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ABSTRACT

To date investigations of the dynamics of driven colloidal systems have focused on hydro-

dynamic interactions and often employ optical (laser) tweezers for manipulation. However,

the optical fields that provide confinement and drive also result in electrodynamic interac-

tions that are generally neglected. We address this issue with a detailed study of 150-nm

Ag nanoparticles electrodynamically interacting in an optical ring vortex trap using 150-nm

diameter Ag nanoparticles. We term the resultant electrodynamically interacting nanopar-

ticles a driven optical matter system. First, the instrument used to create driven optical

matter is described with special attention to optimizing the components that create the op-

tical ring vortex. Next, we explore a systematic study of the electrodynamical interactions

of driven optical matter using experimental and simulation methods We determined the

nature of optical ring vortex gives rise to increased fluctuations of interparticle separation

that should not be neglected in any optically driven colloidal system. Then, we use driven

optical matter to test various kinetic models in a non-equilibrium barrier crossing exper-

iment. We show that one can easily misinterpret dynamics from barrier crossing models

through experiment and simulation where no barrier is present. Afterwards, barrier crossing

in driven optical matter is explored in a system where the barrier is not fixed at one location

but moves with the particles. This “particle passing” process also involves a 2-dimensional

reaction coordinate that modulates as a pair of particles is driven around the optical ring

vortex. Finally, localization errors that result from particle tracking are explored and a new

method for correcting those errors, the SPIFF algorithm, is presented.
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CHAPTER 1

INTRODUCTION

Chemistry is the study of the composition, structure, and properties of matter [1]. There are

many aspects of studying matter such as studying the structure of matter using spectroscopic

techniques [2–5], determining how to combine matter in specific ways to create new matter

such as in organic synthesis [6, 7], or examine the physical properties of matter [8]. The

properties of matter are governed by the atoms and molecules that it is constructed from,

and while techniques exist such as Scanning Tunneling Microscopy (STM) [9] or Atomic Force

Microscopy (AFM) [10] that visualize the arrangement of atoms or molecules these techniques

are not fast enough to capture the movement of matter on the smallest scale. In fact

established theories [11] in chemical kinetics model the motion and interactions of these atoms

without ever actually being able to visualize the reactions that are taking place. A common

theoretical technique to model the motion of molecules is to use molecular dynamics (MD)

[12] to simulate the movement of the molecules at the molecular scale. However, limitations

on computer power prevent simulating many interacting molecules and might require making

approximations such as coarse graining molecular interactions [13, 14] or imparting artificial

potentials [15–17] to guide molecular motion in order to study the phenomena of interest.

Indeed, being able to visualize molecules interacting would allow us to give experimental

validation to simulations and modeling.

While being able to visualize the movement of molecules in matter has not be fully

realized experimentally, one can imagine constructing a model system that is serves as an

analog of a molecular system that can be visualized in order to test various theories of

molecular dynamics and reactivity. Ideally, this model system would contain components

that are large enough to see with faster sampling techniques but would still retain the

properties of molecules such as thermal motion and intermolecular interactions. Optical

matter [18, 19] is a model system that possess properties that are akin to those seen in

atoms/molecules but the constituents of optical matter can be visualized using conventional
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optical microscopy methods. Optical matter is a structure of small particles (microscale

particles) interacting in the presence of a strong electromagnetic field. This thesis presents

several studies of the properties of optical matter and the creation of optical matter models of

driven nonequilibrium systems through the use of exotic electromagnetic fields. In particular,

driven optical matter is used to validate molecular kinetic models of barrier crossing process

under nonequilibrium conditions.

1.1 Optical Matter

Optical matter is created from a combination of optical trapping and optical binding be-

tween microscopic particles. Optical trapping is a technique where a focused laser is used

to manipulate microscopic particles by exploiting the momentum property of light (electro-

magnetic radiation) [20, 21]. The concept of a photon, i.e. a single packet of electromagnetic

radiation, was discovered gradually in the early 20th century by Albert Einstein and Max

Planck. Einstein showed in 1909 [22] and 1916 [23] that the energy quanta of electromagnetic

radiation must also carry momentum, p = h/λ, where h is Planck’s constant and λ is the

wavelength of light. In 1923 the momentum property of light was first observed by Compton

[24] examining the change in the wavelength of X-rays due to imparting momentum on an

electron. Normally the momentum in a photon is too small to affect large objects; however,

it was discovered in 1970 that that the momentum from light could be transferred to micro-

scopic dielectric particles by using a focused Gaussian laser beam [20, 25]. To successfully

trap particles in 3D two optical forces need to be balanced, the scattering force and the

gradient force (Figure 1.1a). The scattering force arises from photons that are scattered or

absorbed by the dielectric particle and applies a force pushing the particle in the direction

of the electric field. In the ray-optics description of the gradient force, photons that refract

through the dielectric particle impart the change of the photon momentum on the dielectric

particle in the direction of the highest intensity of the laser light (Figure 1.1b). This ray-

optics description works well to describe the forces acting on a dielectric particle larger than
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the wavelength of laser light and it was often thought for a long time that metallic particles

could not be optically trapped due to the scattering force would overpower the non-existent

gradient force.

However, it has been shown that metal nanoparticles much smaller than the wavelength

of light are able to be optically trapped as well [26]. While the scattering force remains

large for metal nanoparticles the nature of the gradient force is different than the ray optics

description because light cannot pass through a metal nanoparticle at the wavelengths used

for trapping. For light incident on a metal particle the gradient force is characterized as,

Fgrad(r) = 1
2ε0
Re{α}∇I(r) where ε0 is the vacuum permittivity, α is the polarizability of

the material, I(r) is the intensity of the electric field at position r [27]. The repulsive optical

force comes from both scattering and absorption of light off the metal nanoparticle and is

defined as Frp(r) = nm
c σext〈S(r)〉 where nm is the refractive index of the metal, c is the

speed of light in a vacuum, σext is the particle extinction cross section σext = σabs + σscat,

and S(r) is the Poynting vector of the incident light [27]. When these forces are balanced

then the metallic particle is trapped in the laser light.

Optical trapping is not just limited to using Gaussian shaped traps. Other beam shapes

(e.g. Bessel beams, vortex beams, ring traps, etc.) are readily produced using active or

passive optical devices [28]. For example, diffractive optical elements (DOE) can be used

to trap particles with different shaped electromagnetic fields [29–35]. The simplest DOE is

a transmission diffraction grating that will produce (at least) 3 unique beams. In general,

DOEs are constructed from a flat piece of glass and using lithography to etch a custom

pattern into the glass [29]. When light passes through the DOE the phase of the light will be

altered according to the pattern etched into the surface, i.e. light that travels through the

parts of the glass that have been etched will have a shorter path length and different phase

than light that travels through glass that is not etched [36]. The pattern etched into the

glass surface and the etching depth will have an affect on the light field traveling through

the DOE and the spatial phase change of the light after the DOE. When the etching depth
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Figure 1.1: (a) Schematic of optically trapping a particle with a laser showing the competing
forces acting on the particle. The scattering force FScat aligned with the laser propagation
is balanced by the gradient forces FGrad pulling the particle towards the center of the beam
waist. (b) A diagram that shows how the gradient forces arise in a dielectric trapped particle.
The refraction of light of lower intensity (red arrow marked 1) applies a smaller force (F1)
due to the change of its momentum compared to the larger intensity light (red arrow marked
2) which applies a larger force (F2) towards the high intensity region in the beam.

is 0.5λ then the portion of an optical beam going through the etched parts of the DOE

will be completely out of phase compared the rest of the beam. Etching glass is not the

only way to create a DOE. Liquid crystals have been shown to change the phase of light

based on their orientation with respect to the incident field [37]. Arrays of liquid crystal

cells (similar to a liquid crystal display) have been used to create devices, known as spatial

light modulators (SLM), where the liquid crystal in each pixel of the array can be tuned to

change the phase of light between 0 and 2π arbitrarily [38]. Because the liquid crystals in a

SLM control the phase of light between 0 and 2π in each pixel, they can be used not only for

producing diffraction patterns from two π-shifted phase profiles (i.e. a binary phase pattern

or mask), but can also apply smoothly varying spatial phase functions on the incident field.

In this way, a SLM can change the phase profile of a laser that are not easily producible on

an etched DOE (i.e. etching produces discrete phase shifts). Slowly varying spatial phase

gradients have been used in creating all kinds of exotic optical traps such as optical line
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traps, optical line barriers, and optical vortices [39].

One of the consequences of optically trapping objects with spatially coherent laser light

is that electromagnetic (EM) radiation is scattered in all different directions after hitting the

object. This scattered EM field has the same wavelength as the incident EM field but due

to the different paths of scattered light versus the incident light, the EM field scattered off a

particle would have a different phase than the incident EM field. As expected, the scattered

light field and incident light fields interfere to shape the electromagnetic radiation around

each particle. The shaping of the EM radiation of the incident and scattered fields around a

trapped particle leads to “optical binding” [18, 40, 41], i.e. the creation of potential energy

wells around particles due to the interference of the incident and scattered fields. “Optical

binding” was first discovered in 1989 by Burns et. al. [40] who found that dielectric particles

will arrange themselves in an optical trap with separations of roughly integral multiples

of the wavelength of the incident optical field. The strength and orientation of optical

binding depends on the polarization and the wavelength of the trapping field. Particles

will optically bind to one another at distances of roughly one wavelength where binding sites

perpendicular to the polarization of the incident field have stronger binding than sites parallel

to the incident field. The electrodynamic interactions between a pair of metal particles in

an optical trap can be calculated from Maxwell’s equations using the finite-difference time-

domain (FDTD) method [42]. Figure 1.2 shows the potential energy surface of a second

150 nm Ag nanoparticle near a Ag nanoparticle located at the origin when illuminated with an

800 nm plane wave. The strongest electrodynamic interaction for a pair of Ag nanoparticles is

the near-field interaction aligned in the direction of the polarization at ∼150 nm separation

(−150 nm and +150 nm in the x direction in Figure 1.2). However, the optical binding

interaction (a far-field electrodynamic interaction) can be seen in Figure 1.2 at ±600 nm in

y while weaker optical binding sites are at ±600 nm in x.

Later in 1990, Burns coined the term “optical matter” [18] to describe several particles

in an optical trap that interact through optical binding. The strength of optical binding
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Figure 1.2: The potential energy of a second 150 nm Ag metal nanoparticle near a metal
particle at the origin calculated from Maxwell’s equations. The particle at the origin is
trapped with 800 nm light with a surrounding medium of water. The polarization of the
electromagnetic field incident on the metal nanoparticle is horizontal in the image.

amplifies when there are more particles in succeeding binding locations which causes the

movement of one bound particle to affect all other particles bound to it [19]. Optical matter

created from metal nanoparticles have the strongest optical binding interactions because

of the large scattering cross-sections and hence scattering of the trapping electromagnetic

field [43]. “Optical matter” composed of optically bound metal particles behave very similar

to atoms/molecules as they can form different structures in the light field [44] or they can

“react” to form new structures based on initial conditions and the type of electric field

used [45]. However, the research done on optical matter thus far has mostly been of static

structures, i.e. looking at the structure of optical matter in different EM fields, and not

how optical matter moves in driven EM fields. In Chapter 3 we will examine the properties

of optical matter being driven in a shaped EM field while in Chapter 4 and 5 we examine

kinetics of barrier crossing processes in driven optical matter systems.
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1.2 Kinetics

The kinetics of barrier crossing phenomena are of fundamental importance in Physics, Chem-

istry, and Biology [46–54]. Studies of barrier crossing in Chemistry typically obtain the rate

at which molecules react to form products by surmounting an activation energy (or free en-

ergy) barrier. The Arrhenius equation, k = Ae−Ea/(RT ), first proposed by Svante Arrhenius

in 1889, was used to model the rate of reactions and determine size of the energy barrier

the reactants must cross to form products [11]. However, the Arrhenius equation does not

account for reactions where reactive intermediates are involved in the kinetics of converting

a reactant to a product [55]. Additionally, the physical meaning of the two parameters in

the Arrhenius equation, namely the pre-exponential factor (A) and the activation energy

(Ea), were not understood since it was derived as an empirical model. The development

of statistical thermodynamics and the concept of the potential energy surface spurred the

creation of Transition state theory (TST) [56–58]. TST treats a chemical reaction as a

process that surmounts a potential energy barrier where the transition state at the barrier

top separates reactants from products. The transition state is in a quasi-equilibrium with

the molecules on the reactants side of the energy landscape. The Eyring-Polanyi equation

[56, 57], k = kBT
h e−

∆G‡
RT is a statistical thermodynamic result derived from TST that relates

free energy of activation, ∆G‡, the statistical movement of the molecules in kB
h where h is

Planck’s constant. Transition state theory describes barrier crossing dynamics in the gas

phase for frictionless conditions, while Kramers theory is appropriate in frictionally damped

environments such as solution [48, 59, 60]. In Kramers theory a parabolic barrier is crossed in

a diffusive manner in a canonical ensemble (at equilibrium) where the barrier height >kBT .

Kramers theory has been extended to describe the kinetics of barrier crossing when a force

or load is applied by changing the equilibrium potential energy landscape with an increasing

tilt towards the products which represents the applied force [61]. This extension of Kramers

theory provides a relationship between the applied force on a molecule and its rate of me-

chanical rupture [54, 62]. However, Kramers theory is strictly an equilibrium description
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of barrier crossing so caution should be used when extending Kramers theory to included

nonequilibrium conditions. We explore several nonequilibrium optical matter systems and

discuss the complications of modeling nonequilibrium systems using theories extended from

equilibrium ideas in Chapter 4 and 5.

1.3 Particle Tracking Methods

Tracking the dynamics of and positions in particles is necessary for research in physics

and biology. For example, metal nanoparticles have been used to tag and track transport

of microtubules [63, 64], and microparticles (from 0.1 µm–2µm diameter) have been used

to probe the strength and range of hydrodynamic interactions [65–68]. In these examples

many and other applications, accurate tracking of spherical or circularly shaped features in

microscopy data was an important aspect of the research. Methods have been developed to

precisely locate the center of circular features in a digitized image with sub-pixel accuracy.

Typically these methods are executed as part of a software package that analyzes each frame

of the digital image. Some of this software comes in a commercial package like Imaris or

Diatrack [69] while open source packages (e.g. incorporated in ImageJ [70]) exist that use the

most popular particle tracking algorithms [71–73]. The most accurate method of localizing

the particle’s center in a digitized image is to fit each feature with a Gaussian using a

nonlinear least-squares algorithm [74]. However, this method is quite slow as it requires

numerical iteration on each particle in the frame to determine the optimal parameters. Faster

localization methods are often preferred especially if real time tracking is necessary for the

experiment. By far the most popular method of particle tracking is the method first proposed

by Crocker and Grier (CG) in 1996 [71]. The CG method is so widely used because it is very

fast and only requires calculating the center of each particle using the weighted intensities

of the pixels that make up each particle (i.e. its center of mass). While the CG method

works adequately for images with good signal to noise and well defined particles, it performs

poorly when particles become very small (∼1–2 pixels in diameter) or multiple particles are
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in close proximity causing a decrease in the subpixel accuracy. In Chapter 6 we explore

several sources of error in subpixel localization using the CG method as a prototype method

of particle tracking and offer a method to correct the so called “pixel-locking” [75, 76] errors

in particle tracking.

1.4 Structure of Dissertation

This thesis covers two general topics of research, the study of the dynamics of driven optical

matter and the development of new methods for correcting errors in particle tracking. Chap-

ter 2 details the experimental methods performed for this work, including the construction

of the optical trapping instrument used in the experiments and the preparation of samples

for optical trapping experiments. Chapter 3 presents a systematic study of the properties

of driven optical matter by experimental and simulated methods. Chapter 4 examines the

kinetics of driven optical matter crossing a stationary electromagnetic barrier. An in-depth

look at nonequilibrium barrier crossing kinetics are tested using driven optical matter cross-

ing the EM barrier. In Chapter 5, driven optical matter is used to explore barrier crossing

kinetics where the barrier is not fixed at one location but moves with the particles. This “par-

ticle passing” process also involves a 2-dimensional reaction coordinate vs the 1-D system

of Chapter 4. Finally, in Chapter 6, localization errors that result from particle tracking are

explored and a new method for correcting those errors, the SPIFF algorithm, is presented.
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CHAPTER 2

EXPERIMENTAL METHODS

2.1 Optical Trapping Instrument

A home built Titanium-doped sapphire (Ti:S) laser reflected from a SLM and directed into

and focused by a microscope was used to trap the Ag nanoparticles as shown in Figure 2.1.

3.4 W of power from a continuous wave laser (Spectra Physics Millennia 523 nm) was used

to pump either a home-built or commercial Ti:S laser [77]. A λ/2 waveplate was used to

align the polarization of the pump laser to be perpendicular to the laser table. As shown

in Figure 2.2 the 532 nm beam was focused with a f = 5 in focal length lens onto the Ti:S

crystal (Crystal Systems, 2.6 mm path length, absorbance = 5 cm−1, Brewster cut). The

crystal was cooled to 9 ◦C using water circulated through a home-built copper mount that

was clamped onto the Ti:S crystal from the top and bottom to allow uniform cooling the

crystal from both sides. The Ti:S crystal and mount was connected to a 3-axis translation

stage with a single axis rotation stage that allowed rotation of the crystal in the plane of

incidence. Laser excitation of the Ti:S crystal was collected by the concave mirrors CM1

and CM2 that have broad reflectivity for the red fluorescence of the Ti:S crystal (≥99.9%

for wavelengths 650 nm–1020 nm) and high transmission (∼98%) at the pump wavelength.

The curved mirrors CM1 and CM2 were placed one radius of curvature from the Ti:S crystal

(radius of curvature=5 cm) and are angled to direct fluorescence to the high-reflector and

output coupler (HR and OC, respectively in Figure 2.2) Both the HR and the OC are flat

dielectric mirrors, with the OC transmitting 5% at 800 nm wavelength. A birefringent tuning

element (BT) was inserted at Brewster’s angle after alignment of the laser cavity. The angle

of the BT in the plane perpendicular to the laser table was manipulated allowing the laser

wavelength to be tuned from 740 nm to 840 nm. The laser cavity output power was ∼400 mW

at the desired wavelength of 800 nm.

The home built Ti:S laser was used for trapping in the optical trapping instrument
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Figure 2.1: Schematic of the optical trapping instrument. Abbreviations are Faraday isolator
FI, lens L, diamond pinhole DP, Glan-laser polarizer GP, iris diaphragm ID, spatial light
modulator SLM, short pass SP, dark field condenser DFC. The angle of incidence of the laser
beam on the SLM is α < 3◦.
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Figure 2.2: Schematic of the laser cavity of the home-built titanium-doped sapphire (Ti:S)
laser. Abbreviations are λ/2 waveplate WP, lens L, curved mirror CM, titanium-doped
sapphire crystal Ti:S, high reflector HR, birefringent tuning element BT, and output coupler
OC.
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depicted in Figure 2.1. The 800 nm Ti:S laser was directed through a Faraday isolator (FI)

before it was cleaned up with a home built spatial filter. A 15 cm lens (L1) focused the

beam through a 50 µm diamond pinhole (DP). The resulting TEM00 beam passes through

a Glan-laser (GP) polarizer to make the polarization perpendicular to the optical table. An

iris diaphragm (ID) was placed after the Glan-laser polarizer to block the Airy (diffraction)

rings surrounding the desired TEM00 portion of the beam. Finally, a 40 cm lens (L2) was

used to collimated the laser light. A periscope, directing the laser up and then right, setting

the beam at the height of the back port of the microscope (Olympus, IX71) and changed

the polarization of the beam from perpendicular to parallel to the optical table. A turning

mirror was used to steer the beam towards the spatial light modulator (SLM, Hamamatsu

X10468-02). The angle of the beam incident on the SLM was very small, < 3◦, in order

to provide good phase modulation of the beam. The SLM was also oriented so the long

axis of the rectangular window was parallel to the optical table providing optimal phase

modulation of the parallel polarized incident beam. After the SLM, a 4f lens system was

used to relay the phase modulated beam from the SLM surface to the back aperture of a 60x

water immersion objective (Olympus, UPlanSApo NA 1.2). Two 2 inch diameter lenses, a

75 cm (L3) and a 50 cm (L4), were spaced to make a 4f telescope where L4 was 50 cm from

the back aperture of the objective accounting for the distance traveled between two turning

mirrors and a dichroic mirror.

The laser light, focused by the objective, was used to trap Ag nanoparticles in a sample

chamber secured on a piezo stage (Physik Instrumente, E-710.P3D). Ag nanoparticles were

visualized in the in the trap via scattered light from a dark field condenser (DFC, 1.2–

1.4 NA). Laser light war filtered from the illumination (Schott, Ace I 20500) light through

a 720 nm short-pass filter placed before the tube lens and a series of (two) expansion lenses.

Videos of the particle motion were captured with an CMOS camera (Andor, Neo sCMOS

DC-152Q-C00-FI) at frame rates of 80–110 frames per second. Defining a square region of

interest (ROI) less than 380 pixels in each dimension and centered (vertically) on the CMOS
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detector allows for indefinite spooling of data directly to a hard drive disk.

2.2 Ag Nanoparticle Sample Preparation

A thin glass sample chamber was constructed out of silicone rubber and coverglass that

allowed imaging nanoparticles with the microscope. The procedure of construction is shown

in Figure 2.3. A silicone rubber sheet of 180µm (McMaster-Carr, PN:87315K61) was cut

into a 22 mm× 30 mm rectangle. The center of the silicone rubber rectangle was punched

out with a single-hole hole punch leaving a circular cutout in the center of the silicone rubber.

The punched silicone rubber rectangle was washed thoroughly with water and dried using

nitrogen to remove any excess silicone rubber or debris. A 22 mm× 30 mm coverglass (Fisher

Scientific, No. 1.5, 12-544-A) handled with steel tweezers was rinsed with methanol (Sigma

Aldrich, ACS Grade) and dried with nitrogen. The punched silicone rubber rectangle was

rinsed with methanol and dried with nitrogen and then immediately place carefully onto the

coverglass such that the cutout circle was close to the center of the cover glass (Figure 2.3a).

Bubbles were removed between the rubber and the glass by smoothing the silicone rubber

rectangle using the flat part of a stainless steel tweezer.

High-quality crystalline Au nanoplate mirrors were synthesized using a polyol synthesis

method [78–80] and were solvated in water. The solution of Au nanoplate mirrors was

shaken to suspend the nanoplates in the solution then 10 µL was immediately withdrawn

from the bottom of the vial (container) and deposited as a drop into the circular cutout on

the coverglass. The Au nanoplate mirrors in the 10 µL volume settle on the glass surface

within the circular cutout and the coverslip was set in a petri dish (lid ajar) and allowed

to dry overnight (Figure 2.3b). After all the water has evaporated, the coverslip with the

Au nanoplate mirrors was rinsed gently with a squirt bottle of 18 MΩ water to remove

nanoplates that were not stuck to the glass surface. Coverslips with Au nanoplate mirrors

and silicone rubber on them and blank coverslips were O3 plasma cleaned at 200 W for 10

minutes (MRSEC, Plasma Etch Inc., PE-100). Plasma cleaned coverslips could be used for
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Figure 2.3: Ag nanoparticle sample chamber preparation procedure.

up to 6 hours after cleaning (Figure 2.3c).

A solution of 150 nm citrate capped Ag nanoparticles (NanoComposix, NanoXact KJW1606,

0.02 mg/mL) was diluted 150–800x the stock solution where lower concentration allowed

trapping 1–2 particles whereas higher concentration allowed trapping many particles in the

optical trap. Once a diluted Ag nanoparticle solution was made it could be used for up to

24 hours before the nanoparticles tended to have increased chance to stick to surfaces. The

Ag nanoparticle solution was shaken and sonicated (Cole-Palmer, 8890) in a plastic tube for

10 minutes before use.

The sample cell was completed by depositing a aliquot of the diluted Ag nanoparticle

solution of 7–10µL was on the glass coverslip with the Au nanoplates and silicon rubber. The

second, blank, coverslip is carefully placed onto the one containing the aliquot and the silicon

rubber by lowering one edged until it touches the plasma cleaned silicone rubber spacer then

letting it go at a small angle (< 60◦) so that the blank coverslip seals to it (Figure 2.3d). If
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large air bubbles are present in between the two coverslips in the cutout of the silicone rubber

the coverslips are pealed apart and a new aliquot of the diluted Ag nanoparticle solution is

re-deposited and resealed until a sample chamber with no air bubbles is created.

Citrate capped Ag nanoparticles were determined to have the best electrostatic repulsion

with the Au nanoplate mirror surface which allowed for trapping Ag nanoparticles over the

Au surface without much surface interaction. However, polyvinylpyrrolidone (PVP) capped

Ag nanoparticles (NanoComposix, NanoXact KJW1882, 0.02 mg/mL) were found to stick to

the glass coverslip less often than the citrate Ag nanoparticles when trapped exclusively over

glass. Therefore, if the experiment involved only trapping over the glass coverslip surface

the same procedure for sample chamber preparation was used except with PVP capped Ag

nanoparticles.

2.3 Performing the Experiment

The sample chamber containing the Ag nanoparticle solution is placed on a sample holder

oriented so that the coverslip that has the Au nanoplates (if applicable) is on top of the blank

coverslip. The sample holder secures the sample chamber with a couple of copper spring clips

that are attached with screws on the sample holder. The sample holder is held, with Teflon

screws, in a recessed mount on a 3D (xyz) piezo stage mounted on the microscope. The 60x

water immersion objective is brought close to the bottom coverslip using the microscope focus

until the water droplet on the objective makes contact with the bottom of the coverslip. A

single drop of immersion oil (Olympus, Type-F, n = 1.518) is placed on the top coverslip and

checked that there is now bubbles in the oil before lowering the DFC to make contact with

the oil and achieving the dark field condition. The objective is adjusted until the bottom

surface of the top coverslip is in the focal plane using the manual focus on the microscope.

The back reflections of the laser, visualized with the CMOS detector with the 720 nm SP

filter removed, can be used to confirm the correct focal plane as there will be three interfaces

where the laser will be reflected (backwards) as the objective is moved towards the coverslip.
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These interfaces are: the bottom surface of the bottom coverslip, the top surface of the

bottom coverslip, and the bottom surface of the top coverslip. The objective is set so that

the reflected laser light is in focus at the third interface. The 720 nm SP filter is inserted

back into the optical path to block reflected and scattered 800 nm laser light from reaching

the CMOS detector.

Optimizing the ring trap

Some optimization of the optical trapping setup is necessary before any optical trapping

experiments can be performed. The SLM is powered on and a l = 0 phase mask is displayed

using the software LCoS Control (Hamamatsu) or home-built software (named Phase, see

Supplemental Material). The optical trapping laser will collect Ag nanoparticles at the

bottom surface of the top coverslip in an optical trap. In this thesis, the optical trap is

primarily a ring. Once 10–15 nanoparticles are collected in the ring trap the image of the

trapped particles is inspected using the CMOS camera in video mode confirming the particles

are able to explore all positions around the ring. If the particles are gathered to one side

of the ring trap then adjustments are made to the tip and tilt of the turning mirror that is

positioned just before the microscope (between L4 and Dichroic Mirror in Figure 2.1, not

shown) until the particles are seen to diffuse over the entirety of the ring. The focus on the

microscope is adjusted once more to a position where the particles appear the most confined

in the optical trap; i.e., most confined in the radial direction but free to diffuse azimuthally.

Collecting Data

Videos of the trapped Ag nanoparticles are recorded using Andor Solis software. In order to

achieve discreet time resolved images, the “Electronic Shuttering Mode” was set to “Global”

and a short exposure of ∼0.001 s was set in Solis. In Solis a square ROI is set around the ring

trap that is less than 380 pixels in each dimension. Solis provides the option to spool data

directly to a hard drive disk (HDD) and when using such a small ROI an unlimited number
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of frames can be recorded and spooled to the HDD at up to 90 frames per second. The

camera chip is cooled to −30 ◦C using Solis using the camera’s internal fan. Right before

data collection, the fan is disabled in Solis allowing for up to 15 min of data collection with

the chip maintaining the −30 ◦C temperature. The fan is turned off to prevent its vibrations

from shaking the camera and the image. The desired trap is selected with LCoS Control

or Phase and once the trap has the desired number of particles, “Take Signal” is selected

within Solis to begin the data collection. During the data acquisition, the piezo stage can

be manipulated manually using the software PI PZT Control to account for focus drift that

occurs during the experiment. After the acquisition, data is saved as a “.sif” file on the HDD

until further processing.

2.4 Particle Tracking

Several different particle tracking algorithms were used to conduct the research in this dis-

sertation. Particle tracking involves two steps, localization and linking. Localization is the

determination of the location (or center) of each particle in each frame, while linking involves

connecting these particle positions from frame to frame thereby creating trajectories of par-

ticle motions. Some experiments rely on a single software package to do both the localization

and the linking, however, others required performing localization with one software package

and linking with a different software package. In this section I describe the different tracking

algorithms and discuss why each one was used.

The MosaicSuite [72] plugin (termed Mosaic) developed by the Mosaic Group provides

a simple way to track particles within ImageJ [70]. For localization Mosaic uses the center-

of-mass method developed by Crocker and Grier [71] and for linking uses a modified version

of the Crocker-Grier method developed by Sbalzarini and Koumoutsakos [72]. Mosaic only

offers four parameters for particle tracking. Two of the parameters, used for localization, are

the radius of features and the threshold for detecting local maxima in the image as a feature.

The other two parameters, used for linking, are maximum particle displacement between
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frames and the memory, i.e. the number of frames a particle can disappear and return while

still being identified as the same particle. The algorithm doesn’t suffer from pixel locking

(described in Chapter 6) when the radius of the features is set large enough. Despite being a

center-of-mass based algorithm, Mosaic is still quite slow and extremely memory intensive.

Because Brownian motion is the only type of dynamics that Mosaic is programmed for, the

linking range in a driven ring trap experiment needs to be set very large (e.g. > half the

frame width) in order for Mosaic to properly link particles. Additionally, it was discovered

that Mosaic may swap the identity of nearby particles during the linking step so caution

should be used when tracking images of more than 1 particle.

A particle tracking GUI was developed by Raghuveer Parthasarthy (Raghu GUI) in

MATLAB (MathWorks Inc., Natick MA) to execute the radial symmetry method of particle

localization that he developed [73]. The Raghu GUI provides several localization methods,

besides the radial symmetry method, to allow the user to test different methods on their data

including the Crocker-Grier center-of-mass method and a non-linear least squares Gaussian

fit (NLLS Gaussian) method. Although one of the slowest methods, the NLLS Gaussian fit

provides accurate sub-pixel localization of particle centers. The Raghu GUI provides more

parameters than Mosaic for particle localization. For example, the size of the Gaussian

kernel used for noise reduction in the image can be set explicitly. Also, the Raghu GUI

provides three different methods of isolating local maxima in the image as a particle which

are: keeping the brightest N pixels, keeping the brightest pixels based on a percentile of pixel

intensity in the image, or keeping the brightest pixels that are within a set standard deviation

from the median. However, just like Mosaic, the Raghu GUI has the same algorithm for the

linking; it assumes diffusive Brownian dynamics. We found that the Raghu GUI would

switch the identities of particles when they get close, more often than Mosaic when linking

driven Ag nanoparticles in a ring trap. For this reason, the Raghu GUI was used only for

localization and not for linking.

Finally, an implementation of the Crocker-Grier method of particle tracking was devel-
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oped in Python in a library known as Trackpy [81]. Trackpy is a library that was developed

with customization in mind and every parameter is accessible to the user for the localization

and linking algorithms. For example, when using the linking method in Trackpy a func-

tion can be passed to the software to act as a “predictor” for how it should link particles

in successive frames. When linking particles rotating in the optical ring trap a predictor

is used to bias the linking of particles in one frame to particles in the next frame with an

angular translation based on the rotational velocity of the particles (an implementation of

this can be found in Appendix B.1). This allows very accurate linking of trajectories without

needing to set the maximum particle displacement between frames to large values. Although

Trackpy’s localization is based on the Crocker-Grier center-of-mass method, the library does

include a method for refining subpixel accuracy using a NLLS Gaussian fit to the image data

(implemented in Supplemental Material). In addition to all the features mentioned, Trackpy

is also an open source project so any code can be examined or changed to fit the needs of

the image data. Without an associated GUI, Trackpy is the most difficult particle tracking

software to use (of those described above), however, its customizability makes it by far the

most powerful.

2.5 Alignment of the SLM

To properly align the SLM and the positions of L3 and L4 the experimental setup was built

in parts where the divergence or convergence of the beam is checked at each step. First, the

optical instrument in Figure 2.1 is built with the objective, L4, and L3 removed. The SLM is

powered on and displays a phase mask (with the proper wavefront correction) that performs

no phase modulation to the beam. The tip and tilt of the SLM and mirrors between the SLM

and the microscope are adjusted so that the optical axis is aligned going straight through

the center of the piezo stage after reflecting off of the dichroic mirror in the microscope.

The laser beam reflected off the SLM surface is confirmed to be collimated and that the

phase profile of the beam is uniform using a Shack-Hartman wavefront sensor (Thorlabs,
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WFS150-7AR). Next, the objective is mounted in the microscope. A sample chamber (from

Figure 2.3) with Au nanoplates on the top coverslip surface is prepared and mounted on

the piezo stage. The focus of the objective is adjusted so the Au nanoplates can be imaged

in the microscope and the focus knob on the microscope is set to locked position for the

rest of the SLM alignment so the lenses are aligned with a position of the objective that

will be used for imaging. The sample chamber is removed from the piezo stage and the L4

is placed into the instrument roughly 50 cm from the back of the objective on a 3D (xyz)

translation stage. The objective and L4 effectively create a telescope lens system where the

optimal position of L4 is where the beam coming out of the objective is collimated. The

position of L4 is adjusted so that the beam coming out of the objective is as collimated as

possible. After L4 is correctly positioned, L3 is added to the instrument roughly 125 cm

before L4 along the optical path on a 3D (xyz) translation stage. The distance of L3 from

L4 is adjusted such that the beam after L4 is collimated. Finally, after L3 is in the correct

position, the SLM is positioned 75 cm before L3 along the optical axis. The result of this

alignment procedure produces a lens relay system between the plane of the SLM and the

focal point of the objective.

2.6 Optimizing the SLM and Developing Phase Masks

2.6.1 Testing the SLM Lookup Table

As discussed in Chapter 1 a SLM modifies the phase of light by using a liquid crystal

array where the crystals in each pixel can be oriented to change the refractive index of light

passing through it. The orientation of the liquid crystals are controlled by a modulated drive

voltage across two electrodes on either side of the liquid crystal cell. However, the liquid

crystal orientation has a non-linear response with respect to the voltage applied across the

electrodes. Also, the SLM controller can apply voltages to the liquid crystals beyond what

is necessary for a 2π phase shift (e.g. a pixel can modulate the phase of light from 0 to 3π).
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Therefore, a lookup table (LUT) is necessary in order to turn the desired phase in a phase

mask into the voltage value that produces the desired phase shift in the liquid crystal. The

LUT is designed for two purposes: 1) to linearize the phase response of the SLM and 2) limit

the phase modulation to values between 0 and 2π. When a phase mask is set to be displayed

on the SLM the SLM controller turns the pixel values (in the mask) into voltage values to

use for the electrodes in each pixel of the SLM. The LUT makes it so that the phase mask

image with values from 0 to 255 (for 8-bit) modulates the phase of the beam between 0 and

2π respectively.

The phase response of a SLM can be measured through different methods. The Hama-

matsu tech sheet on liquid crystal on silicon SLMs outlines a method using a pair of cross

polarizers to measure the phase response of a SLM [82]. However, the simplest method to

measure the phase response of the SLM is to use a series of masks that contain two different

phases and see the response of the beam when one of the phases is changed and the other

remains fixed. For example, a series checkerboard patterned masks (Figure 2.4 a and b) of

two different image values where one of the checks remains at a fixed value and the other is

changed will cause maximum diffraction when the checks are π out of phase from one another

and no diffraction when the checks are in phase. A checkerboard phase mask where phases

are shifted by π results in a diffraction pattern that diverts light away from the center of the

optical axis. Therefore, the power of the center of the beam can be measured to determine

the phase response of the SLM as the value of the checks in the checkerboard phase mask are

scanned through from 0 to 255. When the checks in checkerboard phase mask are in phase

on the SLM then there is no diffraction and the full power of the laser is measured. However,

when the checks on the SLM are π out of phase then the power measured in the center will

be a minimum in the laser power. If the LUT of the pixel values is linear with respect to

the phase response of the SLM then Figure 2.4a would produce no diffraction because the

values 0 and 255 would correspond to a 0 and 2π phase shift respectively, while Figure 2.4b

would result in maximum diffract because the values 128 and 255 would correspond to a π
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Figure 2.4: Phase masks used for lookup table calibration and power readings from different
lookup tables. (a) Checkerboard phase mask where the checks are set to either 0 or 255. (b)
Checkerboard phase mask where the checks are set to 128 or 255. (c and d) Power reading
(y-axis) of the center (non-diffracted) beam resulting from the different checkerboard phase
masks where one of the checks had a value of 255 and the other was varied (x-axis value). (c)
The power reading from the checkerboard measurement of a poorly optimized SLM LUT.
(d) The power reading from the checkerboard measurement of an optimized LUT. Note: the
beam was attenuated in (d) compared to (c) to have a factor of ∼10x less power.

and 2π phase shift.

In order to measure the phase response of the SLM due to the varying checkerboard

phase masks a power meter was placed after L3 but before L4 in Figure 2.1. The power

meter was placed near the focus (not at the focus) after L3 where the center beam (for

checks that are in phase) is separated from the beams caused by the diffraction (for checks

that are out of phase). An iris diaphragm was placed before the power meter and was set to

block all diffracted light and only measure the power of the center beam. The power of the

center beam was measured with the power meter for the different values of the checks in the

checkerboard phase masks for both with the LUT turned off in the software (Figure 2.4c)

and with the manufacturer provided LUT (Figure 2.4d). When no LUT is used the phase

modulation of the SLM had some desirable characteristics such as the phase for the checks
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equal to 0 are the same phase as for checks equal to 255. However, the phase response of the

SLM is not linear with respect to the pixel values which produces a minima in the power at

pixel value of 160 instead of at 128, the latter being where one would want the pixels to be π

out of phase with one another and have maximum diffraction (and minimum power). When

the manufacturer’s LUT is used the power curve (Figure 2.4d) is has a sinusoidal shape with

a minimum at pixel value of 135. Even though the manufacturer’s LUT produced maximum

diffraction at 135 it was still close enough to the desired value of 128 to not be a concern.

2.6.2 SLM Wavefront Correction

The liquid crystals that control the phase of light incident on the SLM are adhered to a

very thin mirror which can distort or bend easily. Manufacturers, like Hamamatsu and

MeadowLark, know that the surface of the mirror is not perfectly flat and provide a phase

correction mask (known as wavefront correction) that compensates for the phase imparted

from the distortions in the mirror [82]. However, the proper wavefront correction for a SLM

can change if the mirror behind the liquid crystals distorts further. The procedure in this

section presents one method of how to determine the proper wavefront correction phase mask

for a SLM and is partially adapted from Jesacher [83].

To measure the wavefront of the SLM a Michelson interferometer [84] was constructed

using the SLM as one of the arms in the interferometer. The optical system in Figure 2.5

was constructed after the periscope in the optical trapping system in Figure 2.1. The SLM

is powered on and set to display a black, all 0 valued pixels, phase mask. The wavefront

correction feature was disabled in the SLM software or set to a wavefront correction mask

that performed no phase modulation (e.g. an all black 0 valued pixels mask). The beam after

the periscope in Figure 2.1 was directed towards the SLM and sent through a beam expander

(Thorlabs, BE02-05-B) where the beam was expanded the maximum amount in order to fill

the entire SLM and make the intensity profile as uniform as possible. The expanded beam

passed through a 50:50 dichroic beam splitting cube (BSC) (Thorlabs, CM1-BS2, 700 nm–
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Figure 2.5: Interferometer setup for determining the wavefront correction for the SLM. The
setup is built after the periscope in the schematic from Figure 2.1. The abbreviations are
lens L, iris diaphragm ID, spatial light modulator SLM, and beam splitting cube BSC. The
large pink beam shows the path of the 1st diffracted order off the SLM while the small red
beam shows the 0th order off the SLM.

1100 nm) mounted on a single axis translation mount (z) and a 2-axis prism mount (tip and

tilt) that directed half the beam to the SLM and half to a reference mirror. The distance of

the reference mirror from the BSC was adjusted to roughly match the distance of the SLM

to the BSC. The tip and tilt of the reference mirror and the SLM were aligned such that

the incident and reflected beams from the BSC remained collinear. A 4f lens system was

used to relay the image of the SLM to the CMOS camera. A 50 cm lens (L1 in Figure 2.5)

is placed 50 cm from the surface of the SLM along the optical path. Next, 70 cm from L1,

a 20 cm lens (L2 in Figure 2.5) is placed in order to complete a 4f relay system. A CMOS

detector (Andor, Neo sCMOS DC-152Q-C00-FI) with an attached 2x expander is placed

20 cm from L2 and is adjusted until an in focus image of the SLM surface and interferogram

can be viewed using the CMOS detector.

At this point, the interferogram imaged on the CMOS detector is a combination of the

1st order diffracted light (due to a lack of wavefront correction) and 0th order non-diffracted

light. To isolate the 1st order diffracted light from the 0th order non-diffracted light the SLM

is rotated ∼10 degrees in the direction parallel to the optical table. Then, a blaze grating

phase mask (Figure 2.6a) is displayed on the SLM that will shift the 1st order diffracted

beam to compensate for the ∼10 degree rotation of the SLM. The blaze grating phase used
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Figure 2.6: Phase masks and interferograms for SLM wavefront correction. (a) Blazed
grating phase mask displayed on the SLM to separate the non-diffracted 0th order light. (b)
An image of the interferogram of the SLM with no wavefront correction phase function. The
dim large circular intensity in the image is from the beam that comes from the reference
mirror and overfills the rectangular shaped beam from the SLM. (c) The wavefront correction
mask retrieved from a series of interferograms. The correction is inverted through the origin
compared to (b) due to the numbers of lenses in the imaging system. (d) An image of the
interferogram of the SLM with the wavefront correction function (from c) applied.

should be adjusted such that the first order diffracted light returns to propagating collinear

with the beam from the reference mirror. Small changes were made to the blaze grating

on the SLM or the tip/tilt of the reference mirror to make the interferogram viewed on the

CMOS detector to have the fewest number of fringes possible which resulted in the image in

Figure 2.6b. The interferogram in Figure 2.6b represents the phase distortions imparted on

the beam from the SLM due to the non-uniform shape of the mirror adhered to the liquid

crystal pixel elements.

To extract out the phase function from the interferogram in Figure 2.6b a measurement

of the interferograms for different phase shifts was recorded. In a traditional Michelson

interferometer, the phase is shifted by changing the path length of the reference mirror by

fractions of a wavelength and movement of the fringes in the interferogram relate to the

phase profile of the sample. However, the sample (SLM) can modify the phase of light so

instead of moving the reference mirror a phase shift is added to the phase mask in Figure 2.6a
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and the interferogram is recorded. This is equivalent to adding a uniform valued phase mask

to the blazed grating in Figure 2.6a and taking the modulo 2π, which is also known as

adjusting the Z0
0 Zernike mode. The interferograms from five different phases recorded were:

0, π/2, π, 3π/2, and 2π. Each interferogram recorded was similar the one in Figure 2.6b

but the fringe pattern appeared shifted with each phase step. The five interferograms were

cropped in ImageJ so that only the rectangular interferogram was visible and, if necessary,

were transformed (e.g. rotated) to compensate for the CMOS detector was not perfectly

parallel to the optical table. The cropped interferograms were imported into a Python script

(see Supplemental Material) that performed the phase retrieval. In the Python script the

value of each pixel was scaled so that max value in the interferogram was set to 1 and the

minimum value was set to 0. The phase of the SLM was determined from the intensities of

the pixels in each interferogram using the Hariharan phase retrieval algorithm [85]:

phase = arctan

(
2I2 − I4

I1 − 2I3 + I5

)
, (2.1)

where I1, I2, I3, I4, and I5 are the scaled pixel intensities from each interferogram with phase

shifts 0, π/2, π, 3π/2, and 2π respectively. The phase for each pixel was calculated using

equation 2.1 which results in a wavefront correction phase mask to correct the deformities of

the SLM mirror surface. The wavefront correction phase mask is inverted through its center

to account for the number of lenses in our imaging setup and is scaled (in x and y) to the

proper size to be displayed on the SLM shown in Figure 2.6c. Once the wavefront correction

was applied to the SLM (added to the blazed grating in Figure 2.6a) the interferogram

(Figure 2.6d) showed no interference fringes demonstrating that the distortions from the

SLM had been compensated for.
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2.6.3 Phase Mask Development

The SLM displays a phase mask which is a spatial representation of how the phase of the light

will be modulated after reflecting off the SLM surface. The trapping instrument outlined in

Figure 2.1 is designed to relay the phase function from the SLM to the Fourier plane in the

microscope at the objective focus. Therefore, the Fourier transform of a phase mask produces

the phase and intensity expected at the optical trapping plane in the microscope. Since any

optic can be represented as how it distorts the phase of the electromagnetic field, the SLM

has the capability to serve as any type of optic. For example, lenses perform a parabolic

distortion of the phase of light that pases through it which causes the beam to converge and

focus, while mirrors tilt the phase front of the light to propagate in a new direction. The

phase functions that perform operations including focusing or tilting can be represented by

Zernike polynomials [86] which are functions that are orthogonal on a unit disk. Several of

the Zernike polynomials and their optical distortions are listed in Table 2.1 (adapted from

[87]). The Zernike polynomials describe the way the phase of the beam should change in

polar coordinates, ρ and θ, with respect to the center of the optical axis of the beam. To use

these polynomials in a phase mask the phase mask pixels need to be represented in polar

coordinates with the center of the mask set to ρ = 0. The phase mask of the desired Zernike

polynomial is created from:

Phase mask = 2πkZmn (ρij , θij) mod 2π, (2.2)

Table 2.1: Relevant Zernike polynomials and their associated optical distortions.

Radial degree (n) Azimuthal degree (m) Zmn Optical distortion
0 0 1 Piston
1 1 2ρ cos θ Tip
1 -1 2ρ sin θ Tilt

2 0
√

3(2ρ2 − 1) Focus/Defocus

2 -2
√

6ρ2 sin 2θ Oblique Astigmatism

2 2
√

6ρ2 cos 2θ Vertical Astigmatism

4 0
√

5(6ρ4 − 6ρ2 + 1) Spherical Focus/Defocus
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where ρij and θij are the radial and angular coordinates respectively of pixel (i, j), Zmn is

the Zernike polynomial, and k is a factor that describes the magnitude of optical distortion.

For example, when using Z0
2 for creating a lens function a k = 10 would have a shorter focal

length than k = 1. These Zernike polynomials (or any phase function) can be added to any

existing phase function to impart that phase character on the beam in addition to performing

the original phase masks’ function. Therefore, adding the focusing Zernike polynomial to a

ring phase mask will shift the focal plane of the the optical ring trap. The first 11 Zernike

polynomials are accessible either standalone or can be added to any phase function using

the home-built software for controlling the Hamamatsu SLM (see Supplemental Material).

However, more exotic phase functions cannot be described by a combination of Zernike

polynomials. To create optical traps shaped like lines [88] or rings [89] requires phase func-

tions that designed for that specific purpose. Sometimes the the phase function can be

inferred, for example a line trap is a cylindrical lens that focuses the beam in one dimension

but not the other. Others, like the ring trap, are determined analytically by determining

a phase function which, when Fourier transformed, produces the desired intensity. Finally,

the phase functions increase in complexity when a gradient force in a certain direction is de-

sired. For example, the optical ring vortex traps used primarily in this thesis originate from

an analytical expression that combines the optical vortex beams [21, 90] with the optical

ring trap [91]. Many other exotic phase patterns can be found through reading the optical

trapping literature.

Finally, there are several methods to create phase functions that produce the desired

beam intensity in the focal plane of the microscope objective. If you want two separate traps

to appear in the focal plane at the same time a simple way to accomplish this is to create

two blazed grating phase masks to divert the beam in different directions then create a new

mask by randomly sampling from each of the two blazed grating masks. Doing the random

sampling will make half the beam intensity diffract according to one blazed grating and the

other half will diffract according to the other blazed grating. More traps can be created by
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sampling more masks (e.g. three, four, five, etc.) at the expense of of splitting the intensity

between each trap. If the desired intensity profile in the focal plane is more complicated

than a series of Gaussian traps then a phase mask can be calculated using an iterative phase

retrieval algorithm. The Gerchberg-Saxton (GS) algorithm is an iterative phase retrieval

algorithm that determines the phase function to create a desired intensity [92]. The electric

field can be represented as:

Ein(r) = Ain(r) exp[iφin(r)], (2.3)

where Ain is the amplitude of the beam at the SLM plane and φin is the phase of the SLM.

When equation 2.3 is Fourier transformed the electric field at the optical trapping plane is

recovered:

Ef (r) = Af (r) exp[iφf (r)], (2.4)

where Af and φf is the amplitude and phase at the optical trapping plane respectively.

When equation 2.4 is inverse Fourier transformed then the electric field in the SLM plane

(equation 2.3) is recovered. The GS algorithm converges on a phase by iteratively Fourier

transforming and inverse Fourier transforming between equations 2.3 and 2.4 while replacing

the amplitudes at each step. To start, the amplitude in equation 2.3, Ain, is always the

amplitude of our incident beam which is a Gaussian function, while the phase is initially

random values. Equation 2.3 is Fourier transformed to find Af and φf in the focal plane.

Next, the Af is replaced by the desired amplitude, i.e. the desired shape of the beam in

the optical trapping plane. Then, equation 2.4 is inverse Fourier transformed to find Ain

and φin where Ain is replaced once again with the Gaussian amplitude that represents the

beam incident on the SLM. Afterwards, equation 2.4 is Fourier transformed again and the

process is repeated until φin converges and does not change appreciably between iterations.

The GS algorithm converges quite quickly so to retrieve a phase mask only several iterations

of the algorithm need to be calculated (e.g. 5 to 10 iterations). However, because the
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GS algorithm converges quickly the final phase may not be optimal. Variations of the GS

algorithm exist where the phase retrieval is slower but results in a better phase mask such

as the adaptive-additive algorithm [31].
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CHAPTER 3

DRIVEN OPTICAL MATTER: DYNAMICS OF

ELECTRODYNAMICALLY COUPLED NANOPARTICLES IN

AN OPTICAL RING VORTEX

Reproduced in part with permission from: Patrick Figliozzi, Nishant Sule, Zijie Yan, Ying

Bao, Stanislav Burov, Stephen K. Gray, Stuart A. Rice, Suriyanarayanan Vaikuntanathan,

and Norbert F. Scherer. Driven optical matter: Dynamics of electrodynamically coupled

nanoparticles in an optical ring vortex. Phys. Rev. E, 95(2):022604, doi: 10.1103/Phys-

RevE.95.022604. Copywright 2017 American Physical Society [93]. Author contributions:

Nishant Sule performed the ED-LD, Langevin Dynamics, and FDTD simulations. Ying

Bao synthesized the Au nanoplates used in the experiments. Stanislav Burov developed

the mean-squared displacement model. Zijie Yan built and maintained the optical trapping

instrument used in the experiments. All authors discussed the results and commented on

the manuscript.

3.1 Introduction

There is much interest in understanding and controlling the collective motions that arise in

driven systems of colloidal particles in solution [67, 68, 94, 95]. These studies quantify of the

influence of hydrodynamic interactions that also play a role in the collective dynamics of self-

propelled active matter systems [96–99]. It is becoming increasingly common that optical

fields and forces are used for these studies as intensity and phase gradients can confine parti-

cles without introducing physical boundaries that would alter the hydrodynamic interactions

and yet can produce large deterministic forces to drive single polarizable microparticles or

large numbers of them [39, 94]. Shaped optical fields can be applied to manipulate single and

multiple nanoparticles by optical forces arising from momentum transfer, e.g., trapping by

intensity gradient forces exerted by a tightly focused Gaussian beam, or pushing by radiation
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pressure due to absorption and scattering [100, 101].

Alternatively, light that possesses spin [102] or orbital angular momentum (OAM) [103]

can cause nanoparticles to spin or undergo orbital rotational motion [104–107]. Optical

beams possessing OAM are colloquially termed optical vortices [90], as these beams exhibit

annular cross-sections and tilted phase fronts. Following the observation of rotating mi-

croparticles driven by an optical vortex laser beam [108], the transfer of OAM from photons

to microparticles has been widely exploited [90, 91, 104, 108–120], especially for investigating

hydrodynamic coupling between multiple particles [67, 94, 114, 116, 121–123].

In an optical vortex, each photon has an angular momentum of l~, where l is the topo-

logical charge of the vortex (i.e., the total phase shift upon circling the vortex center divided

by 2π) [103]. Theoretically, the angular velocity of a rotating particle will be linearly pro-

portional to l assuming that the total photon flux incident on the particle is always the

same [90, 110]. However, this assumption is usually not valid. The classic optical vortices,

i.e., Laguerre-Gauss beams [103], have varying radii depending on l [90], which means the

intensity on the particle will change with different topological charges.

A vortex with constant intensity profile and radius that is independent of l is an ideal

optical field to study motion and particle interactions as a function of the drive, or l. A class

of “perfect optical vortices” (i.e. holographic ring traps) produced only using a SLM was

introduced in Roichman et al. [91] to study the dynamics of driven microparticles; a linear

dependence of particle rotation rate on l was found only when l ≥ 20 [39]. An alternative

route to creating a “perfect optical vortex” [124] was recently demonstrated by making an

optical ring with an axicon and a lens and then adding OAM to the ring with a spatial light

modulator (SLM) [125]. The dynamics of microparticles pushed against a coverslip surface

by the optical vortex were investigated and a linear dependence of particle rotation rate on

l was obtained, but only when l ≥ 2; the particles did not start to rotate at l = 1 due to

the frictional forces on the microparticles and the limited laser power [124]. Lehmuskero

et al. [119] have recently demonstrated that (plasmonic) metal (Au) nanoparticles can be
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trapped and driven in focused optical vortex beams. Therefore, a better demonstration of

OAM transfer could result from a tightly focused optical vortex and particles with smaller

frictional forces, e.g., nanoparticles and/or trapping away from a surface.

Nonequilibrium studies of trapped and driven colloids such as those listed above focus

on hydrodynamic forces. Yet, electrodynamic forces and interactions can be important

[40, 41, 126–130]. The relative importance of hydrodynamic and electrodynamic interactions

changes with particle size, particle spacing, and the constitutive nature of the particles (e.g.

dielectric with small or large index of refraction or metallic particles, etc.). In fact, as the

size of the particles decrease and with a suitable choice of material (e.g. metal) the intense

scattering of the trapping field can lead to strong electrodynamic interactions amongst the

particles [43, 44, 100, 131].

In this chapter, we introduce and characterize a constant-radius optical vortex that is cre-

ated by interfering a holographic ring trap using a retro-reflection geometry with a gold (Au)

nanoplate mirror [131]. We study the dynamics of single and multiple silver (Ag) nanoparti-

cles driven by the optical vortex to clearly demonstrate OAM transfer from l = −5 to l = 0 to

l = +5. We also perform comparative experiments with these nanoparticles trapped near an

electrostatically slightly charged (repulsive) glass surface. We show that multiple nanopar-

ticles in the optical vortex are electrodynamically coupled via optical binding interactions

[40, 44, 104, 131], resulting in the formation of optical matter [18], which is in distinct

contrast with the hydrodynamically coupled microparticles in nearly all previous reports.

The use of metal nanoparticles and the concomitant strong optical binding interactions are

key aspects of our study. The experiments achieve modest nonequilibrium conditions, with

Péclet numbers [68] in the range of 0.2–5 for trapping at a glass interface or 3–75 when over

a Au nanoplate mirror. Using combined electrodynamics-Langevin dynamics (ED-LD) sim-

ulations [132] we demonstrate that the optical drive force and the interparticle interactions

vary in a sinusoidal manner for linearly polarized light, which is confirmed in experiment.

The ED-LD simulations allow us to quantitatively explain how these electrodynamic inter-
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actions affect interparticle dynamics. We examine the dynamics of the electrodynamically

interacting Ag nanoparticles in detail by varying the optical drive force in traps over glass

and the Au nanoplate mirror demonstrating that the fluctuations or noise in the interparti-

cle separations increase with increasing optical drive. Moreover, theory and model Langevin

simulations allow explaining the increasing noise with increasing l, and hence the effective

temperature of the interacting particle system as resulting from the periodic modulations in

optical forces. Finally, we demonstrate, with comparative measurements of driven 0.3 µm

diameter polystyrene beads, that the electrodynamic interactions should not be neglected

for driven dielectric particles, which might give rise to some structural and dynamic features

that have been attributed exclusively to hydrodynamic interactions.

3.2 Results and Discussion

3.2.1 Generating and Characterizing an Optical Ring Vortex

The optical ring vortex was produced by phase modulation of a linearly polarized Gaussian

beam from a cw Titanium Sapphire laser operating at λ = 800 nm. The SLM modifies the

incident Gaussian field with a phase function [89, 91]

φ(~ρ) = AJl(CRρ)eilθ (3.1)

where ~ρ = (ρ, θ) denotes the polar coordinates relative to the optical axis, A is the amplitude

of the incident Gaussian beam, Jl is the l-th order Bessel function of the first kind, C is

a constant that is calculated from the focal length and wavelength of the optical system,

and R is the radius of the ring (See Figure 3.11 in the Chapter Appendix for images of the

phase mask produced using the phase function above). In our case a microscope objective

(Olympus 60x, N.A. = 1.2, SAPO) Fourier transforms the phase-modulated incident optical

field and generates a focused optical ring vortex.
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The 3D profile of the optical vortex is illustrated in Figure 3.1a; the vortex evolves

into an optical ring at the focal plane and its 3D intensity profile along the optical axis is

symmetric across the optical ring. This symmetry enables a retroreflection geometry when

a Au nanoplate mirror is positioned at the focal plane, where the reflected beam interferes

with the incident beam that generates a series of optical ring traps along the optical axis,

as illustrated in Figure 3.1b. The optical ring trap we use in the experiments is the first

fringe (antinode) of constructive interference above the Au nanoplate mirror, which is located

approximately 250 nm away from the Au nanoplate surface. This particle center to nanoplate

surface distance is determined from electrodynamics simulations (see Figure 3.12). In the

experimental configuration in Figure 3.1a the scattering force pushes the particles towards

the electrostatically charged glass surface but the Ag nanoparticles are also electrostatically

charged with the same sign, so that the particles are repulsively trapped by the opposing

scattering force of the optical trap and the electrostatic repulsion from the glass surface.

In contrast, the surface-particle interactions and frictional drag are substantially reduced

over the Au nanoplate mirror since the particles get trapped at the first interference fringe

∼ 250 nm above the Au nanoplate surface. Therefore, the dynamics of the Ag nanoparticles

are different in the two configurations.

The retroreflection and constructive interference also increases the intensity of the light

in the trapping region by a factor of 4, resulting in a deeper trap potential that restricts the

particles to a tighter ring than the analogous trap over the glass. Evidence of this is shown

in the top two plots in Figure 3.2a where the probability of finding a 150 nm diameter Ag

particle over glass (blue, left) has greater radial breadth (i.e. radial fluctuations) than for a

nanoparticle over the Au nanoplate (red, right). The difference in the trap strength is more

apparent when looking at the particle distributions in polar coordinates (Figure 3.2b). The

radial width of the distribution of particle positions is larger when trapping over glass (blue,

left) than over the Au nanoplate (red, right).

The difference between the nanoparticle trapping over glass or with the retroreflection
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ring trap

Ag NP

Au nanoplate

(a) (b)

(c) (d)

Figure 3.1: Schematic of the focused optical beam and ring trap over (a) a glass coverslip and
(b) a Au nanoplate. A dark-field optical microscope image of two Ag nanoparticles trapped
(c) over glass and (d) over a Au nanoplate mirror. The bright line segments and polygonal
shape are the edges of the Au nanoplate. Note the Au nanoplate overfills the panel. The
curved arrows in (c) and (d) indicate the direction of rotation of the nanoparticles in the
optical vortex ring trap. The white scale bars in (c) and (d) is 1µm.
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over the Au nanoplate mirror can be approximately replicated in the simulation by using

different electric field intensities. An electric field intensity I0 is used in the ED-LD simula-

tions over glass while the simulations over the Au nanoplate are performed with an intensity

of 4I0 corresponding to a constructive interference antinode. Although, the motion of the

nanoparticles along the optical axis (z) would be different for trapping at the glass interface

and over the Au nanoplate, we are interested in the motion of the particles driven in the

transverse (x-y) plane of the optical axis. Therefore, the simple approximation of using

twice the value of the incident field (or 4I0) is sufficient for the purpose of understanding the

behavior for different drives. Figure 3.2c shows the trajectory of a simulated nanoparticle at

intensity I0 with an l = 2 applied angular force. The amount of radial diffusion qualitatively

matches the distribution for the experiment over glass, shown in blue (left) in Figures 3.2a

and 3.2b. The trajectory in Figure 3.2d, calculated from simulations with an intensity of 4I0

while keeping the same l = 2 angular force, matches the distribution of the particle positions

in the experiment, shown in red (right) in Figures 3.2a and 3.2b. The total duration of the

simulated trajectories shown in Figures 3.2c and 3.2d are the same so it is clear from the

figures that the particle moves a shorter distance for the lower intensity source.

3.2.2 Imparting Orbital Angular Force

Unlike traditional vortex beams, the intensity profile and the radius of the optical ring

vortex are independent of l for the phase masks we apply (see Figure 3.11), while the optical

angular force in the optical trap can be varied as desired. The size and intensity of the

optical ring vortex can be calculated by taking the Fourier transform of the phase mask for

each l, showing that the trap’s radius and intensity profile are independent of l (Figure 3.11).

However, the phase profile depends on l as seen in the third column of Figure 3.11, where

the phase gradient is ∇φ = 2πl
2πR = l

R around the ring. That phase gradient may be viewed

as the source of optical angular force in the optical vortex. The phase gradient also gives

rise to an optical force Fl ∝ I∇φ [39, 133] that will drive trapped particles around the ring.
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Figure 3.2: Probability densities and simulated trajectories of particles in the ring traps.
(a,b) Probability densities of particles in the ring traps over glass (blue, left) or over plate
(red, right). Distribution of the particle positions in (a) Cartesian coordinates and (b) polar
coordinates in the lab frame. (c,d) Electric field intensity (heat map) and particle trajectory
from the simulation at intensity I0 (c) and 4I0 (d) for l = 2. Example trajectories from the
simulation are shown in black.
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Since both intensity and radius are independent of l, it is easy to see that Fl ∝ l, indicating

that each increase in l results in a linear increase of rotational force applied to the particles

in the ring trap.

The angular optical force applied to particles is examined using the trajectories of Ag

nanoparticles in an optical ring vortex. The position of a single Ag nanoparticle is recorded

while l is increased every ∼ 11 s in a ring trap of R = 9.5 µm with l ranging from 0 to 5

both over glass and over a Au nanoplate. The same identical Ag nanoparticle is used for all

measurements over glass and another for all measurements over the Au nanoplate mirror.

The nanoparticle’s trajectory is determined for each value of l over glass and over the Au

nanoplate mirror. The l = 0 trajectories show only diffusive behavior of the nanoparticle both

over glass and over the Au nanoplate (Figures 3.3a and 3.3b). However, when l is increased

the nanoparticle makes deterministic orbits (but with fluctuations) around the ring. The

trajectories show that a nanoparticle over the Au nanoplate (Figure 3.3a) completes about

six times as many rotations as a nanoparticle over glass (Figure 3.3b) for a given l. In

addition the trajectories have fewer fluctuations and more closely follow circular paths (i.e.

straight lines in the polar representation) in experiments done over the Au nanoplate (Figure

3.3b) than in the experiments over glass; the trajectories over glass are noisier around the

linear fits (Figure 3.3a).

The trajectories calculated from simulations using intensities of I0 and 4I0 show the same

behavior as the experiments over glass and over the Au nanoplate, respectively. The trajec-

tories from simulations of intensity I0 (Figure 3.3c) are noisier about the linear fit similar to

those observed in the experiment over glass (Figure 3.3a). Likewise, the simulation trajecto-

ries at 4I0 (Figure 3.3d) show a more linear increase in time just like the experimental results

with the optical ring vortex over the Au nanoplate (Figure 3.3b). One difference between the

simulated and the experimental trajectories is that there is a noticeable oscillatory deviation

from a straight line of the trajectory seen in the simulations, especially for l = 4 and l = 5

in Figures 3.3c and 3.3d. The oscillatory deviation will be addressed below.
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Figure 3.3: Angular displacements vs time for experiments and simulations for glass and Au
nanoplate conditions and angular drives l = 0–5. (a) Experimental trajectories of a single
Ag nanoparticle rotation over glass and (b) over the Au nanoplate for six different drives.
(c) The trajectories of a single Ag nanoparticle rotation in the simulation with intensity at
I0 and (d) at intensity 4I0 for l = 0–5. The solid black lines are linear fits of the rotation
(angular displacement) versus time.

It should be noted that the simulated optical ring vortex is not the same size as in the

experiments mainly due to restrictions on available computational resources and memory. As

a result of the smaller size (diameter) of the simulated ring trap and to facilitate more angular

motion (rotations) in the ∼ 2 ms long simulated trajectories, the electric field intensity is

30 times larger than in the experiments. The main consequence of the smaller ring size and

larger electric field intensity is that the optical forces and therefore the particle velocities

are larger. However, as seen from Figure 3.3 the figures below, the qualitative agreement

between the experimental and the simulation data is striking.

The mean squared displacement (MSD) of single particle trajectories reveals the strength

of the drive force for different values of l. The MSD from experiment and simulation (Figures

3.4a-d) can be fit with

MSD(τ, l) = 2D(l)τ +
F (l)2

γ2
τ2 (3.2)

where D(l) is the l-dependent diffusion constant [134, 135], F (l) is the optical force, γ is

the friction coefficient, and τ is the lag time. Here, we assume that the diffusion constant
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is independent of the angular drive. The diffusive character of the trapped nanoparticle is

most apparent over the glass surface (Figure 3.4a) for short timescales demonstrated by the

curve when τ < 0.1 s where the linear term in the MSD is dominant, while when τ > 0.1 s

the squared term dominates and the particle’s motion is determined primarily by the optical

force. Nanoparticles trapped over the Au nanoplate exhibit much less transverse diffusive

behavior; the motion of the particles is dominated by the optical drive force (Figure 3.4b).

The plot of F (l)/γ as a function of l in Figure 3.4e using the fitting parameters from

Figures 3.4a-d, shows that the optical force increases linearly with l from−5 to 5. This result,

which is consistent with the theoretical analysis, clearly demonstrates that the optical angular

force transfer is linearly proportional to l. Moreover, the slope of F (l)/γ over the nanoplate is

5.5 times that over the glass. Constructive interference over the Au nanoplate only increases

the intensity of the trap by 4-fold and the angular force F (l) ∝ I, intensity, so the additional

increase of the slope indicates that the friction coefficient, γ, decreases over the nanoplate.

The effect of the hydrodynamic friction is apparent when comparing the simulation results

in Figure 3.4e to the experimental ones. When the simulation for intensity 4I0 (Figure

3.4e, open circles) is aligned with the experimental results over the nanoplate mirror (Figure

3.4e, closed circles) the corresponding simulation results for intensity I0 (Figure 3.4e, open

triangles) do not align perfectly with (i.e. have a different slope than) the experimental

results obtained over the glass (Figure 3.4e, closed triangles). The 90–100 nm separation of

the nanoparticle surface from the glass surface, estimated from a Derjaguin-Landau-Verwey-

Overbeek (DLVO) potential treatment for the electrostatics measured and estimated for the

experiment (See Chapter Appendix), is within the distance where hydrodynamic interactions

with the surface are significant [136, 137]. Therefore, we believe that the discrepancy between

the slopes shows the effect of the hydrodynamic friction present in the experiments over glass,

which is not accounted for in the simulation.

The oscillating deviations from a linear fit to the particle trajectories found in the simu-

lation (shown in Figures 3.3c and 3.3d) reflect periodic modulations of the particle’s velocity.
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Figure 3.4: MSD of experimental and simulated particle motion and forces on Ag nanopar-
ticles from experiment and simulation. (a, b) Angular MSD for different angular drives l
from the experiment trapping over the glass surface (a) or over the nanoplate mirror (b). (c,
d) Angular MSD for different angular drives l from simulations with intensity I0 (c) and 4I0
(d). The MSD’s for a-d are calculated from the angular displacement vs time results from
Fig 3. (e) Fit parameters of F (l)/γ from the MSD of single nanoparticles in the optical ring
vortex over glass (closed blue triangles) and over the Au nanoplate (closed red circles) using
the left y-axis. Fit parameters of F (l)/γ from the MSD of single nanoparticle simulations
for I0 (open blue triangles) and 4I0 (open red circles) using the right y-axis. Solid black
lines show linear fits to the data, the solid gray line shows the fit to F (l)/γ vs l for intensity
I0 in the simulation. Note that the vertical axes are chosen so that the fitted lines to the
Au nanoplate (and 4I0) results are identical.

42



The particle speed is plotted as a function of its position on the ring in Figures 3.5a and

3.5b. The speeds are calculated using single particle trajectories; both the experimental

and the simulation results show a large change of the instantaneous speed as a function of

the angular position around the ring. Both the experiment and the simulation show similar

angle-dependent modulation of the speed, that behaves as a sine function centered around

a non-zero mean value. Figures 3.5c and 3.5d show vector maps of the optical forces acting

on a 150 nm-Ag particle for l = 0 and l = 4, respectively. The direction of polarization

(horizontal) is indicated by the gray arrow in the top right corner. The optical forces are

calculated from the Maxwell stress tensor by placing the Ag nanoparticle at each position

and performing an FDTD simulation to determine the total fields. Larger magnitude optical

force vectors are seen in the 0 and π regions of the optical ring vortex for l = 0 and in the

π/2 and 3π/2 regions for l = 4, respectively. This makes it clear that the linear polarization

of the beam creates an anisotropy in the optical forces and results in the velocity oscillations

revealed in Figures 3.5a and 3.5b. The force anisotropy for linearly polarized vortex beams

was also noted by Lehmuskero et al. [119]. The anisotropy or modulation in the optical forces

for linearly polarized light has important consequences for the dynamics of the nanoparticles

driven in the optical ring vortex as discussed below.

3.2.3 Electrodynamic Interparticle Interactions

As previously shown [44, 45, 131], Ag nanoparticles interact electrodynamically via optical

binding; a periodic modulation of the electric field in the vicinity of the nanoparticle resulting

from interference of the incident field and the scattered field from each particle. The strength

and spatial aspects of optical binding depend on the polarization of the incident beam [44]. In

the present experiment the polarization of light is held constant; it is horizontally polarized

in the reference frame of the rings shown in the figures. This produces particle-particle

interactions that depend on the location of the particles as they move in the ring trap. Pairs

of nanoparticles oriented perpendicular to the light polarization direction have a stronger

43



50

100

150

200
S
p
e
e
d
 

(µ
m

/s
e
c)

Experiment l=4(a)

0 /2 3 /2 2

2000

3000

4000

5000

S
p
e
e
d
 

(µ
m

/s
e
c)

Simulation l=4(b)

1.0 0.5 0.0 0.5 1.0

x (µm)

1.0

0.5

0.0

0.5

1.0

y
 (

µ
m

)

0

/2

3 /2

(c) E

1.0 0.5 0.0 0.5 1.0

x (µm)

1.0

0.5

0.0

0.5

1.0

y
 (

µ
m

)

0

/2

3 /2

(d) E

Figure 3.5: Speed and force information of nanoparticles in the optical ring vortex. (a-b)
Speed as a function of position around the optical ring vortex in (a) the experiment over the
nanoplate mirror at l = 4 and (b) in the simulation at intensity 4I0 at l = 4. The speeds are
calculated by taking the difference between the Cartesian positions of the nanoparticles in
successive frames in the experiment or timesteps in the simulation and dividing by the time
increment (e.g. 1/framerate). (c-d) Electric field intensity (heat map) and force vector map
in the 4I0 simulation at l = 0 (c) and l = 4 (d).

optical binding interaction than do pairs of nanoparticles aligned parallel [44]. A peak in the

probability distribution of interparticle separations at the nearest-neighbor distance results

from an optical binding interaction.

The distribution of the nearest-neighbor separations shown in Figure 3.6 demonstrates

the effect of polarization on interparticle interactions as a function of angle in the optical ring

vortex. These interparticle separations can be further grouped based on sections of the ring

trap where particles can arrange aligned parallel to or perpendicular to the polarization. The

dashed lines in Figure 3.6 indicate the sections of the optical ring vortex that are binned for

the different configurations relative to the polarization of light. Particle pairs are considered

parallel to the polarization if they are in a π/8 slice of the ring centered on the π/2 or

3π/2 positions. Likewise, particle pairs are perpendicular to the polarization if they are in

a π/8 slice of the ring centered on the 0 or π positions. Figure 3.6 demonstrates that the

particles prefer optical binding separations when in the 0 and π positions; the distributions

show increased probability to be separated by 0.6 µm, 1.2 µm, and 1.8 µm, which is consistent

with past experimental and theoretical results for optical binding [44]. The positions at π/2
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Figure 3.6: Probability density plot of interparticle separations characterized as parallel or
perpendicular with respect to the electric field polarization (horizontal to the ring trap).
The interparticle separation is plotted with respect to the angular location of the midpoint
of a pair. The radial coordinate is the interparticle separation (in µm units). The color
represents the probability density of events in the radial and angular coordinates. Four of
the octants of the ring trap are categorized as parallel or perpendicular with respect to the
electric field. These octants, labeled ⊥ and ‖, are sections of the optical ring vortex where
the trap is perpendicular or parallel to the electric field polarization. This data is from a
multi-particle experiment at l = 2 over glass. Similar results are obtained for other values
of l and also over the Au nanoplate.

and 3π/2 in Figure 3.6 do not show the same effect because the optical binding interactions

are weaker for particles aligned parallel to the polarization.

3.2.4 Distributions of Interparticle Separations

The nearest-neighbor separations are examined in the regions where the polarization is

aligned parallel or perpendicular to the particles in the ring trap with respect to the driv-

ing force for the over-glass vs over-nanoplate conditions. Experiments over glass shown in

Figures 3.7a-c demonstrate that the optical binding interactions are much more pronounced

for nearest neighbors perpendicular to the polarization than particles parallel to the polar-

ization. The emergence of particle interactions at separations corresponding to the second

optical binding distance (site) at 1.2 µm are also noticeable, but only observed for particles

aligned perpendicular to the polarization where the binding is stronger. The optical binding
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increases dramatically over the Au nanoplate as seen in Figures 3.7d-f because the particles

trapped in the antinode created by retroreflection experience a 4-fold increase in intensity.

Here, the first, second, third, and perhaps the fourth optical binding sites are evident.

The distributions of interparticle separations can be further classified based on the mag-

nitude of the optical angular drive force, F (l), applied in each experiment. We observe that

the noise (fluctuations) increase with increasing optical drive force and that this competes

with the attractive optical binding interactions. Figure 3.7a shows that the optical binding

interactions dominate in the probability distributions of the interparticle separation for small

l (l = 0, 1, 2), where the first binding site at 0.6 µm is strongly populated and the emergence

of the second binding site can be seen at 1.2 µm for particles over glass. Likewise, Figure 3.7d

shows very narrow distributions at the first, second, third, and fourth binding distances arise

over the Au nanoplate mirror. As the optical drive force increases the distributions broaden

around each optical binding site (Figure 3.7b and 3.7e). Finally, at large l (l = 4, 5), the

distributions are so broad that evidence for optical binding interactions largely disappears

beyond the first site at 0.6 µm (Figures 3.7c,f).

We also examined the dynamics of interparticle separations by performing ED-LD sim-

ulations with two 150 nm Ag nanoparticles in the optical ring vortex. Unless specified, the

two particles were initialized with a separation of 0.6 µm, corresponding to the first optical

binding separation, and placed symmetrically around the 0◦ position in the ring. Figure

3.8a shows the probability densities of the interparticle separations for different values of l.

For small l (i.e. l = 0–1) we obtain a strong peak in the probability density around the

first optical binding location (0.6 µm). Increasing the optical driving force on the particles

leads to broadening of the first peak and the emergence of probability density at the second

(for medium l, i.e. l = 2–3) and third (for large l, i.e. l = 4–5) optical binding separa-

tions. Thus, the particles separate more easily from their initial condition at the first optical

binding site with increasing l. These simulation results are consistent with the experimental

results of Figure 3.7. We determined the potentials of mean force at the first optical binding
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Figure 3.7: Conditional probability distributions of the nearest neighbor separation grouped
into categories of (a,d) small (l = 0–2), (b,e) medium (l = 3), and (c,f) large (l = 4–5)
applied optical force for experiments over glass (blue, top row) and over the Au nanoplate
(red, bottom row). In each panel there are distributions for particle pairs that are parallel
(thick light colored curve) or perpendicular (thin dark colored curve) to the polarization.
The separations are binned parallel or perpendicular based on the scheme in Figure 3.6.
Curves are plotted through the midpoints of the distribution bins.
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Figure 3.8: Simulations of two Ag nanoparticles in an optical ring vortex with electric field
intensity 4I0. (a) Probability density (PD) distributions of nearest-neighbor separations
for nanoparticle pairs in the simulation for l = 0–1 (small l), l = 2–3 (medium l), and
l = 4–5 (large l). (b) Potentials of mean force (PMF) around the first two optical binding
sites calculated from the probability densities from (a). (c) Distributions of interparticle
separations calculated from simulations for l = 0, where the two particles are initialized
symmetrically about the ⊥ (0) or the ‖ (π/2) positions in the ring. (d) Potentials of mean
force for l = 0 at ⊥ (green) and ‖ (purple) calculated from the probability densities in (c).
All curves are plotted using a Gaussian kernel density estimator.

site from the interparticle probability densities for the different values of l. As shown in Fig-

ure 3.8b, these results demonstrate a diminishment of the effective optical binding potential

with increasing l. This means that the noise of the system increases with drive. Further, as

shown in Figures 3.8c and 3.8d, we determined the probability densities and corresponding

potentials of mean force at the location of the first optical binding site with no optical drive

(i.e. l = 0) in the regions where the polarization of the incident field is aligned perpendicu-

lar and parallel to the interparticle axis. Together with the experiments (Figure 3.7), these

results demonstrate that optical binding is weaker when the polarization is parallel to the

interparticle axis, leading to a broader distribution in the probability density that reflects a

shallower (weaker) effective potential.
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3.2.5 Increasing Effective Temperature with Drive Force

The experimental and simulation results in Figures 3.7 and 3.8 show that increasing the

optical drive force causes an increase in the effective temperature of the system; a larger

optical drive force causes particles to fluctuate more and with greater magnitude about the

optical binding sites. Note that the total optical intensity on the particles is constant so

particle heating is constant for all values of l. The increase in the fluctuations, and therefore

the effective temperature with increasing l, could result from the modulation in the optical

binding potential. We used the following minimal model system to test this hypothesis.

Imagine two particles confined to the perimeter of a circle (as in the experiments) with an

angular modulation of the interparticle potential. Assuming over-damped dynamics, we show

in the Chapter Appendix section 3.4.5 that the effective potential of mean force between the

two particles, in the limit that the driving force is large, is simply the potential of mean

force of the undriven system averaged over the entire ring. In other words, in the high drive

limit the effective potential is the average of the modulated potential [138] and thus the

driving force reduces the well depths and barriers in the modulated potential. Therefore, the

variance of the probability distributions of the particles is determined by an effective force

constant keff = (kmin +kmax)/2 where, kmin and kmax are the minimum and maximum force

constants of the modulated (assumed) harmonic interparticle potential.

However, Figure 3.5 indicates that the optical drive force that any particle in the ring

vortex experiences is also modulated for linearly polarized incident light. The modulation in

the optical drive force comes from asymmetry in the optical gradient while the optical binding

interactions (Figures 3.7-3.8) are altered by their orientation with respect to the direction

of linear polarization. The effects of both kinds of force modulations, i.e. modulation in

optical binding and optical driving force, are combined in the probability densities obtained

from experiments and the ED-LD simulations and therefore cannot be used to identify the

dominant mechanism that leads to the increase in fluctuations (i.e. increase in the effective

temperature).
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In order to separate the effects of the modulated optical binding and the modulated opti-

cal drive forces, we perform 1D Langevin dynamics (LD) simulations with periodic boundary

conditions and impose a sinusoidal variation in the modulation of both the binding and drive

forces. We assume a harmonic potential for optical binding and use the maximum and min-

imum force constants from the full ED-LD simulations for l = 0 shown in Figure 3.8d.

Optical binding forces result from the interactions of the incident and the scattered fields

and depend on the wavelength and intensity of the beam, and size of the particles. The size

and intensity of the optical ring vortex does not depend on the value of l, therefore, optical

binding forces can be assumed to be independent of l. The optical drive forces for different

l are extracted from full ED-LD simulations of a single nanoparticle in the trap. The 1D

Langevin equation, the optical drive force, Fd, and optical binding force, Fb, for the i-th

particle in these simulations are

m
d2θi
dt2

= Fd(θi) + Fb(θi)− λ
dθi
dt

+ η, (3.3)

where θi is the position of the i-th particle, λ is the Stokes drag friction coefficient, η is the

stochastic thermal noise. The optical forces are:

Fd(θi) = (Fmax − Fmin) sin2 (θi) + Fmin, (3.4a)

Fmin = l(1.5× 10−12 N), (3.4b)

Fmax = 2Fmin, (3.4c)

Fb(θi) = − d

dθi
Ub(θi), (3.4d)

Ub(θi) = k(θc)(θi − θj − θb)2, (3.4e)

k(θc) = (kmax − kmin) cos2 (θc) + kmin, (3.4f)

where kmax = 3× 10−6 N m−1 and kmin = 0.25kmax are the force constants, θc = (θi +
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θj)/2 is the center of mass position of the two particle system, and θb is the separation

corresponding to the first optical binding site (0.6 µm).

We perform the 1D LD simulations with two nanoparticles by assuming a modulated

optical binding force but keeping a constant optical drive force, and by modulating both

the binding and driving forces. The results are shown in Figure 3.9a and 3.9b, respectively.

In the simulations with a constant driving force but modulated binding forces, we find

that the effective force constant obtained from the probability distributions is the average

of the maximum (at locations of 0 and π) and minimum (at locations of π/2 and 3π/2)

force constants for larger driving forces. However, the probability densities do not change

appreciably with increasing l for the values of force constants (kmax, kmin) extracted from

our ED-LD simulations. On the other hand, by including a modulating driving force in the

1D LD simulations, we find that the probability densities broaden with increasing l and a

two-peaked distribution emerges for very large drive (l = 50). This result is reminiscent

of the changes in the probability densities and pmfs of Figure 3.8. We illustrate the drive-

force-induced modulation in Figure 3.14. The interparticle separations are modulated more

strongly at large l for a modulated optical drive force, illustrating the origin of the increasing

breadth of the probability density function of Figure 3.9b. These LD simulations combined

with the analytical theory explain that the rise in effective temperature of the system with

increasing l stems from the modulation in the optical driving force that is inherent to the

linearly polarized beam.

The increase in the interparticle fluctuations and single particle dynamics due to the

modulated drive force is reminiscent of the topic of enhanced or giant diffusion [139–143].

However, our study concerns force modulation as opposed to constant drive over a peri-

odically modulated potential as first proposed by Hänggi and co-workers [144]. Therefore,

although the isomorphism may seem clear, we foresee subtleties that will be addressed in a

separate publication.

51



200 400 600 800 1000 1200

Separation (nm)

0.0

0.3

0.6

0.9

1.2

1.5

1.8

1
0

2
 P

D

(a)
l=0
l=1
l=2
l=3
l=4
l=5
l=50

200 400 600 800 1000 1200

Separation (nm)

0.0

0.3

0.6

0.9

1.2

1.5

1.8

1
0

2
 P

D

(b)

Figure 3.9: Interparticle separation probability density (PD) functions affected by periodic
modulation of (a) interparticle potential or (b) drive force. 1D LD simulations with periodic
boundaries of two particles using parameters extracted from the full ED-LD simulations
assuming (a) constant drive and modulated interparticle potential and (b) modulated drive
and interparticle potential.
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3.2.6 Optical Binding in Driven Dielectric Colloids

We also considered whether electrodynamic interactions (i.e., optical binding) are significant

for dielectric (polystyrene) particles trapped using the same optical ring vortex. The large

peak in the probability density at a separation of 0.6 µm for the 300 nm polystyrene particles

in Figure 3.10a and another peak at a separation of 1.2 µm corresponding to the second opti-

cal binding site for particles oriented perpendicular to the polarization is a strong indication

of optical binding. The inset in Figure 3.10a shows the difference of the perpendicular and

parallel distributions of the nearest neighbor separations, which exhibits characteristics of

optical binding seen in Ag nanoparticles over glass (Figure 3.10b) such as a broader and

smaller amplitude parallel peak and the emergence of the optical binding at 1.2 µm.
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Figure 3.10: Distributions of nearest-neighbor separations. (a,b) Probability densities of
interparticle separation for (a) 300 nm polystyrene particles in the optical ring vortex over
glass at l = 1 for both parallel and perpendicular positions in the ring and (b) Ag nanopar-
ticles over glass for small l (same as Fig 7a). The insets for (a) and (b) show the difference
(perpendicular minus parallel) of the respective distributions.
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3.3 Conclusions

We have examined the properties of driven optical matter composed of metal nanoparticles

in a optical ring vortex. The creation of a superior optical ring vortex by retroreflection from

a Au nanoplate mirror is a technical advance that allows trapping particles in an interfer-

ence antinode above the Au surface. The interferometric trap improves the axial tightness

of the trap while also increasing the optical force on the nanoparticles and has reduced

hydrodynamic friction as compared with particles that are moving in a vortex trap near a

glass surface. Using 150 nm Ag nanoparticles in the optical ring vortex, we demonstrated in

experiment and simulation that the optical drive force around the ring vortex trap is inher-

ently modulated for a linearly polarized beam. This modulated force affects the interparticle

interactions so as to increase the noise (or effective temperature) and effectively weaken the

long-range attractive optical binding interactions.

We developed a model system and simulations showing that the increase in effective

temperature (or fluctuations in interparticle separations) results mainly from the modulation

in the optical drive force associated with the linear polarization of the incident beam. These

electrodynamic forces and interactions in optically driven systems are often not considered in

studies of hydrodynamically interacting driven colloidal systems. While the optical binding

interactions may not dominate the interactions between larger dielectric particles, we want

to encourage the understanding of their existence in these types of driven optical systems.

Moreover, the modulation in the electrodynamic driving force that is inherent in a linearly

polarized optical ring vortex will affect the interactions between colloidal particles currently

ascribed to be solely due to hydrodynamic interactions [67] and is the dominant cause of

persistent oscillatory dynamics of optically driven systems [95]. Finally, the modulation of

the optical drive force that we study here and the significant increase in noise with drive force

that we find in experiment and explain via simulations and theory bears strong resemblance

to the topic of “enhanced diffusion” [139–143]. We plan to address this topic in detail in a

separate publication.
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3.4 Chapter Appendix

3.4.1 Methods

Experimental

The experiments were performed using dark field microscopy with optical tweezers. Sample

cells were mounted on an inverted microscope (Olympus IX71) and imaged through a 60x

water immersion objective (Olympus UPLSAPO). Magnification was further increased with

both a 2x and 1.6x expansion lenses. The optical tweezer was created using a linearly

polarized Gaussian beam (λ = 800 nm) from a Ti:sapphire laser that is shaped by a spatial

light modulator (Hamamatsu X10468-02) to generate vortex ring traps of varying azimuthal

phase gradients. Images of the trapped nanoparticles were recorded with an array detector

(Andor Neo sCMOS DC-152Q-C00-F1) at a frame rate of 90 frames/sec with an exposure

of 0.4 ms

Sample cells were created by sandwiching a 180 µm silicone rubber spacer between two

coverslips. A solution of Au nanoplates are drop cast onto the coverslip inside a cutout

of the spacer. A diluted solution of spherical Ag nanoparticles (150 ± 9.6 nm diameter,

nanoComposix) is placed inside the cut out of the spacer and another coverslip is placed

over it creating a sealed sample cell. The sample cell is oriented such that the coverslip with

the Au nanoplates is on top and the objective images through the bottom coverslip. This

allows the laser to push particles to the top surface by the scattering force where particles

can be trapped near the top surface over glass or a nanoplate mirror. However, due to

electrostatic repulsion between the particles and the glass the particles do not touch the

glass (or Au surface) and instead are repulsively trapped by the opposing scattering and

electrostatic forces. A phase gradient encoded in the spatial light modulator controls the

angular force applied to the particles in the ring trap.

The nanoparticle positions and trajectories are extracted from the images using the Mo-
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saic Suite ImageJ plugin [72]. A kernel radius of 6 pixels with a 0.05 percentile threshold for

the brightest maxima is used for particle localization. A large max displacement of 150 pixels

between frames was used for linking particle positions into trajectories. Particle trajectories

were checked manually to make sure the particle positions were properly linked between

frames.

Numerical

Simulations of one and two Ag nanoparticles in an optical ring vortex trap were performed

using coupled electrodynamics-Langevin dynamics (ED-LD) solver that we developed [132].

The ED-LD simulation self-consistently couples the finite-difference time-domain (FDTD)

method of solving Maxwell’s equations with a splitting-method scheme for integrating the

Langevin equation. The optical ring vortex beam is introduced in the simulation using

the scattered field technique [145, 146] in which the incident electric field is described in

cylindrical coordinates as

~E(ρ, θ, z) = x̂E0Jl(kCρρ)eilθei(kz−ωt). (3.5)

Here, E0 =
√

2I0/nε0c is the electric field magnitude and I0 is the intensity of the beam,l

is the number of 0 to 2π angular phase rotations around the ring, Jl is a Bessel function of

the first kind of order l. We use the constant Cρ as an adjustable parameter that is varied in

order to keep a constant radius for the beam. The incident magnetic field is calculated from

Ampere’s law for each time step before updating the scattered fields in the main FDTD

calculation. The electrodynamic forces on the Ag nanoparticles are calculated using the

Maxwell stress tensor, while the electrostatic forces due to surface charges are calculated

using Coulomb’s law. The Drude model is used to describe the dispersive Ag nanoparticles

using the auxiliary differential equation method [146]. We use the following Drude parame-

ters for Ag, ε∞ = 3.045, ωp = 2.117× 1015 s−1, and γp = 6.069× 1013 s−1.The total force
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(electrodynamic + electrostatic) on each nanoparticle is used in the Langevin equation to

calculate the nanoparticle trajectories. Since, we are interested in the driven (transverse)

motion of the nanoparticles, we only use the transverse forces to simulate their trajecto-

ries. We were able to simulate a maximum of ∼ 2 ms long trajectories with the computing

resources available to us. Therefore, in order to generate multiple particle orbits around

the ring, we simulate a smaller (∼ 2 µm) diameter optical ring vortex with an electric field

intensity that is roughly 30 times that in the experiments. The details of the coupled ED-LD

simulation can be found in Sule et al. [132].

3.4.2 The Optical Ring Vortex

Please see Figure 3.11 for the phase masks on the SLM and a schematic of the optical ring

vortex.
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Figure 3.11: Diagram showing the properties of the optical ring vortex for different l’s. The
first column shows the phase mask used on the SLM to produce the ring trap. The second
column shows the intensity of the beam for each l, which is the same for all l’s. The third
column shows a schematic of the phase of the optical ring vortex for each l.

3.4.3 Electric Field Over the Au Nanoplate

We estimate the electric field over the Au nanoplate from the FDTD simulations. Figure 3.12

shows the electric field intensity in the retroflection geometry over the Au nanoplate mirror

discussed in the main text. The electric field intensity is largest 250 nm away from the Au

nanoplate surface where the Ag nanoparticles are trapped.
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Figure 3.12: The electric field intensity of the optical ring trap over the Au nanoplate shown
in the y-z plane bisecting the ring trap. The surface of the Au nanoplate is at 0 nm. The
maximum intensity of the first antinode occurs about 250 nm above the Au nanoplate mirror.

3.4.4 Separation of Ag Nanoparticle and Glass Surface

Electrostatic Contribution

DLVO Theory

DLVO Theory uses the idea that the electrostatic interactions are a combination of two

competing forces, the van der Waals attractive force and the double layer repulsive forces

[147]. These potentials describe all of the electrostatic forces the glass surface and a Ag

nanoparticle (in the absence of the optical trapping beam) as a function of their separation

d.

W (d) = WA(d) +WR(d) (3.6)

Here, WA(d) is the potential energy from the attractive van der Waals interaction, WR(d) is

the potential energy from repulsive electrostatic interactions, and W (d) is the total potential

energy. The Ag nanoparticle interacting with the glass is treated as a spherical particle

interacting with an infinitely flat plate.
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Van der Waals Attractive Forces

The nonretarded van der Waals potential energy of a sphere with a surface for all separations

is [148]:

WA(d) = −A
6

(
r

d
+

r

2r + d
+ ln

d

2r + d

)
(3.7)

where A is the Hamaker constant and r is the radius of the sphere. Lifshitz theory treats the

objects as continuous materials with bulk refractive index and permittivity. The Hamaker

constant for material 1 interacting with material 2 through material 3 as [149, 150]:

A =
3kBT

4

(
ε1 − ε3
ε1 + ε3

)(
ε2 − ε3
ε2 + ε3

)
+

3h

4π

∫ ∞

ν1

(ε1(iν)− ε3(iν)) (ε2(iν)− ε3(iν))

(ε1(iν) + ε3(iν)) (ε2(iν) + ε3(iν))
dν (3.8)

where ε1, ε2, and ε3 are the electric permittivities of material 1, 2, and 3, respectively while

ε1(iν), ε2(iν), ε3(iν) are the permittivities at imaginary frequencies iν (see Israelachvili

[151] for more details), and ν1 = 2πkBT/h = 3.9× 1013 Hz at 298 K. The permittivities at

imaginary frequencies are calculated differently depending whether the material is dielectric

or metallic [151]:

εdielectric(iν) = 1 +
n2 − 1

1− (iν)2/ν2
e

(3.9a)

εmetal(iν) = 1− ν2
e/(iν)2 (3.9b)

where n is the refractive index of the material and νe is the mean ionization frequency.

Double Layer Repulsive Forces

The potential for the interaction of the double layer repulsion of a sphere with a surface is

[152]:

WR(d) = 16e−κdεr
(

kBT

ze

)2

tanh

(
zeψp
4kBT

)
tanh

(
zeψs
4kBT

)
(3.10)

where ε is the dielectric constant of the fluid, r is the radius of the sphere, kBT is the thermal

energy, z is the ion valency (assuming a symmetric electrolyte), e is the protonic charge, κ
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is the inverse Debye length, and ψs and ψp are the surface potentials of the sphere and the

plate, respectively. The surface potential of the glass surface was estimated from an Sze et al.

[153] while the surface potential of an Ag nanoparticle was found experimentally through a

zeta potential measurement [154]. The parameters used are in equation 3.10: radius, r =

75 nm, ε = 80.4, ε0 = 8.85× 10−12 F m−1, e = 1.602× 10−19 C, z = 1, ionic strength, I =

1.8× 10−4 mol L−1, κ = 4.4× 107 m−1, ψs = −16 mV, ψp = −77 mV.

Gravity Contribution

The potential energy for gravity in this system decreases as a function of the particle’s

distance from the plate. This is because of the geometry of the experiment such that the

coverslip is above and the particles are pushed up against it. The potential energy of gravity

is:

Wg(d) = −4

3
πr3(ρAg − ρH2O)gd (3.11)

where ρAg = 10.5 g/cm3, ρH2O = 1.0 g/cm3, g = 9.8 m/s2.

Laser Contribution

The optical trap contributes two forces to the trapped spherical particle, the scattering force

(along the optical axis) and the intensity gradient force. When the particle being trapped

is much smaller than the wavelength of light (R < λ/10) the Rayleigh approximation holds,

which treats the particle as a dipole affected by the electric field. For simplicity we will

use the Rayleigh approximation for this calculation even though the particle radius is 75 nm

compared to the wavelength in water being 800 nm/1.33 ' 600 nm.

The scattering force is the result of photons scattering off the particle and imparting

momentum to the particle. In the Rayleigh regime the scattering force is [155]:

Fscat = nm
σ〈S〉
c

(3.12)
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where σ is the particle’s cross section defined as:

σ =
8

3
π(kr)4r2

(
n2 − 1

n2 + 2

)2

(3.13)

and 〈S〉 is the time averaged Poyting vector. For a plane wave this is:

〈S〉 =
E2
m

2cµo
=

1

2
E2
m (cεo) (3.14)

where E2
m is the intensity of the plane wave incident on the particle. The intensity can be

estimated based on the power entering the microscope divided by the area of laser focus.

The laser power is measured to be 112 mW after the SLM but before it microscope objective.

The power lost from the objective transmission is estimated from the Olympus website and

accounting for overfilling the back aperture. The area the laser illuminates is estimated from

the diameter of the ring trap with diffraction limited annular width. For the experiments

presented the power density is estimated to be 2.79× 10−6 mW/nm2. The wave vector is

k=2π/λ where λ is the wavelength of the laser. Refractive indices for water at 800 nm is

nH2O = 1.3290 [156] and nAg = 0.0368 for Ag [157]. The potential energy from the laser

becomes:

Wscat(d) = Fscat × d (3.15)

Total Potential Energy for the Ag nanoparticle Near Glass Surface

The sum of all potentials (from equations 3.7, 3.10, 3.11, and 3.15) gives the full potential

energy function of the 150 nm diameter particle.

Wfull(d) = WA(d) +WR(d) +Wg(d) +Wscat(d) (3.16)

The potential energy function for the parameters given above is shown in Figure 3.13. The

minimum of this function will be the equilibrium position of the Ag nanoparticle near the
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glass surface.
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Figure 3.13: The calculated potential energy of a Ag nanoparticle in an optical ring vortex
over the glass surface. The minimum is at ∼95 nm, and the barrier for the particle to
spontaneously jump and get stuck on the glass surface is ∼ 1.8kBT.

3.4.5 Fluctuations Increase with Increasing Drive Force

We present a series of simple analytical arguments that qualitatively explain increased fluc-

tuations as a function of the driving force. As in the detailed numerical analysis, we imagine

a system of two driven particles confined to a ring. The over damped equations for motion

of this pair of particles have the form

dθ1/2

dt
= vd − µV ′(θ1, θ2) + η1/2(t) (3.17)

where θi denotes the angular location of particle i = {1, 2}, vd is the driving force on the two

particles, V ′(θ1, θ2) is the optical force of interaction between the two particles and ηi denotes

the random noise term. Since we are interested in the potential of mean force for θ1 − θ2,

we use Eq. 3.17 to construct equations of motion for δθ = (θ1− θ2) and θsum = (θ1 + θ2)/2,

dδθ

dt
= −2µV ′(θ1, θ2) + 2η− (3.18)
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a b

c d

Figure 3.14: Snapshots of the LD simulations for l=4 for (a,b) constant and (c,d) modulated
drive forces. Panels (a,b) show the positions of the particles in a constant drive force when
the particles are located at π/2 (a) and π (b). Panels (c,d) show the positions of the particles
in a modulated drive force when the particles are located at π/2 (c) and π (d). The angles
correspond to the polar coordinate system used in the main text.

dθs
dt

= vd + η+ (3.19)

where η± ≡ (η1 ± η2)/2 and we have used the fact that the forces on the particles due to

the inter-particle potential have opposite signs to derive Eq. 3.18. To proceed, we will make

the simplifying approximation that the two particle potential V (θ1, θ2) depends simply on

θs and δθ, V (θ1, θ2) ≡ Ṽ (δθ, θs).

This set of coupled equations can be simplified further by using the approximation θs(t) ≈

vdt. With this approximation, we can view the time dependent two particle system with

spatial modulation as a time dependent one particle problem without spatial modulation.

This time dependent problem becomes analytically tractable in the limit of high driving

force [138]. In this limit, the probability distribution for observing a certain δθ can be

simply written as

P (δθ) ∼ e−α
∫ 2π

0 Ṽ (δθ,x)dx (3.20)

The effective potential is simply the average of the potential Ṽ . This averaging can wash

out some of the features of the strong time independent PMF and is the reason for larger

fluctuations at higher drives.

1D Langevin Dynamics (LD) simulations are discussed in the main text where the effects

of a modulated drive force and interparticle potential were examined as a mechanism for the
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increased interparticle separation fluctuations. The changes in the interparticle separations

are seen in snapshots of these LD simulations shown in Figure 3.14. For LD simulations where

the drive force is constant the relative positions of the particles remains approximately the

same regardless of where the particles are located in the ring trap (Figure 3.14a and b).

When the drive force is assumed to be modulated the interparticle separations increase

(Figure 3.14c) when they are in the ring trap at the π/2 and 3π/2 positions for high drive.

Likewise, the interparticle distances decrease (Figure 3.14d) when they are at the 0 and

π positions in the ring for low drive. The interparticle potential is modulated in both

simulations. It is clear that the modulation in drive force, as opposed to the modulation of

interparticle potential, is the dominant cause of the increase in fluctuations of interparticle

separation.
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CHAPTER 4

CRITICAL ASSESSMENT OF NONEQUILIBRIUM BARRIER

CROSSING PROCESSES USING DRIVEN OPTICAL MATTER

Contributions: Nishant Sule performed the ED-LD and FDTD simulations. Erik Thiede

executed the umbrella sampling method to extract the potential mean force. Curtis Pe-

terson developed the inverse Gaussian transport analysis and contributed some additional

experimental data.

4.1 Introduction

The kinetics of barrier crossing phenomena are of fundamental importance in Physics, Chem-

istry, and Biology [46–54]. Studies of barrier crossing in Chemistry typically obtain the rate

at which molecules react to form products by surmounting an energy (or free energy) bar-

rier. The transition state, at the barrier top, separates reactants from products. Transition

state theory (TST) describes barrier crossing dynamics in the gas phase for frictionless con-

ditions, while Kramers theory is appropriate in frictionally damped environments, e.g. in

solution [48, 59, 60]. The latter assumes that a parabolic barrier is crossed in a diffusive

manner in a canonical ensemble (at equilibrium) where the barrier height >kBT . Kramers

theory has been extended to describe the kinetics of barrier crossing when a force or load

is applied, providing a relationship between the applied force on a molecule and its rate of

mechanical rupture [54, 62]. Applying a force decreases the effective barrier and reduces

the distance from the well to the transition state along the reaction coordinate (Figure 4.1).

Single molecule force spectroscopy experiments have been used to determine the rate of me-

chanical unfolding of macromolecules (e.g. protein, RNA) using an atomic force microscope

or optical laser tweezers suitably linked to the macromolecules [49–51]. The force that drives

barrier crossing is mechanical pulling of the molecule and ultimately it’s rupture by thermal

fluctuations.
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Figure 4.1: Schematic of barrier crossing with visual representation of relevant parameters.
The left panel shows an example of an equilibrium barrier with height ∆G‡ and barrier
distance of x‡. At equilibrium the rate of crossing the barrier is k0. The left panel shows
the same barrier crossing with a force applied in the direction of the reaction coordinate
which lowers the height of the barrier to a force dependent height, ∆U(F ), and has a force
dependent crossing rate of k(F ). The parameters are relevant to the Dudko-Hummer-Szabo
model analysis described below. The figure is adapted from [62].

However, single molecule force spectroscopy experiments do not allow critical assessment

of the dynamical process as the atoms cannot be visualized and the actual transition state

crossing event occurs too rapidly to be followed by the force transduction instruments [158].

Optical tweezers and electrodynamically manipulated nanoparticles provide a new paradigm

to study barrier crossing phenomena. Optical trapping can be used to confine and drive

nanoparticles through momentum transfer to, and gradient forces on, the particles. Electro-

dynamic barriers suitable to enable the desired experiments can also be created. Particles

that strongly scatter the incident electromagnetic field (e.g. Ag nanoparticles) alter the field

in their vicinity producing locations of field enhancement that cause other particles to gather

at these locations; a phenomena known as optical binding [18, 40]. As shown in Figure 4.2,

optical binding and other electrodynamic interactions between metal nanoparticles and also

with the Au nanoplate mirror lead to rich energy landscapes (see Figures 4.2c and 4.2d) that

allow studying a wide range of phenomena including barrier crossing by single nanoparticles.

In an optical trap system several nanoparticles can become optically bound together in a

structure, as optical matter, where the motion of one particle influences the motion of all
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the other optically bound particles in the system [18, 44, 45, 93, 130, 131]. Thus, experi-

mental conditions that allow controlled scattering of EM fields to create localized fields and

field gradients can serve to create electrodynamic energy landscapes while optical trapping

and suitable gradient forces allow driving nanoparticles through the energy landscapes, thus

making optical matter systems suitable for developing a deeper understanding of barrier

crossing phenomena.

In this paper, we trap and drive nanoparticles to study the force-dependence of cross-

ing electrodynamic barriers. The same optical properties used to form optical matter (i.e.

intensity and phase gradients) [93] can be used to drive particles and optical matter to

study non-equilibrium phenomena. Specifically, we use optical ring traps with controlled

optical phase gradients to study the effects of applied force on the kinetics of barrier cross-

ing. Although our study is akin to single molecule force microscopy studies, one important

distinction is that we directly visualize the particle’s motion during the entire barrier cross-

ing process with optical microscopy at high frame rates. Our results allow distinguishing

between TST (Bell model) [159] and driven Kramers theory (Dudko, Hummer and Szabo)

[62] models of barrier crossing. Finite-difference time-domain (FDTD) and electrodynamics-

Langevin dynamics (ED-LD) simulations [93, 132] are performed to model the shape of the

electrodynamic barrier and the driven Brownian dynamics of the nanoparticles. The po-

tentials of mean force obtained do not agree as closely as expected with our experimental

results. We conclude that the experimental results reflect a combination of activation and

non-diffusive transport thus violating the assumptions of Kramers theory. Therefore, the

distribution function and trajectory information we obtain calls for the development of a

comprehensive theory that includes deterministic transport through the barrier region.

4.2 Results and Discussion

Recently, we characterized the trapping and dynamics of metal nanoparticles in an optical

ring vortex over glass and Au nanoplate surfaces [93]. The present study builds directly
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Figure 4.2: Schematic of the experiment and results of Ag nanoparticles driven in a ring trap
that straddles a Au nanoplate mirror. (a) Schematic of the focused optical beam and ring
trap half over a glass coverslip and half over a Au nanoplate. Antinodes of intensity arise
over the Au nanoplate due to interference. (b) Colorized time average intensity for the “half
nanoplate” experiment for l = 1. The yellow line segments are the edge of the Au nanoplate
while the purple-orange colormap shows the time averaged intensity of the nanoparticles.
The colorbar scale (right) shows the intensity in counts from 94–152 and the white scale bar
in the bottom left corner is 1µm. The leading edge of the Au nanoplate near the π/2 position
of the ring shows a periodic pattern that is the result of electrodynamic interactions (i.e.
optical binding) between nanoparticles and the edge of the nanoplate. (c) The − log(PD)
(probability density) of the nanoparticles at the leading edge of the Au nanoplate (at π/2)
and (d) at the falling edge (at 3π/2) calculated along the arc of the optical ring vortex as
a function of angular position in degrees. The black annotations in (c) and (d) show the
distance (µm) along a chord of the optical ring vortex between pairs of select peaks in the
− log(PD). The spacings agree with the separation expected from optical binding [44, 93].
The dashed vertical lines in (c and d) are the locations of the edges of the nanoplate.
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on this earlier work (presented in Chapter 3). An electrodynamic barrier is created by

producing an optical ring vortex trap [44, 89, 93] that spans a Au nanoplate mirror [131] and

a glass coverslip (Figure 4.2a) with a focal condition that provides suitable trapping over both

surfaces. 150 nm Ag nanoparticles are trapped and driven around the optical ring with a drive

force produced by phase gradients in the azimuthal direction determined by the topological

charge, l, of the vortex [89]. Once the particle hops onto the Au nanoplate it is driven by the

optical ring and travels to the edge of the Au nanoplate where the electrodynamic barrier

exists. Evidence of the electrodynamic barriers can be seen as enhanced intensity at the

π/2 and 3π/2 locations in the integrated sequence of images in Figure 4.2b. We establish

the trajectories of the particles as they are driven in the optical trap by particle tracking

analysis of the microscopy (imaging) data (see Chapter Appendix). The trajectories are used

to calculate probability densities, dwell times, and the forces on individual nanoparticles. The

negative logarithm of the probability densities near the edge of the nanoplate show troughs

and peaks (e.g. see the region near the dashed line in Figures 4.2c and 4.2d) corresponding

to the electrodynamic barriers. The large barrier and resulting accumulation of particles

at the leading edge of the Au nanoplate (i.e. the π/2 position) prevents a large number

of nanoparticles being over the Au nanoplate at any time. That allows us to study the

barrier crossing of single nanoparticles on the falling edge of the Au nanoplate (i.e. the 3π/2

position). This chapter focuses on barrier-crossing phenomena occurring near the falling edge

of the Au nanoplate mirror as this deals with the simple case of a single particle process.

Numerical simulations that combine electrodynamics and Langevin dynamics methods,

termed ED-LD [93, 132], are used to characterize the electrodynamic barrier and examine

single Ag nanoparticle barrier crossing dynamics. The simulations focus on a short arc

(subtending an angle of 25◦) about the falling edge of the Au nanoplate where the relevant

barrier-crossing dynamics occur. We assume that the curvature of the arc is negligible for

the dynamics as shown in Figure 4.3a and that the edge of the Au nanoplate is perpendicular

to the optical trap. Thus, we simulate a line trap that is partially over a Au nanoplate of
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200 nm thickness placed on a glass substrate such that reflections from the Au nanoplate

result in a standing wave perpendicular to the surface, as shown in Figure 4.3a. The phase

gradient within the line trap corresponds to the experimental phase gradient in the short arc

near the falling edge. Field enhancement associated with the edge of the nanoplate affects

the intensity of the antinode near the edge (see Figure 4.3a). The non-uniform intensity

creates a (gradient) force on the Ag nanoparticle, pulling it towards the region of highest

intensity. It is this intensity maximum that corresponds to the potential energy well. The

electrodynamic barrier is, in turn, a region of lower intensity near the nanoplate edge and a

correspondingly greater potential energy.

The optical force on a Ag nanoparticle in the first antinode shown in Figure 4.3b indicates

that the electrodynamic barrier occurs between −400 nm and −200 nm from the edge of the

Au nanoplate. The difference between the optical force in traps with drive (non-zero l) and

the un-driven trap (l = 0) is plotted as an inset in Figure 4.3b showing that the shape of

the barrier changes with drive. A typical trajectory of a single Ag nanoparticle crossing the

edge, determined from ED-LD simulations, is superimposed on the first antinode shown in

Figure 4.3a. The optical force along the trajectory is shown in Figure 4.3c for different values

of l; the particle is unable to cross the barrier for low drives (l=0,1,2) and remains stuck in

the potential well of the electrodynamic barrier on the timescale of the simulation.

We calculate the rate of particles crossing the barrier in the experiments from the distribu-

tion of dwell times for each l. Using the particle’s angular position as the reaction coordinate,

the dwell-time distribution, PD(t), is calculated from the number of frames a particle takes to

cross over the edge of the Au nanoplate after entering a region before the edge (see Chapter

Appendix for details). The decay of the cumulative dwell time, CDT = 1 −
∫ t
−∞ PD(t′)dt′,

is fit with an exponential decay function, Ae−kt, where k is the rate of particles crossing the

barrier (Figures 4.4a-c). The particle velocities measured over the Au nanoplate (away from

the edges) are used in conjunction with Stokes Law to calculate the average optical force on

each Ag nanoparticle (See Chapter Appendix for details). We find that the distributions of
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Figure 4.3: Electrodynamics and Langevin dynamics (ED-LD) simulations of Ag nanopar-
ticles traversing the edge of a Au nanoplate. (a) The electric field intensity calculated from
FDTD simulations in the z-y plane for a line trap incident centered at the edge of a Au
nanoplate (the optical beam propagates along z). The Au nanoplate surface is at 0 nm in
z (yellow dashed line) and the falling edge of the Au plate is at 0 nm (horizontal scale).
Dashed black line indicates the positions of maximum electric field intensity along the z-axis
in the first antinode over the Au nanoplate mirror. Blue line is a trajectory of a nanopar-
ticle crossing the electrodynamic barrier for l = 4 in the ED-LD simulation. (b) The y-axis
component of the optical force on a nanoparticle calculated from FDTD simulations along
the black dashed line in (a) for different l’s. The inset in (b) shows the net optical force on a
nanoparticle, Fy(l 6= 0)− Fy(l = 0). (c) The optical force acting on a nanoparticle along its
trajectory from ED-LD simulations (e.g. the blue curve in panel (a) for l = 4) for different
l. The force curves are smoothed with a Gaussian weighted average with a full width half
maximum of 12 nm.
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applied force broaden and the mean force increases with l (Figures 4.4d-f) as does the rate

of particles crossing the barrier.

We draw an analogy between the present study and single-molecule pulling experiments

where the rupture rate of a molecule increases with the applied force [49–51]. The simplest

model for a force-dependent barrier crossing rate was presented by Bell [159] and Evans and

Ritchie [160]:

ln[k(F )] = ln(k0) +
xb
kbT

F, (4.1)

which predicts a linear relationship between the applied force, F , and the logarithm of the

rate, k(F ). The linear approximation is only valid for barriers� kBT. The Bell-Evans (BE)

model is essentially a transition state theory picture where
∫
F · dx is subtracted from the

force-independent potential energy function. The rate of barrier crossing at equilibrium in the

absence of applied force, k0, and the distance from the well to the barrier, xb, can be obtained

by extrapolation of the BE model fit to F = 0. We fit our experimental electrodynamic

barrier crossing data to the BE model in Figure 4.4g (red dashed line) obtaining xb = 120 nm

and k0 = 0.63 s−1. However, the distance, xb, is much smaller than what we estimate from

the simulation in Figure 4.3c.

A Kramers theory based model by Dudko et al. [62] (DHS model) provides a more detailed

treatment of the rate of barrier crossing in the presence of an external force, F ,

k(F ) = k0

(
1− νFx‡

∆G‡

) 1
ν−1

eβ∆G‡[1−(1−νFx‡/∆G‡)1/ν ] (4.2)

where x‡ is the distance from the lowest point in the well to the transition state (∆G‡)

and ν describes the shape of the barrier; ν = 1/2 corresponds to a cusp free-energy surface

while ν = 2/3 corresponds to a linear-cubic free energy surface. The DHS model fit with

ν = 1/2, xb = 251 nm, the equilibrium rate k0 = 0.22 s−1, and ∆G‡ = 7.3 kBT is in excellent

agreement with the experimental data.

Analogous to single-molecule pulling experiments [51, 161, 162], we find that there is a
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Figure 4.4: Rates, forces, and model fitting to driven nanoparticle barrier crossing results.
(a-c) Cumulative dwell time distributions of Ag nanoparticles crossing from 230 degrees to
past the maximum of the − log(PD) (see Figures 4.2b and 4.2d) for (a) l = 1 (b) l = 3 and
(c) l = 5. The solid black lines are exponential fits of the decay of the cumulative dwell time
distributions. (d-f) distributions of optical drive force on all Ag nanoparticles in the optical
ring trap determined from their speeds over the Au nanoplate for (d) l = 1 (e) l = 3 and (f)
l = 5. Solid black lines in (d-f) are Gaussian fits to the force distributions. (g) Rate of Au
nanoplate barrier crossing as a function of the applied force in the ring trap. The dashed
red line shows the fit using Bell-Evans model and the solid black curve shows a fit using
the Dudko-Hummer-Szabo theory of barrier crossing for ν = 1/2; i.e., the potential energy
surface of the barrier is assumed to be cusp shaped.
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large enhancement in the force-dependent rate, k(F ), compared to the calculated equilibrium

rate, k(0). The enhancement factor is 102 for the experiments presented here and 103–106

in some typical the single-molecule pulling experiments [51, 161, 162]. Therefore, our non-

equilibrium or driven barrier-crossing experiments are in the same out of equilibrium regime

as typical single-molecule pulling experiments (see Chapter Appendix for details).

The relative simplicity of the driven single Ag nanoparticle experiments as compared to

single-molecule pulling measurements and the direct visualization of particle motion allows us

to obtain more insight into the dynamics of non-equilibrium barrier crossing. The negative

log of the probability density (PD) of particle positions obtained from microscopy shows

a barrier close to the Au nanoplate edge (see Figure 4.5a) whose height decreases as the

drive force is increased. We also obtain − log(PD) using the trajectories from the ED-

LD simulations as shown in Figure 4.5b (solid lines) and find very good agreement with

experiments (dashed line in Figure 4.5b).

However, upon more careful consideration of the nonequilibrium experiment and simula-

tion, one realizes problems with the interpretation of the results. The probability densities

obtained from the experiments as well as the simulations suffer from sampling errors after

the barrier vs before; the particles move very quickly after crossing the barrier and nanoplate

edge due to the strong radiation pressure. Therefore, in order to obtain the equilibrium bar-

rier without these sampling errors, we employed an umbrella sampling method [163, 164] to

recover the potentials of mean force (pmf), shown in Figure 4.5c for various drives along the

reaction coordinate (see Chapter Appendix for details). We find that at l = 0, the nanopar-

ticle encounters a ∼10 kBT barrier and the free energy barrier decreases in height as the

optical drive (i.e., l) is increased. More importantly, the pmfs in Figure 4.5c reveal that the

barrier is only present for low drives (l = 0–2) and becomes small or non-existent for higher

drives (l > 2). Furthermore, as shown in Figure 4.5d, the sampling error and the resultant

apparent barrier in the − log(PD) representations can be clearly seen when compared with

the pmf determined from umbrella sampling; the barrier is located before the Au nanoplate
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Figure 4.5: Comparison of non-equilibrium − log(PD) (Probability Density) and potentials
of mean force from driven dynamics. (a) − log(PD) obtained from the experimental single-
particle trajectories for l = 1, 3, 5. The bottom horizontal axis shows the distance from the
edge of the nanoplate as an arc along the ring while the top axis shows the angular position
in the ring. (b) − log(PD) calculated from ED-LD particle trajectories for l = 3–5. The
green curve is the − log(PD) from the experiment for l = 3 shown in (a). (see Chapter
Appendix for for determination of the Au nanoplate edge in the experiment) (c) Potentials
of mean force (pmf) calculated from umbrella sampling ED-LD trajectories for l = 0–5. (d)
Potentials of mean force calculated from umbrella sampled ED-LD simulations for l = 0–2
(left axis) and − log(PD) calculated from the trajectory in the ED-LD simulation for l = 3
(right axis, same as red curve in (c)).
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edge in the pmf while the peak in the − log(PD) occurs after the edge.

Although we cannot interpret the apparent barriers obtained from statistical [− log(PD)]

analysis as real physical barriers, the kinetic data of Figure 4.3 are valid. However, a naive

interpretation of the rates must be modified to allow for transport in the barrier region.

Assuming that the distribution of transport times, Ptrans(t), and barrier crossing times,

Pwaiting(t), are independently distributed, the total dwell time distribution is given by a

convolution

PD(t) =

∫ ∞

−∞
Pwaiting(τ)Ptrans(t− τ)dτ (4.3)

Since the distribution of average velocities (hence forces) over the Au nanoplate away from

the edges is Gaussian, Ptrans(t) is distributed as an inverse Gaussian. Figure 4.6a shows

a simulated convoluted dwell-time distribution, and Figure 4.6b shows a pure travel time

distribution. The simulated PD(t) can be created by

tDi = ttrans
i + t

waiting
i =

d

vi
+ t

waiting
i , (4.4)

where vi is drawn from a Gaussian distribution, d is a constant travel distance, and t
waiting
i

is drawn from an exponential decay distribution. The two distributions look very similar;

after a sharp rise, both distributions are well-fit by an exponential decay. These surprising

results suggest that the DHS model analysis fits the data even past the critical force where

the barrier has disappeared completely and the process becomes deterministic. The statis-

tical signature of a barrier crossing process when transport becomes completely negligible

i.e. Ptrans(t) → δ(t) is nearly identical to an inverse Gaussian – transport only – process.

When waiting times and transport times are comparable, the convolution of the two distri-

butions obscures the exponential rate constant associated with barrier crossing. The actual

rate constant in Figure 4.6a was 285 s−1, while the measured rate constant from exponential

fitting was 313 s−1, a difference of 10 The distribution in Figure 4.6b, which contained no

exponential process, but the same transport distribution in Figure 4.6a yielded an exponen-
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tial decay constant of 541 s−1. Figure 4.6c shows an experimental dwell-time distribution

taken from data in the high driving force regime (i.e. where no barrier remains) along with

a simulated pure travel time distribution in which the velocity distribution was obtained

from the experimental data as described before. The close agreement of these two results

indicates that when the driving force is greater than the critical force, the measured dwell

time distribution, which is only associated with transport, can be readily mistaken as a rate

process. In fact, an exponential fit yields a decay constant that is reasonable compared to

the rate constants extracted in the lower drive regime where waiting times are significant.

4.3 Conclusions

The results of our experiments, simulations, and their analysis yield some important obser-

vations and conclusions. In our experiments there is a cross-over from thermal activation

and diffusive barrier crossing in the low driving force regime to drift-dominated transport

through the barrier region in the high drive (high force) regime; i.e., where the driving

force overcomes the barrier completely. Both our driven single Ag nanoparticle experiments

and many single-molecule force-spectroscopy measurements as exemplified by Nome et al.

[51], Dudko et al. [161], and Garcia-Manyes et al. [162], are far from equilibrium and in part

or in total in the limit where no barrier exists at all (see Chapter Appendix for details).

We conclude that the rate and dynamics of barrier crossing in the two limiting regimes are

due to distinct and disparate processes. In the vanishingly small barrier (high force) limit,

the mean first-passage time over the barrier region is determined by deterministic transport

(drift), with an inverse Gaussian form, while in the high barrier limit it is the result of a

stochastic process controlled by the barrier height. The DHS model, which is based on the

Smoluchowski limit of the Fokker-Plank formulation of Kramers theory, assumes diffusive

barrier crossing [62]. However, the model is applied and has been applied even in the high-

drive regime [51, 161, 162]. Despite our data spanning disparate regimes of driving forces,

the DHS model provides an excellent fit for our experimental results making it difficult to
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Figure 4.6: Similarity of waiting time and dwell time distributions in simulated barrier
crossing and pure transport processes. (a) Convoluted exponential waiting time distribution
determined by equation 4.4 with k =285 s−1 with a travel time distribution with region size
0.58µm, mean velocity 123µm s−1 and standard deviation of 0.14µm. Exponential fitting
yields a rate constant of 313 s−1. (b) Pure travel time distribution with parameters identical
to (a). (c) Dwell time distribution (dots) from experiments for highly driven Ag nanoparticles
with a superimposed simulated travel time distribution obtained from a Gaussian velocity
distribution and region size taken directly from experiment (i.e. no fitting parameters).

asses the validity of the parameter values obtained.

Our experimental and simulation results call for a re-examination of the interpretation of

driven barrier-crossing process. Caution is warranted in the interpretation of non-equilibrium

barrier-crossing measurements since, as we have shown, the rate constants commonly ex-

tracted from models based on Kramers theory have an entirely different meaning in the

high-drive regime. The issue of high loading rate and deviations from Kramers theory has
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been explored in single molecule pulling experiments [165]. Although the theory in Buller-

jahn et al. [165] assumes a force term that is time dependent, it lacks a direct relationship

between the rate of the reaction and the applied force. A more general understanding of the

barrier-crossing process should included transport over the barrier as considered by Szabo

et al. [166], in addition to thermal activation that would unify the results obtained from the

wide range of nonequilibrium conditions accessible in such experiments. Belousov et al. [167],

have recently addressed such a process in a drift-diffusion Langevin equation of motion but

have not explicitly treated barrier crossing. We anticipate driven optical matter experiments

to facilitate these developments.

4.4 Chapter Appendix

4.4.1 Materials and Methods

Experimental Methods

The experiments were preformed with nanoparticles held and driven in a ring vortex op-

tical trap described previously [44, 93]. A 800 nm beam from a Ti-Sapphire laser is phase

modulated with a spatial light modulator (SLM) to produce the optical ring vortex [44, 89].

150 nm Ag nanoparticles are trapped and driven around the optical ring with a drive force

determined by the number of azimuthal phase wrappings, l, applied in the phase modula-

tion pattern applied to the SLM; the optical phase gradient force in the azimuthal direction

increases linearly with l [89]. We use the optical ring vortex to trap particles against a glass

surface or over a Au nanoplate mirror [93, 131]. The latter is oriented perpendicular to

the optical axis causing retroreflection of the trapping beam and formation of antinode ring

traps perpendicular to the optical axis that have essentially canceled the axial scattering

force. Nanoparticles trapped over the Au nanoplate mirror are located in the first interfer-

ence fringe approximately 250 nm from the surface of the Au nanoplate mirror [93, 131].

We create the electrodynamic barrier by having the ring trap span both the glass and Au
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nanoplate mirror as shown in Figure 4.2a. The focal plane of the optical ring vortex is set

halfway between the glass surface and the Au nanoplate surface in the direction of the optical

axis creating a suitable trapping condition over both surfaces. The azimuthal force present in

the optical ring vortex pushes nanoparticles trapped over the glass against the Au nanoplate

edge and occasionally one of them transitions to the trap over the Au nanoplate. Particles

continue to travel along the optical ring vortex over the Au nanoplate until they arrive near

the edge of the Au nanoplate where there is another electrodynamic barrier. After crossing

this barrier the particle circulates along the ring trap near the glass surface. Evidence for

the electrodynamic barriers are shown in the temporal average intensity in Figure 4.2b at

the π/2 and 3π/2 locations, respectively. The large barrier and resulting accumulation of

particles at the leading edge of the Au nanoplate (π/2 position) creates a reservoir that

allows us to study the barrier crossing of single nanoparticles on the falling edge of the

Au nanoplate (3π/2 position). The video microscopy data (acquired at 90 frames/sec) is

analyzed by particle localization (Rahgu, Matlab) [73] and linking (Trackpy, Python) [81] to

establish the trajectories (and other statistical properties) of the Ag nanoparticles.

Simulation Methods

The latter electrodynamic barrier (i.e. that associated with Ag nanoparticles over the Au

nanoplate mirror moving to be over glass) near 3π/2 in Figure 4.2d and displayed in Fig-

ure 4.2f was studied by numerical simulation using a combination of finite-difference time-

domain (FDTD) and electrodynamics-Langevin dynamics (ED-LD) methods [132]. In both

simulations the optical ring vortex is approximated with an 1650 nm long optical line trap

oriented perpendicular to a 180 nm thick Au nanoplate. The line trap is positioned over the

Au nanoplate such that half of the line trap (825 nm) is incident on the Au nanoplate and

half is incident on the glass surface below the nanoplate. The line trap in the simulations

has a phase gradient that produces an optical force parallel to the line trap orientation in the

direction towards the edge of the Au nanoplate. The electric field in this system is calculated
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by FDTD simulation and a slice parallel and along the center of the line trap in Figure 4.3a

shows the electric field of the trap both over the Au nanoplate and over the glass. The

highest intensity of the electric field is in the first interference fringe that is 175 nm away

from the Au nanoplate, where the first antinode in the retroreflection geometry is realized.

The electric field intensity decreases moving towards the edge of the Au nanoplate because

the incident optical trap is allowed to propagate through the glass surface below the Au

plate.

4.4.2 Electrodynamics-Langevin Dynamics (ED-LD) Simulations

The potential energy of a 150 nm Ag nanoparticle is calculated along a curve following

the highest intensity region in the electric field (Figure 4.3a) from the finite difference time

domain (FDTD) simulation measured relative to the distance from the edge of the nanoplate.

Figure 4.3b shows the force acting on a particle in the ED-LD simulations for different drives.

Simulations at low drive show that the particle gets trapped in a barrier as seen when Fy(l)

dips below 0 for l=1 and 2 at −300 nm and −200 nm from the edge respectfully. At higher

drives (e.g. l=3, 4, and 5) the particle is able to cross the barrier because Fy(l) remains

positive for the particles’ trajectory over the nanoplate. This behavior is confirmed in the

FDTD calculation of the force on the particle (i.e. at zero temperature) over the Au plate

shown Figure 4.3c. The force, Fy(l) becomes negative only for l=0, 1, and 2 but remains

positive for l > 2 in the pure electrodynamics calculation. The forces from the FDTD

calculation are compared with respect to l=0 in Figure 4.3d showing that the difference

between the forces is linear increase for different l’s up until ∼−250 nm from the edge of the

nanoplate.

4.4.3 Optical Binding

The particle’s positions in the experiment are converted to polar coordinates according to

a circle that is best fit to the entirety of the optical ring vortex in each experiment. Note
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Figure 4.7: Electrodynamic potential energy, obtained from FDTD simulations. The po-
tential energy is determined for a 150 nm diameter Ag nanoparticle following the highest
electric field intensity region over the Au nanoplate.

that the “perfect ring vortex” we employ maintains a constant radius for all values of l [93].

The angular coordinate, θ, serves as the reaction coordinate for nanoparticles crossing the

physical and electrodynamic barriers created by the presence of the Au nanoplate. Particles

trapped in the optical ring vortex over glass are directed by the azimuthal optical force to

the leading edge of the Au nanoplate mirror (Figure 4.2b at π/2) which acts as a physical

barrier to the Ag nanoparticles. Since particles getting above the Au nanoplate is a rare

event, the Ag nanoparticles collect near the leading edge. However, the particles become

ordered in the optical ring vortex receding from the edge (counterclockwise in Figure 4.2b.

The regular (averaged) particle locations shown near π/2 in Figure 4.2b result from optical

binding between the nanoparticles and the edge [44, 45, 93]. The probability density (PD)

and the − log(PD) is calculated along the arc of the optical ring vortex near the leading edge

of the Au nanoplate. Figure 4.8 shows the arrangement of nanoparticles in optical binding

locations from the physical and electrodynamic barrier caused by the Au nanoplate. The

optical binding sites occupied by the nanoparticles are consistent with 600 nm separation

expected for 800 nm light in water (n=1.33).

When a nanoparticle does make it into the optical ring vortex over the Au nanoplate it is

driven to near the falling edge of the Au nanoplate at 3π/2 in Figure 4.2b. The enhancement

of trapping (and optical binding) over the Au nanoplate [93, 131] creates an electrodynamic
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Figure 4.8: Probability density (PD) and − log(PD) for particle positions near the leading
edge of the Au nanoplate for l = 1 (a,b) and l = 2 (c,d). The PD in (a) and (c) is shown as
a histogram (blue markers) and as a Kernel Density Estimator (KDE, orange curve). The
− log(PD) in (b) and (d) is calculated from the histogram (blue markers) or from the KDE
(orange curve).

barrier for the Ag nanoparticles as they approach the edge. This is shown in increased

intensity near 3π/2 in Figure 4.2b and in the PD and − log(PD) of nanoparticles near the

trailing edge of the Au nanoplate in Figure 4.9 and Figure 4.2f. Figures 4.9b and 4.9c

exhibits a well and a barrier to particle localization (and motion) near the edge of the Au

nanoplate mirror. The large barrier and resulting accumulation of particles at the leading

edge of the Au nanoplate creates a reservoir that allows us to study the barrier crossing of

single nanoparticles on the falling edge of the Au nanoplate.

From the PD and − log(PD) over the Au nanoplate far from either the leading or falling

edges we see no evidence of an electrodynamic barrier. Figure 4.10 shows that the PD and

the − log(PD) is essentially uniform for all the positions over the Au nanoplate indicating

that there is no barrier.
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Figure 4.9: Probability density (PD) and − log(PD) for particle positions near the trailing
edge of the Au nanoplate for l = 1 (a,b) and l = 2 (c,d). The PD in (a) and (c) is shown as
a histogram (blue markers) and as a Kernel Density Estimator (KDE, orange curve). The
− log(PD) in (b) and (d) is calculated from the histogram (blue markers) or from the KDE
(orange curve).

150 200
 (degrees)

0.006

0.008

0.010

PD

(a)

150 200
 (degrees)

4.5

5.0

lo
g(

PD
) (b)

150 200
 (degrees)

0.000

0.005

0.010

PD

(c)

150 200
 (degrees)

4.8

5.0

lo
g(

PD
) (d)

Figure 4.10: Probability density (PD) and − log(PD) for particle positions over the Au
nanoplate far from either the leading or falling edges for l = 1 (a,b) and l = 2 (c,d). The PD
in (a) and (c) is shown as a histogram (blue markers) and as a Kernel Density Estimator
(KDE, orange curve). The − log(PD) in (b) and (d) is calculated from the histogram (blue
markers) or from the KDE (orange curve).
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4.4.4 Modeling Kinetics

In the main text we show that out experimental results are well fit by the Dudko-Hummer-

Szabo (DHS) model [62]. We performed similar experiments using a different microscope,

power density, trap radius, and a different Au nanoplate. Figure 4.11 shows that the DHS

model fits these results as well. Table 4.1 summarizes the results of fitting the Bell-Evans

and the DHS models to these experimental data.

0.00 0.05 0.10 0.15 0.20
Applied Force (pN)

100

101
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103

k(
F)
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Dudko-Hummer-Szabo

Figure 4.11: Fit to two different experiments with different conditions to the Bell-Evans (BE)
and Dudko-Hummer-Szabo (DHS) models. Experiment for l =1–5 examined in the main
text is represented by the green circles. An experiment for l =2–5 with different experimental
parameters represented by blue triangles. Each experiment is fit with a BE fit and a DHS
fit.

Table 4.1: Model parameters for the barrier crossing kinetics.

Bell-Evans ν = 1/2 ν = 2/3

k0[s−1] 0.63 0.22 0.33

x‡[nm] 120.3 251.1 203.6

∆G‡[kBT] — 7.26 6.27

4.4.5 Determination of the Nanoplate Edge

In Figures 4.5a and 4.5b in the main text we plot the − log(PD) for experiment and simu-

lation along the reaction coordinate known as “Distance from the Edge”. In the simulation,

knowing the distance of the particle from the edge in y is trivial because the trajectory of
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Figure 4.12: Demonstration of different methods to determine the nanoplate edge and how it
affects the − log(PD). (a) Image of the nanoplate edge where the edge used in the analysis
is determined from the center of the intensity band in the image. (b) The − log(PD) of the
distribution of particle positions using the edge determination method in (a). (c) Image of
the nanoplate edge where the edge used in the analysis is determined from the lower part of
the intensity band in the image. (d) The − log(PD) of the distribution of particle positions
using the edge determination method in (c).

the particle is recorded for the entire simulation. However, in the experiment, determining

the location of the edge of the Au nanoplate requires some image analysis to determine

because in the dark field microscopy image the edge of the Au nanoplate scatters light in

all different directions. For the experimental results shown in Figure 4.5 we find the edge of

the Au nanoplate by the best fit line to the light scattered off the edge of the Au nanoplate

(shown in red in Figure 4.12a). This best fit line to the Au nanoplate edge was determine

only from pixels from the scattered light from the edge (above a certain threshold) and the

line was fit to this set of pixels using the intensities of the pixels as weights for the fit.

Using this definition of the Au nanoplate edge we get the − log(PD) shown in the main

text (also shown in Figure 4.12b). However, the true edge to the Au nanoplate could be

anywhere within the scattered light found in the dark field microscopy image. Using the

edge of the light scattered region as the definition of the nanoplate edge (Figure 4.12c) we

find the − log(PD) becomes more aligned (in the “Distance from the Edge” coordinate) to

the ED-LD simulation results shown in Figure 4.5b.
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Figure 4.13: Trajectories of a Ag nanoparticle calculated using the ED-LD method for l = 3
with a parabolic biasing potential used to restrict the sampling within narrow regions. There
are a total of 150 equally spaced biasing potentials or umbrellas.

When comparing the the experimental and simulation− log(PD) the experimental− log(PD)

is shifted to align the optical binding region after the Au nanoplate edge with the one seen in

the simulation at 413 nm. Because the particles in both the simulation and the experiment

are the same size and the wavelength of the electric field is the same we expect that optical

binding positions due to the edge of the Au nanoplate would be the same in the experiment

and the simulation. The experimental − log(PD) was shifted by 78 nm to align with the

minima at 413 nm in the simulation. The shift of 78 nm is within the range of error bright

band of the edge of the Au nanoplate shown in the microscopy image in Figures 4.12a and

4.12c where the inner edge of the nanoplate was found to be shifted ∼105 nm from the center

of the bright band of the nanoplate edge.

4.4.6 Equilibrium Free Energy Function Using Umbrella Sampling

We employed the Eigenvector method of umbrella sampling (EMUS) [164] to calculate the

equilibrium free energy functions along the reaction coordinate for the Ag nanoparticle bar-

rier crossing process. Umbrella sampling [163] is a technique where a series of biasing po-
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Figure 4.14: Position histogram within each parabolic biasing potential for l = 3 showing
the narrow regions sampled by the nanoparticle and sufficient overlap between neighboring
umbrellas for accurate free energy calculation.

tentials are used to restrict the sampling of a collective variable to a narrow range of values,

or umbrellas, in a series of simulations. The data from the different simulations is then

combined and the effect of the biasing potential is removed to obtain the overall equilibrium

free energy profile. We performed ED-LD simulations to calculate the trajectories in each

umbrella and subsequently used EMUS to calculate the free energy profile. The ED-LD sim-

ulations for each value of l were divided into 150 umbrellas with the following force constants

of the parabolic biasing potentials, 1.5× 10−5 N m−1, 1.6× 10−5 N m−1, 4.5× 10−5 N m−1,

7.5× 10−5 N m−1, 1.0× 10−4 N m−1, and 1.3× 10−4 N m−1 for l = 0 to l = 5, respectively.

The umbrellas were positioned such that the centers of neighboring umbrellas were closer

than two standard deviations along the reaction coordinate, i.e., the y axis. All the um-

brellas were position in the same plane in the z direction, i.e., the direction perpendicular

to the place of the nanoplate. The Ag nanoparticle was initialized in the center of each

umbrella and the trajectories were calculated using the ED-LD method. In Figure 4.13, the

trajectories of a nanoparticle for l = 3 in each umbrella are plotted, showing that each of

the trajectories is equilibrated within the biasing potential. The position histogram in each
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Figure 4.15: The barrier height (blue curve left axis) and barrier distance (red curve right
axis) calculated from the Umbrella Sampled (US) pmfs for l=0–3. Symbols show the calcu-
lated ∆G‡ and x‡ calculated from the DHS models for different values of ν. Open triangles
show the DHS fit when ν = 1/2 and open circles show the DHS fit when ν = 2/3. Blue
symbols show ∆G‡ (left axis) and red symbols show x‡ (right axis) from the DHS fits.

umbrella for l = 3 are plotted in Figure 4.14 showing that there is sufficient overlap between

the positions within neighboring umbrellas.

4.4.7 Summary of Model Results

Figure 4.15 summarizes our results from the umbrella sampled pmfs and the experimental

fits to the DHS model. The minimum and the maximum of the pmf from the umbrella

sampled result were determined and used to calculate the barrier height (∆G‡ at l = 0 or

∆U for l > 0) and distance to the barrier (xb) for l ≤ 3. For l > 3 the drive force is too large

and there is no barrier in the pmfs. We found that the umbrella sampled results predict a

larger ∆G‡ and x‡ than the experimental fits to the DHS model (Figure 4.15 open symbols).

4.4.8 Comparing Electrodynamic Barrier Crossing Experiment to

Single-molecule Force Spectroscopy

To draw an analogy between our experiments and single-molecule force spectroscopy exper-

iments we compare several different experimental parameters to show we are in the same
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kinetic regime as the single-molecule force spectroscopy experiments. In the main text we

discuss the enhancement factor of the rate of reaction versus the equilibrium rate. This

involves taking the ratio of the rate of reaction of our highest drive experiment, k(F ) at

l = 5, and the calculated equilibrium rate from the DHS model, k0. We found that k(F ) at

l = 5 was 85 s−1 and our calculate k0 was 0.22 s−1 meaning that the force in our experiment

is increasing the rate of reaction to 390 times the equilibrium rate. We compare this to the

rates in other papers for example Garcia-Manyes et al. [162] where the max rate of k(F )

was ∼10 s−1 while the calculated k0 was 1.4× 10−3 s−1 which means the rate of the fastest

experiment was 7.14× 103.

Another analysis that is often done in single-molecule pulling experiments is a extended

version [168, 169] of Jarzynski’s nonequilibrium work relation [170] which is used to determine

the free-energy curves from the force extension curves. In Nome et al. [51] the free-energy

curve is determined in and the maximum slope of this curve should relate to the energy

required to cross the studied molecular barrier. The maximum slope of the free energy in

Nome et al. [51] was 16 kBT nm−1. This can be compared to the mean rupture force in the

pulling experiment with some dimensional analysis to convert to pN. After conversion we

find that equilibrium rupture force calculated from the Jarzynski relation is 65.9 pN which

is much less than the average rupture force found in the experiment of 135 pN. This further

demonstrates that the single-molecule pulling experiments are very far from equilibrium.
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CHAPTER 5

MECHANISMS FOR REARRANGEMENTS AND BARRIER

CROSSING IN 2D DRIVEN OPTICAL MATTER

5.1 Introduction

In Chapter 3 we examined the properties of driven optical matter and in Chapter 4 we

used optical matter to study barrier crossing in the presence of a drive and thermal noise

and compared the results to molecular kinetic models. However, in Chapter 4 the nature

of the barrier was static with respect to the motion of the particles in the optical ring vor-

tex. Therefore, establishing optical matter as a model system for more particular aspects

of molecular interactions and to better understand the assembly of larger optical matter

systems requires treating the specific interactions and dynamics of nanoparticles that con-

stitute optical matter. For example, the molecular interactions between two gases, e.g.

ClNO2(g) + NO(g) � NO2(g) + ClNO(g) [171], involve molecules of different sizes and

shapes colliding in a specific way to cause the reaction to take place. So far the experiments

presented in Chapters 3 and Chapter 4 do not directly relate optical matter to collisional

dynamics and are also limited to 1-D interactions. In Chapter 4 the kinetics of driven op-

tical matter was studied with respect to a static electrodynamic barrier while in Chapter 3

we addressed the fluctuating interactions between nanoparticles occupying different optical

binding states, however, particles were still confined to the (effectively) one dimensional ring

trap.

In this chapter we study the dynamics and kinetics of rearrangements of driven optical

matter where the process or “reaction” requires two dimensional movement and is due to the

electrodynamic nanoparticle interactions. We designed the driven optical matter experiments

so that they have more analogies to molecular reaction phenomena. The optical polarization-

dependent electrodynamic interactions serve as our analogue to intermolecular interactions

while a reduction in the trapping laser power allows the driven optical matter to fluctuate
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in two dimensions compared to the tightly confined traps presented in Chapter 3.

The space-dependent electrodynamic interactions between the nanoparticles allow study-

ing barrier crossing with an oscillating barrier [172–174]. Because the polarization of the

incident optical trapping beam on the particles is maintained in one direction for the experi-

ments, the electrodynamic optical binding [40, 44, 93] interaction between a pair of particles

in the optical ring vortex will change depending on where the particles a located in the ring

trap. Therefore, this driven optical matter experiment can be understood as an oscillating

barrier crossing system in the regime where the modulation rate is slower or comparable to

the timescale for barrier crossing.

5.2 Methods

The experiments were preformed with nanoparticles held and driven in an optical ring vortex

described previously in Chapter 3 [44, 93]. The 800 nm beam from a Ti-Sapphire laser is

phase modulated with a spatial light modulator (SLM) to produce the optical ring vortex [44,

89] with beam power going into the back aperture of the microscope objective of ∼45 mW.

Citrate capped 150 nm Ag nanoparticles (NanoComposix) are diluted 200x and placed into

a sample chamber described in Chapter 2. The Ag nanoparticles are trapped and driven

around the optical ring with a drive force determined by the number of azimuthal phase

wrappings, l, applied in the phase modulation pattern on the SLM. The motion of the Ag

nanoparticles is visualized via dark field microscopy and captured with a Neo sCMOS camera

at 110 frames per second. A variety of different experiments were done at different l’s with

each one consisting of 45 s–90 s (5000 to 10,000 frames) of video. In order to resolve distinct

particle shapes without blurring or distortion a camera exposure of 2× 10−3 s to 6× 10−4 s

was used when capturing video.

Particle trajectories were extracted from the video data using the Python particle tracking

software package TrackPy [81]. A function in TrackPy uses a method to accurately track

particles even when two or more particles become part of a cluster [175]. The optimal
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parameters for each experiment were determined by hand and were set so that the number of

particles identified in each frame is consistent with the number of particles in the experiment.

Additionally, frames where the focus of the image drifted were removed from particle tracking

as the particle tracking algorithm would find false positives in the de-focused image of the

particles. The code that performed the algorithm and contains all the optimized parameters

can be found in the Supplemental Material. However, this method of particle localization

uses the center of mass method which can lead to significant errors especially when particles

come in close proximity [176]. So another TrackPy function which refines the positions of

particles by performing a non-linear least-squares (NLLS) fit of a Gaussian function to each

position allows for extracting the true positions of the particle locations with much greater

accuracy especially in the case of overlapping features. The script to the perform the NLLS

Gaussian fit with the parameters is in the Supplemental Material.

5.3 Results and Discussion

Ag nanoparticles are trapped over glass using an optical ring vortex similar to previous

experiments in Figliozzi et al. [93]. An 800 nm laser is used with a spatial light modulator

(SLM) to create the optical ring vortex. The power of the optical ring vortex after the SLM

and before the back aperture of the objective is 40 mW creating a much weaker trapping

condition than in Figliozzi et al. [93]. The metal nanoparticles still exhibit a strong scattering

force which causes them to be held against the glass surface and the azimuthal phase gradient

in the optical ring vortex causes the nanoparticles to be driven around the optical ring vortex

(Figure 5.1a). Figure 5.1a shows representation of the raw data with arrows indicating the

direction of travel for nanoparticles in the optical ring vortex. Since the laser power is lower

than past experiments, the gradient forces acting on the Ag nanoparticles are much weaker.

Particles in the optical ring vortex travel around the ring at a slower rate and have a wider

radial distribution due to the decreased gradient force. Occasionally, particles can rearrange

in the optical ring vortex if one fluctuates away from the center of the ring trap and returns
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Figure 5.1: Image data and trajectories of passing events. (a) Single frame of Ag nanopar-
ticles in an optical ring vortex. Yellow arrows indicate the direction the Ag nanoparticles
travel. (b) Trajectories of particle passing event. The colored line indicates the path the
Ag nanoparticle travels in the next four frames of the experiment. Particle 1 follows the
trajectory that transitions from blue to purple while particle 2 follows the trajectory that
transitions from red to yellow. (c) Trajectory of particle 2 from (b) plotted in polar coor-
dinates relative to particle 1, ∆θ and ∆r. The trajectory follows the path from the t0 to
t1.

to the trap after another particle has passed by it. An example of these passing events are

illustrated in Figure 5.1b, the leading particle (in the direction of the rotating optical force)

follows the trajectory off the ring trap, while the trailing particle passes due to the applied

optical force.

The trajectories of the Ag nanoparticles in the optical ring vortex naturally fit a polar

coordinate system, r and θ, for each particle. However, when looking at passing events

between pairs of particles it is convenient to define a relative coordinate system in polar

coordinates, ∆r and ∆θ, that relates the position of one the particles in the pair to the

other. When identifying a passing event we look for when the ∆θ coordinate for one of the

particles changes sign (e.g. goes from ∆θ > 0 to ∆θ < 0) as that is when the pair of particles

have swapped which one is leading in the polar coordinate θ. An example of the trajectory

of a passing event is shown in Figure 5.1c where the origin is set to the leading particle and

the relative trajectory of the trailing particle is mapped in ∆r and ∆θ coordinates.

In the reaction coordinates ∆r and ∆θ we can examine the difference in the probability
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density of particle positions of passing events versus all trajectories. If we always choose

the origin to be the leading particle then the positions of a second particle can be mapped

relative to the leading particle in ∆r and ∆θ. The optical binding interaction that results

from trapping the Ag nanoparticles with 800 nm laser light can be visualized in Figure 5.2a

by the high probability regions at 0.125 rad corresponds to a particle separation of 600 nm.

In the case of a passing event in Figures 5.2a and 5.2b the second particle has to traverse

from −∆θ to +∆θ. One might expect that in this representation of setting the leading

particle to the origin would result in a higher probability density of particle positions on the

−∆θ side of the heat maps in Figures 5.2a and 5.2b compared to the +∆θ side because of

the energy barrier of one particle passing another. However, when a passing event occurs

and the trailing particle goes from −∆θ to +∆θ the pair of particles will continue to interact

as the pair moves around the optical ring vortex which is why the probability density in

Figure 5.2a is about the same magnitude at −∆θ and +∆θ.

The trajectories of particle pairs can be segmented further to just trajectories involved

in passing events. For a pair of particles that are involved in a passing event we find the

time point before they pass and look at the trajectory of the particle in the 15 frames

immediately before and after the passing event. The distribution of particle positions of the

frames surrounding a passing event are shown in the heat map in Figure 5.2b. The passing

trajectories can be split into two cases, one where the particle passes with−∆r and one where

the particle pass with +∆r, which are used to calculate the mean path of particle passing on

the −∆r side or the +∆r side respectfully. The two red curves in Figure 5.2b shows the mean

passing trajectory for particles that pass with +∆r (top curve) or −∆r (bottom curve). For

∆θ between −0.125 rad and −0.125 rad the mean path of passing originates from the optical

binding location (at ∆θ = −0.125 rad) and travels around the leading particle and ends at

the optical binding location at ∆θ = 0.125 rad. However, when the particles pass they do

not maintain an optical binding separation because the mean path of passing does not reach

∆r = 0.6 µm or −0.6 µm as the particles move around each other. For ∆θ < −0.125 rad
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Figure 5.2: Probability density (PD) of particle pair trajectories and passing trajectories. (a)
Distribution of positions of a second particle relative to the leading particle. (b) Distribution
of positions of a second particle relative to the leading particle in a passing event. The red
colored line indicates the mean trajectory the trailing particle makes around the leading
particle during a passing event.
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Figure 5.3: Mean trajectory of particle passing for different drives. Curves show the mean
path of a passing event for different groups of l’s. The black markers show the position of
particles in ∆r and ∆θ within a 30 frame window where the passing event occurs in the
center of the window.

and ∆θ > 0.125 rad the mean passing trajectory for particles that pass with +∆r and −∆r

do not converge at ∆θ = 0 which is due to the variety of paths a particle can take in a

passing event. For example, the trailing particle may have a |∆r| � 0 before approaching

the ∆θ = 0 where the passing event occurs. Therefore when mean path is calculated for

particles that pass with +∆r and −∆r there is a bias in the mean path towards the ∆r that

the particle passes on.

The mean passing path can be further segmented into passing paths for different l’s to

show how the most probable path of passing changes with the applied drive. The three

curves in Figure 5.3 show the mean passing path for l = 1, 2 (blue), l = 3, 4 (orange), and

l = 5 (green). For passing events with +∆r the maximum of ∆r along the path decreases

as the drive is increased. Additionally, the mean path of l = 5 has larger curvature in ∆r

approaching the transition state (at ∆θ = 0) between ∆θ =−0.10 rad to 0 rad than after the

transition state between ∆θ =0 rad to 0.10 rad. For the mean passing paths with −∆r there

is no trend in the the minimum of ∆r with the drive force.

In order to grasp how the particles are passing each other in the optical ring vortex

different statistical properties of the passing events can be examined. The mean radius of
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particle positions, ravg, in the optical ring vortex is a close approximation to the radial

center of the optical ring trap. For each particle in a passing event we can compare the

deviation, |r − ravg|, of that particle from the average radius of the optical ring vortex. In

Figure 5.4a we group the each particle in a passing event into two groups, particles with

the smaller |r − ravg| are shown in blue while particles with larger |r − ravg| are shown in

orange. Considering the grouping done in Figure 5.4a, there is no surprise that the particles

that have the smaller |r − ravg| are grouped much more around |r − ravg| = 0 than the

particles with the larger |r − ravg|. However, it is important to note the small amount

of overlap these two distributions have indicating that during a passing event one of the

particles is very likely going to be in the ring trap while the other is outside of the ring

trap. Most likely, for a passing event to occur, one of the two particles must continue to be

driven by the azimuthal force in the optical ring trap. Another conditional probability of

grouping the |r−ravg| by trailing/leading particles gives insights into the mechanism for the

rearrangement of Ag nanoparticles. As seen in Figure 5.4b the trailing particle has a larger

probability of remaining in the optical ring trap during a passing event while the leading

particle is more likely to be leave the center of the ring trap during a passing event.

We suspect that electrodynamic interparticle interactions, known as optical binding [40],

are assisting the particle passing events. Optical binding [40] results from the incident

electric field interfering with the scattered electric field from each particle. In the experiments

performed in this chapter the polarization state of the trapping beam is horizontal in the

lab frame aligned with the 0 and π parts of the ring. The optical binding interaction is

strongest between nanoparticles oriented perpendicular to the polarization. To simulate the

optical binding potential in the optical ring vortex, the pair wise optical binding potential

was averaged in a ring pattern of the same radius as the experimental optical ring vortex

using weighting that correspond to the probability of finding a particle at each θ position

on the ring. Figure 5.5 gives a representation of the optical binding potential for a pair of

particles moving around the optical ring vortex. As discussed in Figliozzi et al. [93] when
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Figure 5.4: Histograms showing probability density (PD) of particle deviation from trap and
location in ring of passing events. Particle deviation from the trap center during passing
separated based on the particles’ distance, in r, from the trap center. Blue represents
particles that are closer to the trap center during a passing event while orange represents
particles that are further from the trap center during a passing event. (b) Particle deviation
from the trap center for successful passing events. Blue represents the particle that originates
behind before a passing event while orange represents the particle that originates ahead
before a passing event. The deviation from the trap center was calculated from the average
particle position in r.
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Figure 5.5: Representation of optical binding potential around the optical ring vortex. The
electrodynamic potential from optical binding was averaged over a circular pattern with at
the same radius of the optical ring vortex. The averaging of the potential scales with the
force modulation discussed in Figliozzi et al. [93].

particles or in the 0 and π sections of the ring the optical binding interaction aligns with the

optical ring vortex while at the π/2 and 3π/2 the optical binding interaction is positioned

off of the ring trap. From the potential energy surface in Figure 5.5c there are four regions

of low potential on either side of the center of the ring shown at π/4, 3π/4, 5π/4, and 7π/4.

The locations of passing events in Figure 5.6a align with two of these regions in Figure 5.5,

namely the 3π/4 and 7π/4 regions of the ring trap which supports that optical binding is a

necessary component to a passing event taking place.

The location of particle passing events was examined with respect to the location of the

particle pair on the ring trap and it was found that passing events only occur at specific

locations around the optical ring vortex. A histogram of passing events versus θ reveals that

passing events occur at 3π/4 and 7π/4 (Figure 5.6a) while the probability of a passing event

occurring at π/2 and 3π/2 is low. If our reaction coordinate for a pair of particles rearranging

is the ∆θ between the pair we can construct − log(PD) landscape from the distribution of

∆θ from particles pairs. We can apply a conditional probability to look at the − log(PD) for

when a pair of particles are located in the ring where rearrangements are more likely (i.e.

θ equals 3π/4 and 7π/4) or where rearrangements are less likely (i.e. θ equals 3π/4 and

7π/4) Figure 5.6b shows − log(PD) landscape of ∆θ shows a barrier at ∆θ = 0 where the
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Figure 5.6: Probability density (PD) of passing events angularly around the ring and the
statistical landscape of particle passing a high and low passing regions. (a) The probability
of a passing event occurring in a specific section in the optical ring vortex. The red vertical
bands are θ locations in the optical ring vortex where passing events are likely while the purple
vertical bands are locations where passing events are the least likely. (b) The conditional
− log(PD) along the ∆θ separation between a pair of particles in θ regions of high/low
probabilities of passing events around the ring. The distribution of ∆θ positions of particle
pairs selected from the red/purple bands in (a).

optical binding between the particle pair is represented in the minima at ∆θ = ±7 rad. For

locations of the ring trap where particle passing is likely, the barrier for particles crossing

∆θ = 0 (Figure 5.6b, red curve) is much lower than the barrier for particles crossing ∆θ = 0

(Figure 5.6b, purple curve) in locations where particle passing is less likely. As a pair of

particles move around the ring trap, the effective probability landscape modulates between

the two curves shown in Figure 5.6.

Various aspects of the kinetics of the particle passing events are examined from different

data sets and different l’s. The rate of a passing event is determined by the dwell time

distribution. The dwell time of passing can be found by counting the time for when a pair

of particles first engage each other and count the amount of time until they pass. Here, the
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dwell time is found by finding the times when a pair of particles have a |∆θ| < 0.26 rad

and count the number of frames until the particles pass. The distribution of these dwell

times are aggregated for different l’s and the decay of the cumulative dwell time, CDT =

1−
∫ t
−∞ PD(t′)dt′, is fit with an exponential decay, Ae−kt, in order to extract the decay rate,

k. Because we find the decay rate for each l we can plot the drive dependent rate constant k(l)

vs l shown in Figure 5.7a. Surprisingly, there is no trend in the the rate of particle passing

calculated from the decay of the dwell time versus the applied drive. However, to characterize

how frequently passing events occur at a specific l the rate of events is calculated for each

experiment. This is done by simply identifying the number of events in each experiment

and dividing by the time the data was collected to get an event rate. However, different

experiments had different numbers of particles and the number of particles can influence the

number of events, i.e. when more particles are present then there is more pairs available for

rearrangement in a passing event. To correct for the different number of particles in each

experiment the event rate is divided by the number of combinations of particle pairs in each

experiment (
n

2

)
=

n!

2!(n− 2)!
, (5.1)

where n is the number of particles in the experiment. The event rate, when normalized with

equation 5.1, increases linearly with l (Figure 5.7b). One would expect that the trend found

in the number of passing events in Figure 5.7b would also be present in the rate of passing

in Figure 5.7a, however, that is not the case. To reconcile these disparate results we believe

that the drive force only affects the number of attempts of a pair of but has no affect on the

amount of time it takes for an individual passing event.

5.4 Conclusions

We have characterized the properties and kinetics of particle rearrangements in driven optical

matter. We found that in order for a particle rearrangement to occur the particles must be
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Figure 5.7: Dwell time for each event and frequency of passing events. (a) The l dependent
rate of passing events calculated from when a pair of particles crossing from ∆θ of |∆θ| <
0.26 rad to when the particles pass. (b) The frequency of passing events for each l (blue
markers) with a best fit line to all the points (black line). The frequency of is calculated by
dividing the number of events in an experiment by the number of frames and dividing by
the number of combinatorial of pairs of particles in each experiment. The best fit line has
the y-intercept fixed at 0.
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located on the ring trap at specific positions and that one particle must remain in the trap in

order for the drive force to push it past the other particle involved in the rearrangement. This

mechanism of particle rearrangement may rely on the electrodynamic interaction between

the pair of nanoparticles in order for the reaction to take place. We believe that the particle

rearrangements in driven optical matter fit the class of kinetics that is dominated by an

oscillating barrier [174, 177].

We also found that the rate of particle passing events are independent of the applied

drive force on the particles even though the number of passing events occurring in a time

window increases. We believe that increasing the drive force only increases the number

of attempts at a passing event but does not affect the rate of two particles engaging and

passing one another. When a pair of particles get close enough to each other so that they

may pass, they must travel as a pair until they reach the appropriate location where the

electrodynamic pair interactions stabilize the particle rearrangement. Craven et al. [174]

discuss the effects of a periodically modulated force has on a chemical reaction and they

determined that the rate of the reaction depends directly on the stability of the transition

state. If the transition state of our particle rearrangements depend on the electrodynamic

interactions, and therefore, the power of the trapping laser, then perhaps if the power of the

laser was increased for these experiments then more particle rearrangements would occur

and keeping the laser power constant for these experiments allowed us to only sample on

reaction rate for particle passing events. However, increasing the laser power increases the

strength of the trap which competes with the stability of particles out of the center of the

ring trap, which we show is an essential part of particle rearrangements in Figure 5.4. Using

an optical ring vortex that is de-focused or is more diffuse in the radial direction may allow

better probing of reaction rates stabilized by the transition state and not by the azimuthal

drive force.
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CHAPTER 6

SINGLE-PIXEL INTERIOR FILLING FUNCTION (SPIFF)

APPROACH FOR DETECTING AND CORRECTING

ERRORS IN PARTICLE TRACKING

Reproduced in part with permission from: Stanislav Burov, Patrick Figliozzi, Binhua Lin,

Stuart A. Rice, Norbert F. Scherer, and Aaron R. Dinner. Single-pixel interior filling func-

tion approach for detecting and correcting errors in particle tracking. Proc. Natl. Acad.

Sci., (20):201619104, 2016. doi: 10.1073/pnas.1619104114. Copywright Proceedings of the

National Academy of Sciences of the United States of America [93]. Author contributions:

S.B., N.F.S., and A.R.D. designed research; S.B., P.F., and B.L. performed research; S.B.

and P.F. analyzed data; and S.B., S.A.R., N.F.S., and A.R.D. wrote the paper.

6.1 Introduction

In an optical imaging experiment the photons that are detected to create a digital image of

an object are distributed according to the point spread function (PSF) of the instrument

used [178, 179]. By exploiting specific properties of the PSF it is possible to determine

the positions of particles with subpixel precision. This idea is used extensively for track-

ing single molecules [179, 180] and colloidal particles [71] and stars [181]. The approaches

used include special techniques that exploit photoactivation and photobleaching properties

of fluorophores to achieve resolutions that can exceed the Abbe diffraction limit, fluorescence

imaging with 1-nm accuracy [182], nanometer-localized multiple single molecules [183], pho-

toactivated localization microscopy [184], stochastic optical reconstruction microscopy [185],

and bleaching-assisted localization microscopy [186]. In all of these techniques a key ingredi-

ent is the tracking algorithm that transforms the data from intensities at the detector pixels

into individual particle positions.

A tracking algorithm is a mathematical procedure that assigns the position of the center of
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an emitter based on the recorded distribution of the photons across multiple pixels. Different

algorithms make different assumptions that affect the tracking performance. Some methods

exploit the symmetry of the PSF to localize emitters [71, 73, 180, 187–191]; these include

the CrockerGrier method, which estimates the center of mass directly from an average that

is weighted by pixel intensities [71], and another recent method that exploits triangulation

[73]. Some methods specifically model the PSF as a Gaussian function [187]; these include

least-squares (Gaussian) fitting [180] and the maximal likelihood method [188].

Experimental realities can limit both tracking accuracy and precision to considerably

lower resolution than often appreciated (e.g., pixel-level, rather than subpixel). Under-

sampling and inadequate magnification mainly affect the accuracy [74, 192], whereas poor

signal-to-noise mainly affects precision [73, 74]. Optical intensity overlaps that arise when

emitters are closely spaced decrease both accuracy and precision [73]. Unfortunately, there

is no agreed-upon standard benchmark with which to evaluate tracking performance. Even

worse, trajectories with erroneous information can lead to inference of behavior that is an

artifact of the tracking algorithm [193]. Moreover, because determining the assumptions

made by a proprietary implementation of an algorithm can be challenging, it is important

to have tools that can establish the quality of the estimated particle positions directly from

the output. The common strategy of checking the variation in tracked positions of motion-

less reference markers has several drawbacks [74]: (i) The field of view of interest may not

contain suitable markers; (ii) markers may not be motionless; and (iii) the true positions of

the markers with respect to the reference frame of the imaging system are unknown, so they

cannot be used to quantify systematic errors. The need for a general method for validation

was made clear in a recent comparison of algorithms for a range of different data types [194].

The general problem of proper linking of tracked locations in various experimental situations

[195] that stimulated this comparison is significantly affected by the proper estimation of

locations in a single frame.

Here we develop an approach that can reveal, quantify, and correct bias in tracked po-
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Figure 6.1: Schematic representation of the tracking process and its relation to the SPIFF.
(A) The distribution of intensities in pixels of the detector forms an image of each particle.
(B) A tracking algorithm transforms the distribution of intensities into estimated particle
positions with subpixel resolution. The estimated positions can differ from the true positions.
(C) We construct a histogram of positions within pixels, the SPIFF. The SPIFF aggregates
statistical information from many particle localizations. (D) The SPIFF of the true positions
is uniform, whereas that of a biased algorithm is nonuniform (Eq. 6.2). The region of all
of the true positions, A, is transformed into the region g(A) of estimated positions. (E)
Correction of the bias detected by discovery of a nonuniform SPIFF profile obtained from
experiment. Integration of the SPIFF (red line) is used to determine the inverse function
g−1 (i.e., calculating the area under the SPIFF, represented by the blue region), which is
used to transform the estimated positions to true positions by rescaling of the SPIFF to have
a uniform distribution over the entire pixel.

sitions. Our approach involves constructing the distribution of estimated positions within

pixel interiors, which we term the single-pixel interior filling function (SPIFF; Figure 6.1).

Bias of the SPIFF toward the center of pixels is related to an effect known as “pixel locking”

[75, 76] and “pixel biasing” [71, 196–198]. We formulate the SPIFF approach in terms of

two axioms: (I) the probability of finding particles in a region of the image should be con-

served by an unbiased tracking procedure and (II) the estimated particle positions should be

uncorrelated with the boundaries between pixels of the detection system. We test for satis-

faction of these constraints by constructing the SPIFF, a histogram of output positions. Any

deviation of the SPIFF from a uniform distribution indicates bias in the tracking algorithm.
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We use simulated data to illustrate how our approach can correct tracking errors aris-

ing from undersampling and intensity overlaps in crowded systems. The latter situation

is of particular interest owing to its frequent occurrence in measurements and the lack of

alternative means of controlling these errors. Moreover, we show that the SPIFF-based cor-

rection is capable of achieving and even exceeding the unbiased Cramér-Rao lower bound

(CRLB), the standard by which tracking algorithms are commonly judged. Our approach

contrasts with the standard approach of minimizing pixel locking by expanding the sam-

pling region, which introduces additional noise to the measurement. Additional situations

are considered in the Chapter Appendix. In particular, we analyze experimental data for

quasi-2D colloidal suspensions and show how tracking errors can introduce artificial correla-

tions in successive particle displacements that the SPIFF-based approach corrects (Chapter

Appendix, section 6.6.1).

6.2 Axioms and the SPIFF

The combination of an imaging experiment and tracking algorithm can be viewed as a

mapping of the true particle position, XT (in Cartesian coordinates due to the pixel grid),

to an estimated particle position, XE :g(XT )→ XE . The mapping generates an estimate of

the true position but with unknown accuracy. To reconstruct the true position without loss

of information, g must be injective, that is, a function that preserves distinctness of elements

in its domain. Because ideally XE = XT , g should be the identity function. In practice,

algorithms in current use exhibit systematic errors, and g deviates significantly from the

identity function in those cases. Moreover, because XT varies continuously, the identity

property of an unbiased algorithm means that g is also differentiable. Differentiability, in

turn, implies that connected regions are mapped to connected regions, even if the mapping is

not one-to-one (Figure 6.1D). XT can be described as a random variable, and the probability

for XT to attain a value in some region A is transformed to the probability for XE to attain

a value in the region g(A). The conservation of probability enables us to write our first
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axiom:

Axiom I. For any unbiased tracking algorithm g, the probability that the true

position XT has a value in some region A is equal to the probability that the

estimated position XE has a value in the region g(A).

In the absence of feedback between the pixel grid of the detector and the system being

imaged, we have a second axiom:

Axiom II. For any unbiased algorithm g, the probability for XE to obtain a

particular value is independent of the specific coordinates of the pixel grid. This

assumes that there is no aberration (over the field of view) that causes bias in the

detected intensities themselves.

We now combine these axioms to define an essential condition for XE to represent the

tracking results of an unbiased algorithm. Let {XE(i)} be a series of estimated positions

of {XT (i)}. This series includes time traces that are produced by the tracking algorithm g

for different particles. Each XT (i) can be written as XT (i) = X̂T (i) + a(i), where a(i) is

the coordinate of the center of the pixel corresponding to XT (i) and X̂T (i) is the subpixel

position; X̂T (i) is mapped by the algorithm g to g(XT (i)) − a(i) = XE(i) − a(i) = X̂E(i).

Using axiom I we write the conservation of probability (in one dimension for simplicity) as

PT (X̂T (i))dX̂T (i) = PE(X̂E(i))dX̂E(i) (6.1)

where P is the SPIFF density function and dX is the differential of X. Subscripts E and T

refer to the SPIFF obtained for the estimated and true positions. By axiom II, the SPIFF,

PT , is uniform, that is, PT (X̂T (i)) = 1 ∀ X̂T (i). From Eq. 6.1 it then follows that

PE(X̂E(i)) =

∣∣∣∣∣
dg−1(X̂E(i))

dX̂E(i)

∣∣∣∣∣ (6.2)

where g1 is the inverse function of g. The term on the right-hand side of Eq. 2 is the
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Jacobian of the inverse function g1. It assumes that g acts identically in each pixel. For an

unbiased tracking algorithm, g is the identity function and thus an essential condition for

any tracked data to accurately represent the true positions is

PE(X̂E(i)) = 1 (6.3)

The SPIFF is obtained from tracked data by building a histogram of the shifted positions

X̂E(i) (Figure 6.1). Eq. 6.3 then tells us that deviations of the SPIFF (histogram) from a

constant value (i.e., uniform filling) indicate the presence of bias in the tracking algorithm and

inaccuracy of the derived coordinates. This indicator is independent of the specific tracking

algorithm used and can be applied to any kind of tracked data given a sufficient number

of sampled positions (Chapter Appendix, section 6.6.2). Although one can theoretically

study the performance of a specific algorithm with simulated PSFs, the exact experimental

conditions are never known completely and thus may not be well represented. The SPIFF

provides an essential validation test and indicates whether an algorithm produces biased

results. Figure 6.1D shows a hypothetical case when inaccuracies in g are manifest as failure

of the tracked positions to fill the pixels.

Figure 6.2 shows an example of the SPIFF for particle positions that are obtained from

the CrockerGrier center-of-mass algorithm [71] applied to experimental data. The experi-

mental system consists of a moderately dense quasi-2D aqueous suspension of colloid particles

(diameter 1.57± 0.02µm) [199]. A digital camera was used to record the particle motions

with temporal resolution of 200 frames per second. The image analysis was performed using

a Python implementation of the CrockerGrier method [71]. We see that the tracked positions

cluster toward the centers of the pixels. This deviation from a uniform distribution can be

caused by various factors, including intensity overlaps of nearby particles and background

noise. Regardless of the cause, the SPIFF shows that the subpixel positions are biased. This

inaccuracy is important and different from the precision of the algorithm. Loss of precision
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Figure 6.2: Illustration of pixel locking and correction with experimentally acquired images
of colloid particles in a quasi-2D suspension. (A) Image of two colloid particles. The window
functions used to localize the particles are marked in red. (B) The SPIFF obtained from
a center-of-mass algorithm. (C) Projection of B onto the x axis. (D) The SPIFF after
correction. In D the color scale was restricted to 0.88–1.20; the full corrected SPIFF is
shown in the Chapter Appendix, section 6.6.1, where we discuss consequences of the bias for
data interpretation.

usually arises from randomly distributed errors, whereas inaccuracy can arise from corre-

lations. In the Chapter Appendix, section 6.6.1 we show how the inaccuracy displayed in

Figure 6.2 introduces artificial memory to colloidal dynamics on short time scales (0.1 s, less

than the time between collisions).

6.3 Using the SPIFF to Correct Bias in Tracked Positions

The errors discussed above can be removed by inverting the mapping associated with the

tracking algorithm: XT = g−1(XE). The explicit form of g−1 is easily found noting that

the Jacobian of g−1 is simply the SPIFF itself. In 1D it is a matter of integration of PE in

Eq. 6.2 to obtain g−1, under the condition that g−1 is monotonic. In higher dimensions this

task is also possible under certain constraints. In 1D the mapping g−1 is from a scalar to a
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scalar, whereas in higher dimensions it maps a vector to a vector. Knowledge of the Jacobian

of the transformation provides us with a scalar quantity, which is generally insufficient to

reconstruct the vector mapping. However, when the mapping has a specific symmetry (or is

bounded by constraints), we can simplify the integration of PE . In the Chapter Appendix,

section 6.6.3 we show how to obtain g−1 for several cases. In the following we assume PE

is factorizable–that is, PE(x, y) = PE(x)PE(y); in this case, the Jacobian in Eq. 6.2 is

also factorizable, and we integrate over the dimensions independently (Chapter Appendix,

section 6.6.3). This process is indicated schematically in Figure 6.1D. Inverting the mapping

is always possible if g is injective, for example when a tracking algorithm has only systematic

bias. However, when the bias is not systematic, noise can distort the SPIFF to an extent

that there is a loss of information, and there is no longer a one-to-one relation between XE

and XT .

In the following two subsections, we use simulated data to illustrate two common situa-

tions (undersampling and overlapping PSFs) that give rise to artifacts in particle tracking and

show how the SPIFF can be used to correct them. We consider a third situation (background

noise) in the Chapter Appendix, section 6.6.4. In the examples we use the Crocker-Grier

method [71] as the tracking algorithm, and a Gaussian for the PSF, but our findings apply

to any tracking output without needing knowledge of the algorithm.

6.3.1 Nyquist-Shannon Bias

In signal processing the NyquistShannon sampling theorem states that a band-limited func-

tion can be perfectly reconstructed from a series of samples if the bandwidth B is less than or

equal to half the sampling rate [200]. A similar restriction applies for correct determination

of the location of the center of a (point) light source [190]. The intensity of the point source

must span a sufficient number of pixels to properly reconstruct the position of the center.

If the Crocker-Grier method [71] is used, undersampling leads to systematic errors in the

tracking algorithm [191, 192]. These errors can be detected and corrected for sufficiently
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Figure 6.3: Tracking error resulting from undersampling and its correction. (A) Gaussian
PSF in the x direction with σ = 0.25 (blue curve). Dashed vertical lines represent the
boundaries of a pixel where the maximum of the PSF is located. Over 90% of the intensity is
located within a single pixel. (B) SPIFF (x direction) for locations obtained by Eq. 6.6 (red)
and SPIFF (black) for corrected locations. (C) g−1 as obtained from simulated data (thick
line) and for the identity function expected for an unbiased tracking algorithm (dashed line).
(D) Error probability density function for estimated (red) and corrected (black) locations.
The error values are computed by comparison with the true positions of the particles (i.e.,
∆X is the difference between the blue solid and black dashed lines in C). The distribution of
the errors for corrected locations is centered at 0 and has a second moment of 10−7 pixels2.

large signal-to-noise using the SPIFF.

To demonstrate the NyquistShannon bias, we generate 106 random positions XT =

(xc, yc) and for each position generate pixel intensities that correspond to a Gaussian PSF

with SD σ:

Ik,m =
1

4

[
erf

(
k + 1

2 − xc√
2σ

)
− erf

(
k − 1

2 − xc√
2σ

)]
×

[
erf

(
m+ 1

2 − yc√
2σ

)
− erf

(
m− 1

2 − yc√
2σ

)]

(6.4)

To model undersampling we used σ = 0.25 pixels, such that the intensity is mainly concen-

trated in one pixel (Figure 6.3A).

The center-of-mass algorithm for determining the position of the center of a (point) light

source is a simple averaging procedure. Let Ik,m be the recorded intensity in pixel (k,m),

and choose the coordinate system such that the maximum intensity of the light source (in

the absence of other nearby emitters) is at pixel (0, 0). Here, the size of a pixel is taken to be

1 and the pixel centers have integer locations. The position of the center of the light source
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(x, y) is then estimated to be [71]

(x, y) =

∑k=w
k=−w

∑m=w
m=−w(k,m)Ik,m∑k=w

k=−w
∑m=w
m=−w(k,m)

(6.5)

where the size of the region (in pixels2) that is used to determine the position of the particle

is (2w + 1)× (2w + 1). We use w = 10.

The factorizability of Ik,m and the form of Eq. 6.5 allow treating the x and y directions

separately. A transformation XE → X̂ is performed and the SPIFF is plotted in Figure 6.3B.

Owing to the symmetry of the problem and the factorizability of the PSF, we present our

analysis in terms of only the x direction; statistically identical results hold for the y direc-

tion. Figure 6.3B shows a large deviation from the uniform distribution, indicating bias in

the tracking; the X̂E(i) are systematically shifted toward the center of the pixel. This arises

because discrete pixels effectively average the PSF within their interiors, so that undersam-

pling results in a loss of information about the PSF. Because we generated the simulated

data, we can determine the actual errors made in the detection of particle positions. The

distribution of errors is bimodal with peaks at ±0.1 pixels (Figure 6.3D).

The SPIFF can be constructed without knowledge of the true particle positions and

thus can easily be used to test for bias. Moreover, for the case of undersampling the bias

is systematic and thus can be corrected. Due to the symmetry of the PSF and the form

of Eq. 6.5 the point XT = (0, 0) at the center of a given pixel is a fixed point of the

mapping algorithm. The existence of such a fixed point establishes it as a lower bound for

the integration of P (X̂E). Therefore, the true particle position is given by

X̂T = g−1(X̂E) = ±
∫ X̂E

0
P (X̂ ′E)dX̂ ′E (6.6)

The integral on the right-hand side of Eq. 6.6 is the cumulative distribution; it is easily

obtained from the estimated values X̂E by calculating the fraction of estimated values in the

range (0, X̂E) relative to the total number of estimated positions. The minus sign in Eq. 6.6
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applies for the case X̂E < 0. We plot the inverse transformation as obtained from sampling

106 different positions of the particle in Figure 6.3C. X̂T deviates strongly from the identity

function (dashed line). We calculate a new SPIFF for the corrected positions and find that

it is uniform as desired (Figure 6.3B, horizontal line with black symbols). Correspondingly,

the error distribution of the corrected positions is almost a δ-function at 0 (Figure 6.3D,

black). The precision of the corrected positions is determined by the density of the samples

and is 1 part in 103. These results demonstrate the benefit of the SPIFF with respect to both

detecting errors and correcting them by inverting the mapping. The ability to correct errors

arising from undersampling exists because we can compensate for the lack of information

in a single frame with statistical information accumulated over time or across the ensemble.

The SPIFF pools the information from many determinations of the PSF center, which, in

turn, enables detection and correction of errors.

6.3.2 Intensity Overlap of Adjacent Objects

In the previous example, the bias in the tracking algorithm was systematic. We now show

how actively generating such errors coupled with the SPIFF correction technique can help

to overcome the effect of a nonsystematic bias. To this end, we consider pixel intensities

that result from multiple emitters that are in close proximity. The resulting overlap of the

PSFs affects the inferred locations of the particles by asymmetrically altering parts of the

individual particle images. This form of error and means to address it have been considered

previously in measurements of interactions between colloidal particles [200]. Although no

general method is likely to be able to correct this error in all situations, the approach that

we discuss shows promise for certain experimental regimes.

To demonstrate the effect of overlap and its correction via the SPIFF, we do the following.

We construct a pair of particles with a separation of 15.2 pixels and assign them Gaussian

PSFs with σ = 1.96 pixels (Figure 6.4 A and B), a separation large enough that one would

not suspect that intensity overlap plays a role in the tracking process. For this fixed distance
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Figure 6.4: Tracking error resulting from PSF overlap of two particles and its correction. (A)
Two different realizations of the system of two particles with Gaussian PSF (σ = 1.96 pixels)
and center-to-center distance of 15.2 pixels. The intensity was scaled such that the pixel value
with maximal intensity is equal to 1 (arbitrary units) and the overlap of the two PSFs is
not detectable by eye. (B) Sum of the PSFs along the center-to-center distance showing
nonzero intensity at the midpoint between the particles. (C and E) SPIFF for the estimated
particle positions (x direction) obtained with w = 9 (C) and w = 2 (E) in the center-of-
mass algorithm. (D and F) Error probability density functions for the estimated positions,
corresponding to C and E. (G) SPIFF after correcting the positions by inverting the mapping
based on the SPIFF in E. (H) Error probability density function corresponding to G.

between the particles we generate 100 different random orientations of the pair. For each

of these orientations, we then translate the pair relative to the pixel grid by allowing the

center-of-mass to undergo Brownian motion for 100 steps with step sizes obtained from a

Gaussian distribution with zero mean and SD of 0.2 pixels in x and y. Given the resulting

simulated intensities, we track the particle positions using Eq. 6.5 with w = 9.

We plot the SPIFF for the x direction in Figure 6.4C. There is a clear preference for po-

sitions toward the edges of the pixel. Figure 6.4D shows the distribution of errors. Although

the peak of the distribution is at zero, there is a significant probability of errors of 0.1 pixel
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or larger. In the Chapter Appendix, section 6.6.1 we show that for this case the inferred

dynamics is non-Brownian, in contradiction with the true simulated motion. The correlated

interaction of the particle images in the tracked results gives a mean square displacement

that varies nonlinearly with time. In fact, an order parameter for directional motion [201]

indicates an inertial effect. Both effects are inconsistent with the simulated motion.

In the previous example, with systematic bias, we corrected the positions by transform-

ing the SPIFF into a uniform distribution, but the nonsystematic bias that derives from

overlaps prevents us from using the same procedure. Instead, we decrease w in the track-

ing algorithm and consequently decrease the effect of the intensities coming from nearby

particles. Figure 6.4 E and F show the outcome of performing center-of-mass analysis with

w = 2 (vs. w = 9 used in Figure 6.4 C and D; see also the Chapter Appendix, section 6.6.5).

Figure 6.4E shows that the deviations from a uniform distribution are larger than the ones

shown in Figure 6.4B, and Figure 6.4F shows that limiting the number of pixels included

significantly broadens the error distribution and thus the probability of significant errors.

Nevertheless, the SPIFF can now be used to invert the mapping as in the previous example.

Upon doing so, the SPIFF becomes uniform (Figure 6.4G), and the errors are corrected

(Figure 6.4H).

We have implemented the strategy outlined in this section for the experimental data

shown in Figure 6.2 and the Chapter Appendix, Figures 6.6 and 6.7. From the images we

selected colloid pairs in close proximity. The presence of additional nearby particles limits

the window size that can be chosen for the tracking, which results in a strong systematic

bias that we can correct with the SPIFF. The results show a significant improvement in the

mean square displacement as a result of SPIFF correction.

6.4 Noise and the CRLB

Although we have shown that the SPIFF enables nearly perfect reconstruction of particle

positions in the absence of noise, the presence of noise limits the certainty in the particle
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positions. This limit, known as the CRLB [202], depends on the PSF and the type of noise

present. For an unbiased estimator, the CRLB is Var(XT ) ≤ 1/I(XT ), where I(XT ) is

the Fisher information. The unbiased CRLB is often used as the standard for evaluating

particle-tracking algorithms [203–207]. In this section, we consider the effect of noise on

the performance of the SPIFF in correcting errors and show that, because it is a biased

estimator, it can actually achieve a precision that exceeds the standard unbiased CRLB.

To this end, we performed simulations like those in Using the SPIFF to Correct Bias

in Tracked Positions (section 6.3) and Nyquist-Shannon Bias (section 6.3.1) except that

now the intensity at each pixel (k,m) is drawn randomly from a Poisson distribution with

a mean of NS Ik,m + NB , where NS is the total number of photons expected per particle

(for the whole image), Ik,m is obtained from Eq. 6.4, and NB is the average intensity of the

background noise. We set NB to be 10 photons (per pixel), similar to other studies [205],

and we study the performance of the algorithm as we vary NS from 102 to 2× 104 photons

(per image). We then estimate the particle positions by applying the Crocker-Grier method

with the SPIFF correction. The results are shown in Figure 6.5. In Figure 6.5A the optimal

window size (Chapter Appendix, section 6.6.6) was used for each particle size (σ), and we

see that the precision is close to the CRLB. In Figure 6.5B we observe the case of a minimal

window size (w = 1), which is relevant for Using the SPIFF to Correct Bias in Tracked

Positions (section 6.3), and Intensity Overlap of Adjacent Objects (section 6.3.2). We see

that for some particle sizes (σ values) our method achieves better precision than the unbiased

CRLB. This is possible because the Crocker-Grier algorithm is biased.

We now want to understand this result mathematically. In general, the Cramér-Rao

bound is given by

Var(XT ) ≥ (d〈g(XT )〉/dXT )2

I(XT )
, (6.7)

where I(XT ) is the Fisher information as above, and 〈g(XT )〉 is the output of the tracking

algorithm (the subpixel part of the position estimate), averaged over noise. In the case of

an unbiased algorithm, there is a one-to-one mapping between the true positions and the
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A B

Figure 6.5: Precision of the corrected Crocker-Grier center-of-mass for simulated data with
experimental-like noise compared with the CRLB. The results are averaged over 104 images;
the number of photons is per image, not per estimating window. In each case the symbols
represent the simulation results and the lines represent the unbiased CRLBs. (A) Positions
are estimated with optimal window sizes of 2σ×2σ for each particle size (Chapter Appendix,
section 6.6.6), as specified by σ in the Gaussian PSF: σ = 0.5 (red circles), σ = 1.5 (blue
squares), and σ = 2.5 (black crosses), all in pixels. (B) Positions are estimated with a fixed
window size of 3 × 3 pixels (w = 1); σ = 1 (blue squares), σ = 1.5 (red circles), and σ = 2
(black crosses).

output of the tracking algorithm, so the numerator on the right-hand side is 1. For a biased

estimator, we can have |d〈g(XT )〉/dXT | ≤ 1. Specifically, for the case of the Crocker-Grier

algorithm, we have seen that the algorithm systematically biases the positions toward the

center of the pixel, such that |d〈g(XT )〉/dXT | ≤ 1. By itself, this increase in precision is not

useful because the accuracy is lower. However, when we correct the results with the SPIFF,

we are able to remove the systematic error and take advantage of the decrease in variance

implied by the biased CRLB. The SPIFF actually mitigates this decrease, but not so much

as to lose the effect. In this way, we exceed the unbiased CRLB and thus the performance

of most tracking algorithms. In this regard, it should be noted that maximum-likelihood

methods also approach the CRLB [205], but they are computationally costly. Here, we

achieve comparable or better results with minimal computational effort—both the Crocker-

Grier algorithm and the SPIFF correction are fast. A more extended discussion of the role

of noise and the removal of its effects can be found in the Chapter Appendix, section 6.6.7.
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6.5 Conclusions

Algorithms that use information from PSFs to localize emitters with subpixel resolution now

play an essential role in many different areas of science [180, 199, 201, 208–211]. Here we

propose a simple validation method that only requires knowledge of the estimated particle

positions. Our approach is based on the SPIFF. Because the positions of the objects being

imaged are independent of the detection system, the SPIFF is a uniform distribution when

the tracking algorithm is unbiased. The SPIFF is essentially a measure of pixel locking [196],

and we show how its quantification can be used to invert the tracking algorithm mapping to

correct errors.

Our key physical insight is that ergodicity of the physical processes being imaged al-

lows pooling information from multiple times and/or emitters that compensates for limited

sampling of the PSF over pixels (Nyquist-Shannon bias) and/or intensities (e.g., owing to a

confounding background signal or nonsystematic noise). This additional information allows

us to introduce a unique strategy for treating errors that arise when pixel intensities derive

from multiple emitters [186], which is common in dense systems [210]. In such cases, we

limit our use of image information to the pixels nearest to the peak intensities; although

this introduces a systematic pixel-locking bias (error), we demonstrate how that effect can

be removed by integrating the SPIFF. Indeed, this strategy enables us to exceed the unbi-

ased Cramér-Rao bound [73, 188] for a given signal-to-noise. The noise properties of this

strategy differ fundamentally from those of the standard strategy of increasing the range of

pixels included for each emitter. There is of course a limit to this procedure—if particles are

too close, their signals cannot be separated, and the correction procedure homogenizes the

SPIFF but does not yield accurate positions. We characterize this limit as a function of the

width of the PSF and the extent of the noise in the Chapter Appendix, Figures 6.18–6.20.

Remarkably, our procedure for detecting and correcting systematic errors requires only

the tracked positions and does not require explicit knowledge of the PSF or independent

knowledge of the extent to which the intensities from different emitters are overlapping. We
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have illustrated our approach with the center-of-mass method [71] owing to its popularity.

However, our results are general and applicable to the output from all tracking algorithms,

regardless of the source of the data or the mathematical operations performed.

The main limitations of our approach are that the particle positions must be well sam-

pled with respect to the pixel boundaries, and the particle positions must be consistently

generated from one pixel to another. We note that experimental realities (optical aberra-

tions, variations in illumination and focus, etc.) can affect the latter. In our experience,

proper calibration of the imaging system can mitigate these issues sufficiently to construct

the SPIFF, but there are other situations that we have not explored and therefore for which

we cannot guarantee the accuracy of the error correction (e.g., tracking 3D data where the

focusing and relative particle positions create new challenges). It is also important to note

that the SPIFF correction we propose does not solve all problems related to extraction of

data from trajectories. For example, it is not designed to deal with nonsystematic errors such

as those that arise from mixing of information coming from different sources. Nevertheless,

we believe that many experiments will be in a regime that permits application of the SPIFF

approach.

6.6 Chapter Appendix

6.6.1 Correlations in dynamics arising from particle tracking errors

Here we describe one consequence of tracking errors for interpreting particle dynamics espe-

cially when striving for sub-pixel accuracy in localization. While the static properties that

are described in the main text concern data from a single frame, the dynamics can be influ-

enced by errors correlated over several frames. For example, when the particle displacement

between two successive frames is small compared to the pixel size, the true locations of the

particle in both frames can be shifted in a systematic fashion. This gives rise to artificial

correlations. In the following we provide several examples of such behavior for the systems
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discussed in the main text.

The tools that we use for quantification of the dynamical properties of the estimated

motion are the mean squared displacement (MSD = 〈(X(t)−X(0))2〉, where 〈. . .〉 indicates

ensemble averaging, and the relative angle distribution, P (θ; ∆). While characterization of

a trajectory with the MSD is a standard method, the use of P (θ; ∆) has only recently been

introduced [201]. P (θ; ∆) is defined as follows: a displacement of a particle in a time interval

∆ is defined as V (t; ∆) = X(t+∆)−X(t), where X(t) is the position of the particle recorded

at time t. The angle θ(t; ∆) is defined as

θ(t; ∆) = cos−1
(
V (t; ∆) · V (t+ ∆; ∆)

|V (t; ∆)| |V (t+ ∆; ∆)|

)
, (6.8)

where the numerator is a dot product. By computing θ for all possible time points t in a

given particle trajectory, and repeating the procedure for all particles, we can construct the

distribution of the angle θ given the temporal interval ∆. This distribution is P (θ; ∆); it is

capable of elucidating subtle properties of the motion. In Burov et al. [201] several properties

of P (θ; ∆) are described for different underlying transport mechanisms. We now explore the

dynamic properties of some of the examples considered in the main text.

Experimental data for a quasi-2D colloidal suspension

The system that we study is the same as the one used to generate Figure 6.2 in the main

text. We show an example of the raw data in Figure 6.6. In Figures 6.7 and 6.8, we

construct the SPIFF and the MSD for two choices of the Crocker-Grier algorithm window

size. In both cases, the SPIFF has an inhomogeneous profile and consequently the positions

of all the particles, before correction, include systematic tracking errors. Given the size of

the particles (1.57µm diameter), we expect simple diffusion. In the absence of correction,

the tracking error causes a deviation from the expected linear behavior of the MSD that is

quite noticeable at short times. Note that the pixel locking and the short-time deviation of
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Figure 6.6: Raw image used to obtain the colloid tracking data used in Figure 6.2 in the
main text. Particles are 1.57 µm silica beads sandwiched between coverslips separated by <
2 µm. The density in this quasi-2D system corresponds to an area fraction of 0.34. (left)
One third of the field of view; the full field of view extends an amount equal to the view
shown to the left and right. (right) Expanded view of a single colloid particle showing the
window sizes used for center of mass localization. The red outline represents a window of 7
pixels (w = 3) while the green outline represents a window of 9 pixels (w = 4).

the mean square displacement (MSD) from the linear fit are less pronounced in Figure 6.8

compared with Figure 6.7, but intensity overlaps can make it problematic to increase the

window size, as discussed in the main text. With SPIFF-based correction, both the MSD

plots are linear as expected, demonstrating that the correction procedure eliminates the

artificial correlations in particle displacements.

Mean-square displacement (MSD) simulation

In Section 6.3.1 of the main text we treated the Nyquist-Shannon bias that arises when

the point spread function (PSF) is narrower than a pixel. To generate simulated dynamics

to illustrate the effect of this bias on interpretation of the dynamics of a tracked object we

repeatedly shift the center of the PSF with respect to its previous position by (0.03ζ1, 0.03ζ2),

where ζ1(ζ2) is a random variable with a Gaussian distribution (standard deviation σ =

1 pixel) with zero mean. The starting points of the trajectories are uniformly distributed

over the interior of a pixel. The expected behavior of the PSF center is linear growth of the

MSD with time (Figure 6.9, red line). The behavior observed after performing center-of-mass

tracking, as described in Section 6.3.1 of the main text, deviates from the true behavior at
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Figure 6.7: The SPIFF and the MSD from the quasi-2D colloidal suspension shown in
Figure 6.6: analysis with a window size of 7 pixels (w = 3). (a) The SPIFF generated by
the localization algorithm. (b) The mean square displacement (MSD) using the positions
obtained from the Crocker-Grier algorithm. (c) The SPIFF following correction. (d) The
MSD obtained from the corrected positions. Note that the SPIFF is nearly uniform (as
shown in Figure 6.2) except for a few pixels in the corners. The black lines in (b) and (d)
show the linear behavior of the MSD at long times; they are best fit lines to the last 200
data points in each case. The MSDs shown in (b) and (d) only go to lag times of one third
the total time in the experiment.
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Figure 6.8: Same as Figure 6.7 but with a window size of 9 pixels (w = 4).

short times (Figure 6.9, dashed blue line), rendering the MSD non-linear. This phenomenon

is also obtained for tracking where the position of the particle is biased towards the center

of a pixel in a similar fashion to the one described in Section 6.6.1 of the Chapter Appendix

and Section 6.3.2 of the main text. In the simulation described above each true subpixel

position is multiplied by 0.7. The result is presented in Figure 6.9 (dotted line). We note that

apparent super-diffusion (as opposed to the apparent subdiffusion indicated by the dotted

black curve in Figure 6.9) can be attributed to dynamical error [198].

SPIFF correction after restricting the window size

In Section 6.3.2 of the main text we introduced a method for correcting errors that appear due

to overlap of the images of neighboring particles. In that method, we intentionally restricted

the data used during tracking, resulting in an inhomogeneous SPIFF, and then corrected the

ensuing errors by applying the inverse mapping g−1 obtained by integrating the SPIFF. Here

we show that the original properties of the dynamics (i.e., unbiased dynamics) are restored
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Figure 6.9: The MSD as a function of time for the case of biased tracking. The red line
displays the simple diffusion of the PSF center modeled in the simulation, calculated from
1000 trajectories with 1000 samples each. The dashed blue curve shows the behavior for
data points obtained from the tracking method as described in Section 6.3.1 of the main
text (Nyquist-Shannon bias). The dotted black curve shows the behavior of artificial bias
towards the center of a pixel as described in Section 6.6.1 of the Chapter Appendix. For
large enough t the behaviors coincide and the subpixel resolution errors become insignificant.
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by this strategy. In the model presented in Section 6.3.2, the pair of particles move together

in a Brownian fashion such that the orientation of the pair is unchanged. We used 1000

trajectories of 1000 samples each to determine the dynamics. Figure 6.10 shows P (θ; ∆) for

∆ = 1. Figure 6.10a shows the behavior for the tracked positions obtained with the Crocker-

Grier algorithm with w = 10 pixels. The peak in P (θ; ∆) at θ = π indicates a preference for

reversals even for the shortest time scale. This definitely is an erroneous result since the true

motion is Brownian and P (θ; ∆) should be uniform. When we limit the algorithm to w = 2,

the correlations become more pronounced (Figure 6.10b). When we correct the tracked

positions, P (θ; ∆) becomes uniform (Figure 6.10c), which is the expected distribution for

Brownian dynamics. This result shows that the correction procedure implemented in the

main text also improves and corrects the statistical properties of the dynamics.

6.6.2 Precision of the correction procedure

The number of sampled points limits the precision of the correction procedure. Indeed, if

only a single position of a particle was recorded it is impossible to properly construct the

SPIFF and in turn g−1. In principle the precision depends on the assumption that the sub-

pixel region is homogeneously covered by N different positions of a particle (or N different

positions of several particles). This assumption fails if the sampled particle position is not

changing with time, or is specifically limited to a spatial region smaller than a pixel. Even

when this is not the case, the fact that N is finite will impose an additional constraint. Since

the positions are randomly chosen homogeneous coverage of the sub-pixel region holds only

on average, and random fluctuations will impose small inhomogeneities. The size of the

fluctuations in an uncorrelated random coverage is proportional to 1/
√

N. Accordingly, we

expect that the error in the SPIFF reconstruction, when photon shot noise is not present,

will decay in the same manner. We demonstrate that this is indeed the case numerically in

Figure 6.11.
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Figure 6.10: Probability density of relative angles, P (θ; ∆ = 1 frame), for the system in
Section 6.3.2 of the main text (Intensity Overlap). Results shown are for particle tracking
with (a) w = 10 pixels, (b) w = 2 pixels, or (c) w = 2 pixels followed by the SPIFF-based
correction.
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Figure 6.11: Reconstruction error as a function of the number of images, N. The crosses are
the result of a simulation averaged over 103 different realizations for each N. The dashed
line fits the simulated behavior with 0.2

√
N. No photon shot noise was present in this

reconstruction process.

6.6.3 The inverse mapping g−1

In the main text we show that the SPIFF provides explicit knowledge of the g−1 Jacobian

determinant:

PE(X̂E(i)) =

∣∣∣∣∣
dg−1(X̂E(i))

dX̂E(i)

∣∣∣∣∣ (6.9)

Here we explicitly discuss how to obtain g−1 using the available knowledge of PE .

The function g−1 is a mapping from the space of estimated positions X̂E = (xE , yE) to

the space of true positions X̂T = (xT , yT ) and is assumed to be injective on the whole space

of estimated positions. By writing the Taylor expansion of g−1

g−1(xE + δxE , yE + δyE) =



g−1
x (xE + δxE , yE + δyE)

g−1
y (xE + δxE , yE + δyE)




=



g−1
x (xE , yE)

g−1
y (xE , yE)


+



∂g−1
x

∂xE

∂g−1
x

∂yE
∂g−1
y

∂xE

∂g−1
y

∂yE






δxE

δyE




(6.10)
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we see that there are two ingredients for reconstruction of g−1: (i) existence of a specific

point (x0
E , y

0
E) such that (x0

T , y
0
T ) = g−1(x0

E , y
0
E) is known, and (ii) explicit knowledge of all

the entries in the Jacobian matrix. To obtain each ingredient we rely on symmetries in the

tracking algorithm, i.e., the mapping g. For the point (x0
E , y

0
E) we usually take the point

(0,0), the center of the pixel. Our starting assumption is that given a symmetric PSF located

exactly at the center of a pixel the mapping g will exert no bias, since the bias usually occurs

due to nonsymmetric integration of intensities in the nearby pixels. If the SPIFF center of

symmetry is not located at the center of the pixel, we assume that the point (0,0) is mapped

onto the center of symmetry in the space of estimated positions. Our treatment of the

second point also exploits symmetries. Since
∣∣∣dg−1/dX̂E

∣∣∣ is a one-dimensional quantity,

we are limited to cases where symmetries (or constraints imposed on g−1) exist and can

effectively reduce the dimensionality of the mapping.

We now describe two cases where the assumed symmetries enable explicit construction

of g−1. The first case is a mapping that (i) transforms straight lines in the space of true

positions to straight lines in the space of estimated positions and (ii) preserves the orientation

of those lines with respect to the x and y axes. One can imagine such a transformation as

a mapping that compresses everything towards the center of each pixel (fixed point (0,0)).

With this mapping some regions can be distorted more than others as long as conditions (i)

and (ii) are conserved. Performing the integration in the space of estimated positions over

the rectangle (0, xE) × (0, yE) yields an area of xT yT in the space of true positions since

the boundaries in the space of estimated positions are straight lines and are transformed to

straight lines in the space of true positions. Property (ii) of the mapping g ensures that the

rectangle boundaries coincide with the axes in the space of true positions. Since integration

over (0, x′E)×(0, yE) corresponds to x′T yT and integration over (0, x′′E)×(0, yE) corresponds

to x′′T yT , we see that the any mapping that fulfills (i) and (ii) decouples the treatments of

the x and y axes in the pixel. The functions g−1
x and g−1

y in Eq. 6.10 depend only on x and

y, respectively.
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A second example is provided by the case of rotational symmetry; the mapping g from

the space of true positions to the space of estimated positions depends only on the distance

of (xT , yT ) from the center of the pixel. For such a case, integration over a circle with a

center of the space of estimated positions at (0,0) and a radius RE , corresponds to a circle

in the space of true positions with a center at (0,0) and a radius RT (see Figure 6.12).

The radius RT is deduced from the outcome of the integration in the space of estimated

positions, AR, by the simple formula RT =
√
AR/π. Any point (xE , yE) that is at distance

RE from the origin is transformed to a point (xT , yT ) that is distance RT from the origin

and lies on the same line as the line that crosses (xE , yE) and (0,0). When the radius RT

is greater than 1/2, the circle in the space of true positions will include points outside the

pixel. Since those points are not part of the domain of g, they cannot appear in the space

of estimated positions. This phenomenon will manifest as regions in the space of estimated

positions where the SPIFF is zero, similar to the example in Figure 6.1E of the main text.

The mapping is always between a circle in the space of estimated positions to a circle in the

space of true positions while only the points that are bound to a single pixel in both spaces

are transformed. The correspondence will be the intersection between a circle and a square

in the space of estimated positions and the intersection between a circle and a square in the

space of true positions (see Figure 6.12).

It should be possible to deduce procedures for inverting additional mappings with other

symmetries (e.g., elliptical) based on the information in the SPIFF. The general idea is the

same: the symmetries of the mapping allow us to reduce the correspondence between the

points in the spaces of estimated and true positions to a one-dimensional correspondence

between the areas in the two spaces. The symmetries of the mapping g depend on the

specific tracking algorithm and are obtained by exploration and determination of the bias

that the algorithm imposes on theoretically constructed images.
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Figure 6.12: Example of a mapping g−1 with rotational symmetry. A circle in the space
of estimated positions is transformed to a circle in the space of true positions. The area of
integration in the space of estimated positions (red, right) is transformed to an area in the
space of true positions (red, left) under the constraint that this area is inside the boundary
of a single pixel (black square). The correspondence between the areas relates the boundary
of the circle in the space of estimated positions (blue, right) to the boundary in the space
of true positions (blue, left), i.e., g−1. For the situations when the corresponding radius in
the space of true positions, RT , is greater than 1/2, part of the circle boundary is located
outside the pixel in the space of true positions (dotted blue, left). Those points may or may
not be inside a single pixel in the space of estimated positions (dotted blue). Regardless of
the value of RE , the value of the SPIFF in the space of estimated positions for such points
(dotted blue) must be zero since the corresponding points in the space of true positions are
outside of the domain of g.
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6.6.4 Effect of background noise

Here we examine the effect of background noise on the reduction of trajectory data. It

is known that background noise causes the center-of-mass algorithm to bias the estimated

locations of the particles toward the center of a pixel [71]. As in Section 6.3.1 of the main

text, we generate simulated data with a Gaussian PSF (Figure 6.13a); in this case, σ = 2.5,

and we scale the intensities by multiplying the values by a factor of 10. In addition, we

add a small amount of Gaussian noise with mean 0.1 and standard deviation 0.05 to all the

pixel intensities. We estimate the positions with the Crocker-Grier method as above (with

w = 10). The resulting SPIFF (x-direction) is plotted in Figure 6.13b. The background

noise biases XE (and consequently X̂E) towards the pixel centers, and the SPIFF goes to

zero near the pixel boundaries. The error distribution is plotted in Figure 6.13d. The errors

in the positions are highly non-Gaussian in the range 0.1 < X < 0.1, in contrast to the

Gaussian distribution that one would expect if the errors were uncorrelated. We invert the

mapping by integrating the SPIFF to obtain Figure 6.13c. After using g−1 to correct the

estimated positions, the SPIFF becomes uniform (Figure 6.13b, horizontal line with black

symbols). Moreover, the error distribution narrows significantly (Figure 6.13d) and becomes

Gaussian with a standard deviation (0.018). Thus, even with random noise in the data, the

SPIFF can be used to both detect and correct biases in the tracking algorithm.

6.6.5 The effect of undersampling

Care must be used in implementing the strategy of decreasing the window size w to avoid

introducing the undersampling (Nyquist-Shannon) bias discussed in the main text. The

estimated center of a one-dimensional Gaussian with a center at xc = 1/2, gw,σ(1/2), is,

according to Eq. 6.6 of the main text,

gw,σ

(
1

2

)
=

(w + 1) erf
(

w√
2σ

)
− w · erf

(
w+1√

2σ

)

erf
(

w√
2σ

)
+ erf

(
w+1√

2σ

) (6.11)
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Figure 6.13: Tracking error resulting from background noise and its correction. (a) The signal
obtained from a Gaussian PSF (x-axis) with σ = 2.5 (thick line) and background noise. The
dashed line represents the mean value of the (non-zero) background noise. (b) SPIFF (x-
direction) for estimated (red squares) and corrected (black squares) locations. (c) g−1 as
obtained from simulated data (thick line) and prediction for the identity function expected
for unbiased data (dashed line). (d) Error probability density function for estimated (red
squares) and corrected (black circles) locations.
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Figure 6.14: Minimal number of pixels needed for the Crocker-Grier algorithm to avoid pixel
locking. We plot the estimated x location of an emitter with a Gaussian PSF centered on
the pixel boundary (gw,σ(x = 1/2), as defined by Eq. 6.11) for σ = 1 (blue dot-dashed line),
σ = 2 (brown dotted line), σ = 3 (black dashed line), σ = 4 (red solid line). Values of w
yielding results close to gw,σ = 1/2 are desirable.

In Figure 6.14, we show gw,σ(1/2) as a function of w for various σ. For a given σ there

is a minimal w that must be used to avoid shifting the tracked positions towards the pixel

centers. When the SPIFF-based correction is used, this shift toward the center would be

automatically corrected.

6.6.6 Choosing the right region size

Tracking algorithms use local information to estimate the position of each particle. The

Crocker-Grier algorithm uses a rectangular area that consists of (2w+1)×(2w+1) pixels. The

choice of the size of this region is important. Not only does the computational effort depend

on it, but so does the signal-to-noise. Larger regions have more background photons. Smaller

regions contain less information about the PSF. From examination of several examples with

Gaussian PSFs and using the SPIFF based Crocker-Grier algorithm, we observe that a size

that represents a good compromise between these limiting noise and limiting signal exists
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(Figure 6.15). The point where the error is minimal always occurs around the value w = 2σ.

6.6.7 Further exploration of the effects of noise

We simulate the effects of noise that is representative of experimental measurements. The

intensity at each pixel (k,m) is constructed from three terms: (i) the signal NSIk,m (NS

is the expected number of photons per measurement and Ik,m is given by Eq. 6.4); (ii)

the average intensity of the background noise, NB ; and (iii) Gaussian noise, G. All three

contributions are random: the Gaussian noise is explicitly so, and, generally, NSIk,m and NB

are averages of random variables with Poisson distributions. The simulations are performed

as described in Section 6.4 of the main text, except that when (iii) is present, an additional

random variable G ∼ N (AG, σG) (normal distribution with mean AG and variance σG)

is added at each pixel. The results are compared to an appropriate unbiased Cramér-Rao

Lower Bound (CRLB). In all the simulations we used 105 different realizations of the signal

center position.

From the calculations shown in Figures 6.16 – 6.20 it is clear that application of the

SPIFF procedure produces results comparable to, and sometimes better than, the appropri-

ate unbiased CRLB. The best cases are those where the bias in the original Crocker-Grier

localization was most pronounced (large σ and small w). For such cases, as explained in the

main text, the presence of a large bias decreases the error variance, while the SPIFF cor-

rection subsequently removes the bias. We note that the error in Figure 6.16 can be further

decreased by increasing the number of realizations. For example, in Figure 6.16c the value

for σG = 0.1 is decreased by a factor of ≈ 1/2 if the number of realizations is multiplied by

10.

When considering adjacent particles, both noise and PSF overlap complicate localization.

As immediately above, we explored two cases: (i) the case when only Gaussian noise is present

and (ii) the case when the signal fluctuates according to a Poisson distribution in addition

to Gaussian noise. The simulations were performed as described in Sections 6.3.2 and 6.4 of
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Figure 6.15: Measured error as a function of the choice of w in the Crocker-Grier algorithm.
Each row represents a different standard deviation for a Gaussian PSF: σ = 0.5 pixels (a and
b), σ = 1 pixels (c and d), and σ = 2.5 pixels (e and f). Each column represents a different
number of photons per particle: NS = 104 on the left (a, c, and e) and NS = 103 on the
right (b, d, and f). For all the cases the background noise was taken to be Poissonian with
mean of NB = 10 photons per pixel. 104 realizations were used to compute each error value.
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Figure 6.16: Dependence of the error on the extent of Gaussian noise in the absence of Poisson
fluctuations. NS = 1000, NB = 0, AG = 100. Simulation results are indicated by symbols
and the corresponding unbiased CRLBs are indicated by lines. (a) PSF σ = 2.5 pixels,
w = 3 pixels; (b) PSF σ = 1.5 pixels, w = 2 pixels; (c) PSF σ = 0.5 pixels, w = 1 pixel.
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Figure 6.17: Dependence of the error on the extent of Gaussian noise in the presence of
Poisson fluctuations. NS = 1000 and AG = 100. Simulation results are indicated by symbols
and the corresponding unbiased CRLBs are indicated by lines. (a) PSF σ = 2.5 pixels;
window size w = 3 pixels; NB = 0 photons (circles) or NB = 50 photons (squares). (b)
PSF σ = 1.5 pixels; window size w = 2 pixels; NB = 0 photons (circles), NB = 50 photons
(squares) or NB = 200 photons (crosses).
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Figure 6.18: Total error as a function of pair separation, with and without SPIFF correction.
(left) No noise added and (right) Gaussian noise with σG = 1 photons added. The simulation
results were obtained for signal spread of σ = 2 pixels. The results with the SPIFF correction
(circles) are obtained for window size w = 2 pixels and compared to results without the
SPIFF correction for window size w = 2 pixels (squares) and w = 7 pixels (triangles).

the main text and the noise was introduced as just described; we calculated the localization

error as a function of particle-particle separation, for different noise levels. As expected, the

error increases as the noise increases and generally decreases with particle separation. While

the SPIFF approach works at large particle separations, below a threshold separation, which

depends on the PSF σ, the overlap of two nearby particles signals destroys the localization

precision. We have not compared our results, displayed in Figures 6.18–6.20, to a theoretical

precision bound due to a lack of existence of such a bound appropriate for two signal sources.
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Figure 6.19: Total error as a function of particle-particle separation with varying noise:
(circles) no noise, (squares) σG = 0.1 photons, (triangles) σG = 1 photons, and (diamonds)
σG = 10 photons. (upper row) Gaussian noise only. (lower row) Gaussian noise and Poisson
fluctuations. (left column) The simulation results were obtained for a PSF spread of σ = 2
pixels (upper) or σ = 3 pixels (lower), and all the results were obtained with application of
the SPIFF correction with window size w = 2 pixels. (right column) PSF spread of σ = 0.5
pixels and window size w = 1 pixels.
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Figure 6.20: Total error as a function of particle-particle separation for several values of the
window size w. Only Poisson fluctuations of the signal were included. The simulation results
were obtained for PSF σ = 2 pixels. All the results were obtained with application with
SPIFF correction for window size w = 2 pixels (circles), w = 3 pixels (squares), w = 4 pixels
(triangles) and w = 5 pixels (diamonds). Lines have been added to guide the eye.
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[22] A. Einstein. Über die Entwicklung unserer Anschauungen über das Wesen und die
Konstitution der Strahlung. Physikalische Zeitschrift, 10:817–825, 1909.

[23] A. Einstein. Zur Quantentheorie der Strahlung. Mitteilungen der Phys. Gesellshaft zu
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APPENDIX A

PROPERTIES OF AG NANOPARTICLES

A.1 Zeta Potential and Size measurements of 150 nm Ag

Nanoparticles

Ag nanoparticle zeta potentials and sizes were characterized with a Zetasizer (Malvern,

Nano-ZS, Zen3600) in December 2014. Several stock solutions of nanoparticles (all from

NanoComposix) were characterized using solutions with the same product numbers but

received at different times. Also, for nanoparticles that were citrate capped, a comparison

was made between dilution in 18 MΩ water and a 2 mM citrate buffer. Table A.1 names and

outlines the different measurements performed.

Table A.1: Ag nanoparticles characterized with zetasizer measurements.

Name Dilution Product Number Date Received
Old Citrate 150x with 18 MΩ H2O KJW1606 05/29/13
New Citrate 150x with 18 MΩ H2O KJW1606 11/25/14
PVP 150x with 18 MΩ H2O KJW1882 10/25/14
Old Citrate Buffered 150x with 2 mM Citrate Buffer KJW1606 05/29/13
New Citrate Buffered 150x with 2 mM Citrate Buffer KJW1606 11/25/14

A.1.1 Size Measurements of Ag Nanoparticles
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Figure A.1: Size distribution of Old Citrate 150 nm Ag nanoparticles diluted 150x in 18 MΩ
water. Peak is at 319 nm.
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Figure A.2: Size distribution of New Citrate 150 nm Ag nanoparticles diluted 150x in 18 MΩ
water. Peak is at 264 nm.
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Figure A.3: Size distribution of PVP 150 nm Ag nanoparticles diluted 150x in 18 MΩ water.
Peak is at 178 nm.
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Figure A.4: Size distribution of Old Citrate Buffered 150 nm Ag nanoparticles diluted 150x
in 2 mM citrate buffer solution. Peak is at 161 nm.
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Figure A.5: Size distribution of New Citrate Buffered 150 nm Ag nanoparticles diluted 150x
in 2 mM citrate buffer solution. Peak is at 165 nm.
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A.1.2 Zeta Potential Measurements of Ag Nanoparticles
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Figure A.6: Zeta potential of Old Citrate 150 nm Ag nanoparticles diluted 150x in 18 MΩ
water. Peak is at −16 mV.
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Figure A.7: Zeta potential of New Citrate 150 nm Ag nanoparticles diluted 150x in 18 MΩ
water. Peaks are at −37 mV and −6.9 mV.
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Figure A.8: Size distribution of PVP 150 nm Ag nanoparticles diluted 150x in 18 MΩ water.
Peak is at −36 mV.
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Figure A.9: Zeta potential of Old Citrate Buffered 150 nm Ag nanoparticles diluted 150x in
2 mM citrate buffer solution. Peak is at −44 mV.
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Figure A.10: Zeta potential of New Citrate Buffered 150 nm Ag nanoparticles diluted 150x
in 2 mM citrate buffer solution. Peak is at −53 mV.
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A.2 TEM Images of 150 nm Ag Nanoparticles

The citrate capped Ag nanoparticles (NanoComposix, NanoXact KJW1606) received on

05/29/13 were imaged using transmission electron microscopy (TEM). This section has sam-

ple images of the particles at different scales.

Figure A.11: TEM images of individual 150 nm Ag nanoparticles. Scale bar in bottom left
is 20 nm.

Figure A.12: TEM images of 150 nm Ag nanoparticles. Scale bar in bottom left is 50 nm.
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Figure A.13: TEM images of 150 nm Ag nanoparticles. Scale bar in bottom left is 100 nm.

Figure A.14: TEM images of 150 nm Ag nanoparticles. Scale bar in bottom left of the left
image is 200 nm. Scale bar in bottom left of the right image is 500 nm.
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APPENDIX B

PYTHON FUNCTIONS FOR DATA ANALYSIS

B.1 Linking Rotational Motion of Nanoparticles using Trackpy

1 import string
2 import scipy
3 import Tkinter, tkFileDialog
4 import numpy as np
5 import pandas as pd
6 from scipy.spatial.distance import cdist
7 import matplotlib.pyplot as plt
8 import os
9 import sys

10 import re
11 import skimage.viewer
12 from PIL import Image, ImageDraw, ImageColor
13 import trackpy
14 import trackpy.predict
15 import gc
16 import glob
17

18 def trackpy_rot_motion_linker(data_frame, search_range, rot_velocity=0.0,
memory=0, theta_lim_bias=[0,360], **kwargs):↪→

19 '''A wrapper for trackpy linking that includes a predictor for rotating
particles↪→

20

21 :params data_frame: DataFrame containing all the particle position
information↪→

22 :params search_range: Max distance a particle can move between frames
23 :params rot_velocity: The bias (in degrees) that a candidate particle

should be↪→

24 found at. This is positive for positive L's
25 :params memory: The number of frames a particle can disappear for and

still be↪→

26 considered the same particle.
27 :params theta_lim_bias: The limits in degrees theta to apply the

rotational bias.↪→

28 If a particle is outside this range then no bias is applied.
29 :params kwrgs: Additional keyword arguments passed to trackpy.link_df
30 '''
31

32 # Find the particle locations in polar coords
33 xf, yf, rf = least_sq_fit_circle(data_frame)
34 polar_coor_data_frame(data_frame, xf, yf)
35

36 # Generate the predictor function
37 @trackpy.predict.predictor
38 def predict(t1, particle):
39 theta = calc_angle(particle.pos[0], particle.pos[1], xf, yf)

169



40 r = calc_radius(particle.pos[0], particle.pos[1], xf, yf)
41 if theta_lim_bias[0] < theta < theta_lim_bias[1]:
42 new_theta = theta + rot_velocity * (t1 - particle.t)
43 new_theta %= 360.0
44 new_x = calc_x_from_polar(r, new_theta, xf)
45 new_y = calc_y_from_polar(r, new_theta, yf)
46 return np.array((new_x,new_y))
47 else:
48 return np.array((particle.pos[0], particle.pos[1]))
49

50 # Track the data and restructure the resulting DataFrame
51 trackpy.link_df(data_frame, search_range, memory=memory, pos_columns=['x

pos', 'y pos'],↪→

52 retain_index=True, link_strategy='numba',
predictor=predict, **kwargs)↪→

53 data_frame['track id'] = data_frame['particle']
54 del data_frame['particle']

170


