradiometric de-SQUID. Flux and signal
parts are labelled. The width of the chip is about 5mm.

a maximum value of 1.150, 0.950 and 0.920 standard
deviations is obtained for each subset respectively. Each
of the six matrices in each subset is tested for entangle-
ment using (??) from the main text. Optimization is
in this case carried out using differential evolution [13].
The results of these individual tests are shown in Fig. S5.
Fig. 7?7 in the main text presents the weighted mean for
each subset, which is calculated according to

1 _ 1
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FIG. S4. The noise PSD from a bichromatically pumped JPA.
The different colored lines indicate the pump power of each
pump in dBm (both pumps are equal in power). For the
entanglement tests, the JPA was operated at —7dBm. The
shaded region indicates the frequency range where the modes
for our entanglement test reside.

V. COVARIANCE MATRIX OF OUTPUT
NOISE

A. JPA Hamiltonian

The Hamiltonian for a resonator terminated in a
Josephson junction is

P
H = hw, a'a — Ejcos (—> ) (S9)

®o

where ® is the total flux across the junction and ¢y =
h/2e is the reduced magnetic flux quantum. We expand
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the cosine up to second-order in ®/pq

(@) 52 o [(2)] o

Discarding the constant term, we have

E; [(®)?
— T = (2
H = hw,.a'a+ o1 <(p0) . (S11)
Now, the flux field ® is given by
b = ¢ZPF(QT + a), (812)

where ¢zpr correspond to the zero-point fluctuations
(ZPF) in the flux. Then, we finally get for the Hamilto-
nian

Ey

i@%(aT +a)?,
where we have introduced the reduced ZPF ¢
¢zpr/@o- This can be further simplified to

H = hw, a'a + (S13)

H = h@, a'a + %gﬁ%(aw + a?) (S14)
by introducing the renormalized resonator frequency
Wy :wT+EJ¢(2)/7:L.

Replacing the Josephson junction by a DC SQUID,
we gain tunability of the Josephson energy: E; —
Ej(pext) = Ejocos(Pext). Consider the following time-
dependent external magnetic flux

¢ext (t) = (bdc + ¢ac(t),

where ¢q. is a time-independent bias and @, (¢) is a small
amplitude modulation supplied by a flux pump. The
amplitude is small in the sense that |¢ac(t)/dac| < 1.
In this regime we have different order approximations of

(S15)

the Josephson energy in the modulation amplitude. To
first-order

COS Poxt (t) = 08 (¢ac + Pac(t))

= €08 Pdc — Pac(t) Sin Pac, (S16)

and second-order

Cos ¢ext (t) = COSs (¢dc + ¢ac(t))
= COS Pde COS Pac(t) — Sin Pyc SIN Pac(t)

= COs ¢dc <]- - %Qsac (t)z) - (bac(t) sin ¢dc

= COSs ¢dc - <¢ac (t) sin ¢dc + %Qsac(t)z COS ¢dc>
(S17)

We find it sufficient to consider only up to first-order to
qualitatively reproduce the features in our data. Notice
that if we had not applied any static flux bias, i.e. ¢qc
0, then the first-order expression Eq. (S16) would reduce
to zero and the second-order expression Eq. (S17) would
be necessary.

In this work we consider a modulation of the form

bac(t) = Z iAn exp [—i(23, + 0,)t] + hc.,  (S18)
n=1

that is, a sum of n, sinusoidal waves at near twice the
resonator frequency. For a bichromatic pump, ns = 2.
Here A, denote the complex amplitudes and |§,| < @,
the small detunings from 2@,..

In the first-order approximation Eq. (S16), the Hamil-
tonian for the resonator and SQUID becomes

. 1
H ~hyala+ g(ELLO cos ac) g (al? + a?)

- l(EJ,O Sin Gac) dg Pac () (aT + a)2 )

= (S19)



Note that for the time dependent part we are consid-
ering the full ®2 potential [cf. Eq. (S12)]. As cus-
tomary, in order to study the slow dynamics resulting
from the modulation, we transform the Hamiltonian into
the rotating frame defined by R(t) = exp(iw,a’at), i.e
H — Hr = RHR' +iRR":
1 _N
Hpg(t) za(Em COS e ) Pi (afze“zw"t + h.c.)
1 . S\ =26,

- E(EJ’O sin gf)dc)gbg Z {Mne (20rton)t h.c.}

X (ameﬂm’"t + a?e 2t 4 2aTa) . (S20)
In the rotating wave approximation (RWA) we keep only

the slow rotating terms, i.e., those rotating at frequencies
much smaller than @,

. 2
i . .
Hrwa ~ —E(EJO sin (bdc)qbg E Apat2e 0t 4 hee.

n=1

(S21)

B. Langevin equation of motion

Introducing the pump frequencies wy; = 2w, + 0;, ¢ =
1,2, we can re-write the first-order RWA Hamiltonian

(S21) as

Hrwa = —
(522)

where we introduce p, = (Ejsin ¢ac) paAn/h for nota-

tional brevity. Now we un-do the rotation transformation
R(t) which leads us to
ih

H ~ ﬁﬁ,.aTa _ Z (lu;;azeﬂwp n unam

efiwp7nt) )

(S23)

From here we derive the Heisenberg equation of motion
O¢a = i[H,a]/h. For convenience, we work in the fre-
quency domain defined by

+o0
afw] :/ dte™a(t). (S24)

—o0
Therefore, the Langevin equation of motion is

£ o= 0]l = 3. o — ] = v,

(S25)

where we included the presence of the environment with
the external decay rate & of the resonator (ignoring inter-
nal losses) and a;, the input operator [14]. This equation
tells us that for every ”signal” frequency w there are two
"idlers” with frequencies w, 1 — w and wp 2 —w

2
E [,U: a26+7, (wp,n =20 )t _ /J,naT267i(wp’"72wT)ti| ,

C. Frequency comb output correlations

The idea now is to characterize the output correlations
resulting from the mixing of equally spaced input signal
frequencies, i.e., a frequency comb. This follows from
studying the output frequency components given by the
input-output equation aous[w] = ain[w] + Vka[w] [14]. In
order to do this we need to first define the frequency
comb.

We start by introducing the following notation é; =
—02 = —A/2. In terms of A the pump frequencies can
be re-written as

Wp,1 = 267‘ — A/?

wp’g = 2GT + A/2
Without loss of generality we assume § > 0 and therefore
Wp2 > Wp 1.

The frequency comb is defined as an equally spaced set
of frequencies labelled by an integer index n

Wy = wp +no.

We choose the center of the comb as wy = (wp1 +
wp,2)/4 = @, and its spacing J as

Wp,2 — Wp,1 A
S - A R — S26

Following Eq. (S25), for a signal w in the frequency
comb, i.e., w = wy, the two idlers are located at wp 1 —wy,
and wp 2 — wy,. We can rewrite these as

Wp,1 — Wy = 2wy — 26 — (wo + nd)
=wp— (n+2)4
= W-_n-2
and
Wp.2 — Wy, = 2wy + 20 — (wo + nd)
=wy— (n—2)4

in other words the idlers are also within the frequency
comb with an index spacing of +2. Therefore, if n is an
even (odd) integer, it will only be coupled to other even
(odd) frequencies, or equivalently, there will be no cor-
relations between even and odd indices in the frequency
comb. Furthermore, while the two pumps connect all
even modes with each other, the odd ones are split into
two subsets:

{--—11,-7,-3,+1,45,+49,...}
{++=9,-5,-1,43,47,+11,...}

See Fig. 7?7 in the main text for a visual rendition of the
correlation across modes in the comb.



Finally, by introducing the notation alw,] = a, for
the frequency-domain operators, we rewrite the Langevin
equation (S25) for the frequency comb as:

X;lan - HlaT_Q_n - ,UQCLT_TH_Q = —\/Eai,?, (827)
with x, = [k/2 — i(w, — &)L

In order to solve for agutwn] = Gout,n, We can write
the system (S27) in matrix form

Ma = —kay,, (S28)

with @’ = (...,a_1,a0,0a41,... ,ail,ag,all, ...) and

similarly for a;, and acy. From the above equation

we have a = —\/EM_lain. The solution for the out-
put frequency components follows from the input-output
relation

Qout = Qin + \/Ea

= (I+ kM Yay, = Say,. (S29)
The quadrature operators x, = b}, + b, and p,, = i(b], —
by,) can be obtained via the linear transformation r = Kb
with b = a, ai,, acut and the matrix K given by

_ (L I
K= (iﬂn z’Hn> :

when the quadratures are arranged in the (x, p) ordering
r= (l'lv'uaxnv plv"‘vpn)'

The linear relation between input and output modes
(S29) is a consequence of having neglected the non-linear
contributions from the SQUID potential. This linear
transformation will convert an input thermal (Gaussian)
state into an output Gaussian state as well. A Gaussian
state is completely characterized by its first and second
order moments, the latter being known as the covariance
matrix V. The covariance matrix is defined as

(S30)

V=gt o)),

> (S31)

in terms of the quadrature vector r. From Egs. (S29)
and (S30) we can define a linear transformation between
input and output quadrature operators

Tout = ATin, (S32)
from which we have

Tout - r;rut = Arin(Arin)—r = A(rip - r;)AT.

Therefore, the input and output covariance matrices re-
late as

Vour = AV AT, (S33)
If we assume the input modes to be in the vacuum state,
then Vi, = I

The theory matrix in Fig. 7?7 is given by Eq. (S33),
where we assume the input state to be vacuum. Hence,

the output covariance matrix V¢ is determined by ma-
trix A, which is in turn set by the parameters uy, uo,
Wy, k and w,. Since the parameters x = 27 - 124 MHz
and &, = 27 - 4.3GHz are obtained from a frequency
spectroscopy sweep, and w,, is set by the experimental-
ist, this leaves us with only two parameters, p1 and ps,
which are complex effective couplings between modes and
controlled by the two flux pumps. We adjust these val-
ues by hand, obtaining good correspondence between ex-
periment and theory with p; = 27 - 15.6290° MHz and
pp =27 - 15.6£ — 60" MHz.

D. Gaussianity of measured noise

Our theoretical model and experimental analysis con-
siders the noise to be Gaussian. A distribution is Gaus-
sian if it is completely characterized by the first two
moments. We therefore check for Gaussianity by also
calculating the third and fourth order moments in our
data, called the skewness and kurtosis. We use the
scipy.stats-package [15, 16] to test the distribution of
I- and @Q-quadratures at each frequency. The result is
presented in Fig. S6. Skew and kurtosis are zero for an
ideal Gaussian distribution. We see that all values (for
all quadratures and all frequencies) are small. But are
these values are small enough given the number of data
points? To answer this question we do a skew and kur-
tosis test, where our null hypothesis is that our data is
drawn from a Gaussian distribution. The right-hand col-
umn in Fig. S6 presents the p-value for this hypothesis
test. Since a majority of the p-values are larger than
0.1 we have a high level of confidence that our data is
sampled from a Gaussian distribution.

VI. MULTIPARTITE ENTANGLEMENT
A. Bipartite entanglement criteria

In Fig. 7?b we compared three entanglement tests: the
Duan criterion, the PPT test and the SvL test. Consider
two Gaussian states A and B residing in the joint Hilbert
space Ha ® Hp. With our choice of normalization, the
Duan criterion is [17]

((Au)?) + ((Av)?) —4 >0, (S34)
where u = x4 +xp and v = p4 —pp. The quadrature op-
erators z 4/ p and p,p satisfy the commutation relations
[a,pa] = [zB,pB] = 2 and the mean is taken over the
bipartite state described by the covariance matrix Vp.

The Duan criteria is a necessary and sufficient con-
dition for separability. Another necessary and sufficient
condition for separability is the Positive Partial Trans-
pose (PPT) test [18]

VEFT i >0, (S35)
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FIG. S6. Skew and kurtosis of our sampled distributions, and the corresponding p-values with our null hypothesis being that
our underlying distribution is Gaussian. All skew and kurtosis values are small (ideally zero), and the corresponding p-values
mostly greater than 0.1. Hence we deduce that distribution underlying our measured data is indeed Gaussian.

where VFPT = AV, pA and A = diag(1,1,1,—1). Both
Duan and PPT criteria apply to bipartite systems and
they can not be be used to determine multipartite entan-
glement. For multipartite entanglement we use the SvL
criteria, which tests for arbitrary k-partite entanglement.

B. Genuine multipartite entanglement (GME) and
full inseparability

An n-partite mixed state p is called fully separable if it
can be written as a convex combination of product states:

p=> pi(pi@phe - 0p,), (S36)

where p; > 0 and Zi p; = 1. This is a direct generaliza-
tion of the definition of separability for bipartite states
n = 2. In contrast to a bipartite state, which is either en-
tangled or separable, there exists several classes of entan-
glement and separability for multipartite states. One can
arrange the n parts (modes) into k < n partitions, which
are then considered as subsystems. States that are fully
separable with respect to this partition (or can be writ-
ten as a mixture of such states) are called k-separable. A
state that is not k-separable is called k-inseparable [19].
A state that is not separable with respect to any such
split is called fully (n-partite) inseparable [20].

Let us consider a tripartite state as an example. It is
fully separable if it can be decomposed as

p=> pipl®ph®ps). (S37)

K3

It is 2-separable or biseparable if it can be written as

either of the following states, or a mixture thereof:
p=> pi(pla®pf),
p= _pi(pis®ph),

p=> pi(phs@p),

(S38)

where pi,y, pis and pb are bipartite states. They can be
either entangled or separable but in the latter case we will
actually have the above fully separable case. In general
(k +1)-separability implies k-separability [21]. Note that
if the state is a statistical mixture of all three states (S38),
there is no single bipartite split with respect to which the
state is separable, but the state is nonetheless biseparable
since it is a mixture of biseparable states [22].

If a state is not biseparable, it is said to be genuinely
multipartite entangled (GME). That is because it implies
entanglement for any other partitioning of modes. For
pure states, GME is equivalent to full inseparability. This
is not the case for mixed states. In this context, GME
implies full inseparability, but not the other way around.
Hence GME is a stronger form of correlation [23].

The SvL test result of Fig. ?? show that none of our
bipartitions are separable, which suggests we are gener-
ating fully inseparable states [24-26], but not necessarily
GME as we have not ruled out mixtures of biseparable
states.

C. GME in lossy systems

It is known that testing for GME is more sensitive
to imperfections of the experiment, in comparison with



other measurements of entanglement [27, 28]. To explore
this effect we simulate losses by mixing a signal with an
auxiliary mode in the vacuum or a thermal state at a
fictitious beam-splitter. After the beam-splitter, the re-
flected mode is lost and we are left with the transmitted
one. The beam-splitter transmissivity n determines what
fraction of the original signal is transmitted with n = 1
corresponding to the lossless case while n < 1 implies
the presence of losses, which in an experimental setting
could stem from cryogenic electronics such as cables and
isolators. We combine n modes from an ideal covari-
ance matrix Vigea (calculated according to the theory in
Sec. V C) with vacuum Iy,,. The covariance matrix of the
beam-splitter input is the direct sum of Vigea1 and Io,

- Vrideal 0
o (Va0

The state transforms as

V' =85VvsT

(S39)

(S40)

under the beam-splitter transformation S, which is given
by [29]

( cos 0I5, sin Hﬂgn) (S41)

—sin 0l,,, cosOls,,

with 7 = cos? . After the vacuum modes are mixed in
and traced out, we select a subset of 5 modes and cal-
culate the purity p(V) = 1/4/|V] [29] as well as the en-
tanglement witness. Here we use the program FullyWit
that tests for full separability, and MultiWit that tests for
GME, both from Ref. [30]. The results shown in Fig. S7
for different levels of vacuum noise.

Selecting only a subset of modes from a larger entan-
gled system causes a reduction of purity. In this example
with five modes, the initial purity is p = 0.5410. In
Fig. S7, we show how the witnesses of full separability
and GME change as 7 is reduced, meaning more vacuum
is mixed into the state. When the full separability wit-
ness is negative, it means the state is not fully separable,
i.e. there is some type of entanglement in the state. If the
GME witness is negative it means the state is genuinely
multipartite entangled. It can be seen that the full sep-
arability witness increases linearly with the reduced 7,
but remains negative until 7 = 0 when the state is fully
vacuum. However, the state is genuinely multipartite en-
tangled only until 7 = 0.64 corresponding to a purity of
0.31.

Our example shows that it is in theory possible to gen-
erate GME states using our method, provided that the
purity is not too low. An analysis of our data however,
reveals that the K ! sets have an average purity of 0.20,
while for K' and K° it is 0.16 and 0.06 respectively. It
is therefore unlikely our current dataset exhibits GME.
An application of the Hyllus and Eisert test [30] to our
data provides no strong evidence for GME. Future re-
search should improve on the experimental methodology
to enable states with higher purity.
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FIG. S7. Witnesses of full separability and GME for increas-
ing amounts of vacuum mixed into an ideal state of five even
modes, as a function of beam splitter transmittivity 7. The
state is never fully separable except for n = 0 when the state
is completely vacuum, but GME is only present until the pu-
rity has decreased to 0.31, indicated by the vertical dashed
line. The inset shows purity which decreases as more vacuum
is mixed into the state, and then increases after n = 0.5 as
the state becomes more and more dominated by vacuum.
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