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ABSTRACT

Entanglement is the most unique and distinguishing feature of quantum mechanics, and is
of fundamental importance not only to the theory of quantum information, but to the study
of quantum phases of matter. While much work has been done to study the entanglement
in the ground states of familiar systems like conformal field theories and gapped topological
phases, slightly less attention has been paid to dynamical quantum systems and systems
that lack translational invariance.

In this thesis, I will first introduce some basic formalism and intuition related to entan-
glement in many-body quantum systems. I will then discuss an elegant means of calculating
entanglement entropy and other measures in conformal field theories on curved backgrounds
via the Ryu/Takyanagi formula. Next, I will introduce a general formula for the calculation
of the entanglement contour, a well-behaved entanglement density function. We will show
the contour to be particularly useful for probing the dynamics of out-of-equilibrium quantum
systems. With these dynamical systems in mind, I will present results from calculations of
multipartite operator entanglement — a state-independent entanglement measure — in a
many-body localized system.

Finally, I will conclude with a description of a new method to simulate two dimensional
tensor network states on a quantum computer, as a means of realizing entangled quantum
matter in a controlled, experimental setting. I also include results from an experimental

proof-of-concept of this method.

xii



CHAPTER 1
ENTANGLEMENT IN MANY-BODY QUANTUM SYSTEMS

1.1 Introduction

Starting in the 1920’s and 1930’s when the concept of entanglement was first understood
as a consequence of the newly developed formalism of quantum mechanics, it baffled and
frustrated many of the original pioneers in the field. Since then, although many of the
original concerns about “spooky action at a distance” have been addressed, entanglement
remains one of the most unique and consequential aspects of the quantum world.

Though there is no universal scheme for classifying and quantifying entanglement in
quantum systems with many particles, in recent years the limited tools we do have for un-
derstanding entanglement have become increasingly important for practitioners in the fields
of quantum information, condensed-matter, and high energy physics alike. Entanglement has
been used to detect topological order [5, 6], an intrinsically quantum phenomenon beyond the
Landau paradigm of phase transitions [7]. Measures of mixed-state entanglement have been
used to classify topological insulators [8]. Entanglement measures have also been important
in the study of chaos, scrambling and thermalization in out-of-equilibrium quantum systems
[9]. The connection of gravity and quantum field theory via the AdS/CFT correspondence
[10] has also been deepened by the Ryu-Takayanagi formula [11, 12], which relates geometric
surfaces in a gravitational theory to Von Neumann entropy in a corresponding conformal
field theory. This is but a small sample of the vast literature that has sought to better
understand many-body quantum systems and quantum field theories through the lens of
entanglement.

The study of many-body entanglement has opened up and answered many interesting
questions about how different entanglement measures behave in different quantum systems.

At the same time, these efforts have motivated the development of novel measures of en-
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tanglement, which probe aspects of quantum correlation that the established quantities like
Von Neumann entropy fail to capture. The work in this thesis reflects a broad interest in
both aspects of the study of many-body entanglement. This thesis will study the behavior of
conventional entanglement measures in systems where they have not been fully examined —
in particular, systems that break translational symmetry either through quenched disorder
or curved background geometry. Though these systems are typically still local, changes to
their background geometry will prove to have dramatic, non-local effects on the spatial dis-
tribution of entanglement. This thesis will also introduce work that further develops novel
probes of entanglement, applying them to various systems and attempting to interpret the
results.

To this end, we begin in this chapter by presenting necessary formalism for describing
quantum many-body systems and quantifying entanglement. We will then use machinery
from the AdS/CFT correspondence — namely the Ryu-Takayanagi formula — to introduce
an elegant, geometric method for calculating Von Neumann entropy and related quantities
in strongly coupled conformal field theories on curved backgrounds. We will demonstrate the
efficacy of the method, both at zero and finite temperatures, using several cases relevant to
condensed matter physics, in particular the rainbow chain and the sine-square deformation,
which both have spatial distributions of entanglement very different from that of a CFT on a
flat background. Motivated by this, we then turn to the entanglement contour, a quasi-local
measure of entanglement, which probes the spatial distribution of entanglement at a finer res-
olution than non-local quantities like the Von Neumann entropy. We show that a previously
introduced formula for a holographic entanglement contour is actually a valid entanglement
contour in any system. We then use this formula to probe the spread of entanglement af-
ter quantum quenches in a holographic CFT and in a many-body localized system (MBL).
Maintaining an eye towards dynamical phases of quantum matter, we present background

information and previous results on operator mutual information and negativity — state



independent measures of information spreading for a given Hamiltonian. We then compute
multipartite measures of operator entanglement in MBL, and find that the delocalization of
quantum information is suppressed relative to the total spread of information, which is not
the case in typical interacting systems. Finally, we ask about how entangled quantum matter
can be simulated and probed using near-term quantum devices, and we develop a method
for doing so in a resource-efficient manner for certain PEPs tensor network states. Though
this final chapter does not deal directly in the calculation or development of measures of
entanglement, it draws heavily on intuition about quantum correlations in tensor network
states, and motivates future use of noisy intermediate scale quantum (NISQ) computers in

the study of entanglement in many-body quantum systems.

1.2 Lattice Quantum Systems

The simplest systems we will consider in this thesis are discrete chains of N qudits or spins.
In this case, the Hilbert space of the system is the tensor product of N local d-dimensional

qudit Hilbert spaces:

N
Hehain = ®Hd' (1.1)
i=1

Overall, the Hilbert space dimension is dV. In the case of qubit / spin—% systems, we have
d = 2. For now, we will focus on the qubit case while defining and giving examples of
necessary quantities.

Pure states — normalized vectors in H,p,;, — can be represented by a sum over tensor

products of orthonormal basis vectors in each local Hilbert space. That is, if we have the

basis vectors {|0),|1)} € H, such that (0|0) = (1]1) = 1 and (0|1) = (1]|0) = 0, orthonormal

basis vectors for H j4in can be written as

8) = [51) ®[52) ® ... ® [sn_1) ® |sn), (1.2)



where s; € {0,1}. Thus, any pure state can be written in this basis:

W)= ) Vspsmnsyls1) @52) @ . @ [sn_1) ® |s), (1.3)

51,82;--,S N
where wSl,SQ,...,SN = <817 52, 3N|¢> is COl'IlpleX and 251,82,...,31\7 ¢§1,82,...78Nw51552a-~-a5N =L
Operators on chains of qubits can be similarly decomposed into a basis using the Pauli

matrices:

O = Z Oal’azv.“’aNUal & 0_0,2 ®..RQ O'a]V7 (14)

al,a,...,anN
with 0% € {I,0%,0Y,0%}. Alternatively, we can write an operator in terms of outer products

of orthogonal basis states:

O = ZOS/,S|S/1,S/2,..‘S‘IN><81782,...SN|, (1.5)

s',s

(Note that we will often omit hats from operators when context allows). In particular, we

can define statistical ensembles of pure states on our chain using a density matrix:
p=> pilts) (il (1.6)
1

In order to have a valid state, we must have trp = 1 and er = p. When p is a pure state we

have trp? = 1, otherwise 0 < trp? < 1 and the state is mixed.

1.2.1 Fermions

In addition to spin systems, we will also often concern ourselves with systems of fermions on

a discrete lattice. On the same N-site lattice, we can define the following spinless fermion



operators, which have the following anticommutation relations:
{eiel} =i, A} ={ei,ci} =0 (17)
States on single sites are labeled as either |0) (unoccupied) or |1) (occupied), such that
c'oy = 11), 1) = 0). (1.8)

These states can be annihilated, in accordance with their anticommutation relations, as
follows:

1)y =0, ¢0)=0. (1.9)

Starting with the completely empty state on N sites, |0), we can define totally antisymmetric

many-body basis states labeled by the occupation numbers at each site, n; € {0,1}:
Iningng..ny) = (c{)nl(cg)nQ(cg)”3...(c;rv)"N|0). (1.10)

The above states are known as Slater determinant states, and are antisymmetric under the
exchange of any two sites. This follows from the fermionic anticommutation relations.

It is often useful to map systems of spin-1/2’s to systems of fermions. This is accomplished
in one dimension via the Jordan-Wigner transformation. As an example, consider the spin-
1/2 XY model with periodic boundary conditions (PBCs), with the Hamiltonian

N
H = Z (Ufaﬁ_l + U;ya%y_H) . (1.11)
=1

We can recast the above Hamiltonian in terms of free fermions using the Jordan-Wigner



transformation:

1
(oF —ic?), c;rcl- =3 (o7 +1), (1.12)

where we have included the map for o7 for completeness, even though it does not appear
in the XY Hamiltonian. One can easily verify that the above Jordan-Wigner transforma-
tion preserves the algebra of the fermionic creation and annihilation operators. Using the

transformation on the XY Hamiltonian, we arrive at the following free-fermion Hamiltonian:

N
H= %Z (cicLl — c;-rczgrl) : (1.13)

This can now be solved exactly using well-known free fermion methods.
Finally, we will have some occasion to use Majorana fermions. These are purely real-
valued fermionic operators, v, which can be defined in terms of complex fermions as

1 ‘ 1 .
c; = E(’}Qi_l =+ 7/')/22'), C}. = _<f)/2i—1 + 272@') (114)

N

Thus, an N-site chain of complex fermions becomes a 2/N-site chain of Majorana fermions.
From the above definition, one can show that the Majorana fermions are self-adjoint and

anticommuting:

’V;-L =%, %7} = 20 (1.15)

1.2.2 Tensor Networks

We will sometimes make use of the tensor network (TN) formalism for describing many body
quantum states. These are a set of ansatze that use prior knowledge of the entanglement
structure of a state to reduce the complexity of its numerical representation. If, for example,

we are interested in studying a 1D chain of N qubits (or qudits, or some other object) with
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local Hilbert space dimension 2 (or d), the total Hilbert space dimension is 2V (or dV) and
thus, for any reasonably large N, the full space of states cannot be efficiently represented
or manipulated on a classical computer. However, if we have some basic information about
the state in which we are interested — namely, its entanglement structure — we can confine
ourselves to the small corner of the Hilbert space where such states live. This is the basic
motivation behind tensor network constructions of many-body quantum states. We impose
a basic skeleton of the entanglement structure in the form of a network of tensors contracted
in a particular topology, and then use some form of variational optimization to find the
components of these tensors to yield e.g. the ground state of a Hamiltonian.

Let us continue with the 1D spin chain example. Any state of a 1D chain of N qubits

can be written as

[¥) = > Vi ig,...in 1512, - IN) (1.16)

i14i9,-in€E]0,1]
where the indices i; correspond to the ith state of the jth qubit. In this case they take
two possible values. The large tensor U is an array of 2/ complex numbers corresponding
to the coefficients of each basis state. This allows us to parameterize any state in the full
Hilbert space. However, an important fact about the ground states many physical (local) 1D
Hamiltonians is that they have short ranged, “area-law” entanglement. As a reminder, the
Von Neumann entanglement entropy (which will be explained in further detail in upcoming

sections of this chapter) S4 of an interval A in the above state is calculated as follows

Sq = —tr(pglogpy) (1.17)

where py = tryep is the reduced density matrix of p = |¢)(¢|, obtained by tracing out
the states of the spins in the complement of A, A°. An area-law entanglement means that
S 4 remains constant as we increase the size of the interval A. Thus, if we are interested

in an area-law ground state, then we should only need to represent short-ranged quantum
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correlations, and we do not need the full representational power of the Hilbert space. We can
instead restrict ourselves to big tensors ¥ consisting of an array of smaller tensors contracted
in a 1D line:

_ AMIM2 gH2M3 RN
v = A2 gL AN (1.18)

11,02, IN

In the above, we retain the ¢; “physical” indices, and these are the same as before, enu-
merating the states on a particular physical site. The additional indices u; are “virtual”
or “bond” indices (summation on repeated indices is implied), and they range from 1 to x,
where x is the “bond dimension”, a number we may choose. This bond dimension deter-
mines the representational ability of the tensors, and bounds the amount of entanglement
between neighboring sites. In using the above ansatz, we have gone from a Hilbert space of
dimension 2V , to one of dimension 2N X27 which, for typical y, will be much smaller than
the former. One can achieve additional compression by imposing translational invariance,
and setting all of the A tensors to be the same. The above choice of tensor decomposition is
known as a matrix product state or MPS [13], and is widely used for simulations of 1D sys-
tems. We can represent the above state and operations on it by a convenient diagrammatic
formalism depicted in Fig. 1.1. In the formalism, a tensor is represented by a circle, and
each leg extending from the circle corresponds to an index. Connecting two legs together
corresponds to contracting or summing over the indices. Thus, the MPS described above
can be depicted by a line of 3-legged tensors, as depicted in Fig. 1.2a [1]. The free legs are
the physical indices and the contracted lines are the bond indices.

Heuristically, one can think of bounding the entanglement between two subregions of a
tensor network by cutting the lines representing the bond indices in order to separate the two
regions. One then would count the number of legs cut and multiply it by the associated bond
dimensions to obtain an upper bound on the (exponent of) the entanglement entropy between
the two regions. Thus, for MPS, this bound is always constant in the length of the subregions,

and MPS are thus best-suited for representing area-law 1D states. One can use this heuristic

8



(a) (b)
O scalar —O vector

(c) (d)

_O_ matrix 4?7 rank-3 tensor

Figure 1.1: Diagrammatic representation of tensors. Each circle corresponds to a tensor,
and each bond emanating from the circle corresponds to an index. Figure from [1] (reused
with permission from publisher).

(a) (b) PEPS
MPS

T

Figure 1.2: (a) A matrix product state in the diagrammatic formalism. (b) A projected
entangled pair state. Figure from [1] (reused with permission from publisher).

to understand some of the other tensor network architectures, which are also built upon
the underlying entanglement structure of the states they seek to represent. For example,
projected entangled pair states (PEPs) [14], can be thought of as a 2D generalization of
MPS, where 5 index tensors are contracted in a 2D array (see Fig. 1.2b). Another common
TN architecture is the multiscale entanglement renormalization ansatz (MERA) [15], which
represents scale invariant 1D states by adding an extra “renormalization” direction, which
encodes long range correlations. MERA network states typically have entanglement entropy
that grows logarithmically with the size of a subsystem, a characteristic feature of conformal

field theories, which describe quantum critical points.



1.3 Measures of Entanglement in Pure States

Describing entanglement in many-body quantum systems is the central task of this thesis,
so we must first define entanglement, and then introduce means to quantify it. We will first
focus on entanglement in closed quantum systems, which are described by pure states. When
encoded in a density matrix, p, a state is pure if trp2 = 1. Thus, we can simply denote pure
states with ket vectors.

At the most basic level, entanglement is a consequence of two basic features of quantum
mechanics: superposition and the tensor product structure of multi-particle Hilbert spaces.
If we have a system of N particles (or spins, or qudits, etc.), one can construct product states

by taking tensor products of single particle states:

V) = |91) @ [¢2) ® ... @ [dN_1) ® |PN), (1.19)

where each |¢;) is an arbitrary state in the Hilbert space of the jth particle. In the case of

a two qubit system, for example, one can construct the following basis of product states:
{100), [01), |10), [11)}. (1.20)

Now, the tensor product structure of the multi-particle Hilbert space allows us to decompose
an arbitrary multi-particle state into a linear combination of product states. In general,
however, these linear combinations will not also be product states. That is, no change of
basis acting independently on each particle’s Hilbert space can put the state in the form of

1.19. This feature — the inability to factorize a quantum state — is known as entanglement.
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The simplest examples of entangled states are the Bell states of two qubits:

1
B) = 7 (100) + J11) (1.21)
1By) = % (l00) — [11)) (1.22)
|B3) = % (lo1) + 10)) (1.23)
IBy) = — (j01) — |10}). (1.24)

%

2

These states cannot be factorized into product states. On the other hand, the state

(|00) + |11) + |10) + |01)) (1.25)

N | —

may appear to be entangled at first glance, but upon further examination, it is clear that it

can be factorized into the following form:

(10) +[1)(10) + 1)), (1.26)

N | —

so it is not entangled.

Beyond these simple cases, how does one determine if two quantum systems in a pure
state are entangled? To answer this, let’s consider the physical consequences of entanglement.
Consider the Bell state |By). If we perform a measurement in the Z-basis on the first qubit,
the outcome will be either 0 or 1, with equal probability. Subsequent measurement outcomes
of the second qubit will be fully determined by the outcome of the first. i.e. Measuring the
first qubit in state 0 (1) guarantees that measuring the second qubit will yield 0 (1). The

statistical ensemble of possible states of the second qubit after measurement of the first can

11



then be expressed by the following density matrix:

(10) €O + [1){1]) - (1.27)

N | —

P2 =

This density matrix, which is referred to as the reduced density matriz on qubit 2, can be
systematically obtained by taking a trace over an orthonormal basis supported only on qubit
1, while keeping only the matrix elements supported on qubit 2. Formally, this partial trace

is denoted as follows:

po = trip, (1.28)

where the subscript 1 indicates a partial trace over the Hilbert space of qubit 1, and p is the
full density matrix of the Bell state p = |B1)(Bj|. For a general bipartite system consisting
of subsystems A and B, with basis vectors |gbf4) and |gb39>, with the density matrix pgp =
Zz‘,j,k,z Pz‘,j,k,l|¢f4> |¢§3><¢f€4|<¢%], we can obtain the reduced density matrix on subsystem B

by performing the partial trace over A via

pp=trapan =Y O pijr (@060 (56T 6% (@) (1.29)

m i?j’k7l

Returning to the case of the two qubits in the Bell state. While the state of the full system
is pure, once we trace out qubit 1, we obtain a mixed state on qubit 2. This can be seen by

taking
1
tr (p%) =3 #1, (1.30)

which indicates that the state is mixed. If after tracing out one party of a pure state of a
bipartite system we obtain a mixed state, then the two parties are entangled. The extent to
which these two components are entangled can be quantified by measuring the deviation of

the reduced density matrix from a pure state. Thus, we introduce the Rényi entanglement
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entropies:

1
S™Mpa) = 1

log trp'}. (1.31)
-n

Where n indexes the different entropy measures (colloquially called the Rényi-n entropies).
In the case of n = 2, we have a quantity that is proportional to the log of the purity. In the
case of the Bell state this is S?(pg) = log2. When the state is pure, S%(pg) clearly goes to
zZero.

The most interesting case of the above series of Rényi entropies occurs when we take the

n — 1 limit, in which case we obtain the Von Neumann entropy:

Syn(pa) = —tr(palogpa). (1.32)

As we will be using the Von Neumann Entropy ubiquitously throughout this thesis, let us
first digress and discuss the behavior of the this quantity and provide physical interpretations

so as to build intuition.

1.5.1 Von Neumann Entropy

Before explaining the features of the Von Neumann entropy, let us take a step back into

classical information theory to describe the quantity’s predecessor, the Shannon entropy,

H(p) = —Zpi logs p;. (1.33)

which is defined for a classical probability distribution p, with probability for event i, p;.
Intuitively, the Shannon entropy quantifies either the uncertainty of outcome before observ-
ing an event from the distribution p, or the average amount of information gained after the
observation of an event. That is, for a high entropy probability distribution, observing a

particular event yields a large amount of information about the distribution. For a distribu-
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tion of minimal entropy (p; = 1 and p; = 0 Vi # j), we learn nothing from an observation
of the event j, as it is guaranteed to occur. For a discrete probability distribution over N
events, the maximal entropy distribution is p; = % Vi. This, on average, yields the most
information when we observe an event.

More specifically, the Shannon entropy quantifies the minimal information storage re-
quirements (in units of bits) needed on average to store the outcome of an observation of an
event from the distribution p, without incurring any information losses [16]. The maximal
entropy flat distribution, p; = % requires that we have logg N bits on hand in order to record
the outcomes (which are labeled 1 through ) in binary format. If, on the other hand, we
are sampling from a distribution with certain events that are far more likely than others,
we can use a binary representation consisting of logy pli bits to store the occurrence of each
event 7. This will be a shorter binary string for the likely events and a longer string for the
unlikely events, but on average, the string will be shorter than logy N if the entropy is not
maximal.

Armed with some intuition about the classical Shannon entropy, we can now discuss the
Von Neumann entropy in the context of quantum information theory. Once again, the Von

Neumann entropy of a density matrix p takes the form

Syn(p) = —tr(plogp), (1.34)

which is very reminiscent of the form of the Shannon entropy. Indeed, expressed in terms of
the eigenvalues of p, \; (which are all non-negative), the Von Neumann entropy reduces to

the Shannon entropy:

Syn(p) == Ailog ;. (1.35)
)

As with the Shannon entropy, the Von Neumann entropy is maximized for the maximally

mixed state — the density matrix of d dimensions consisting of the d-dimensional identity
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matrix multiplied by cll The quantity is minimized when there is a single unit eigenvalue,
and the remaining eigenvalues are 0 (since trp = ) ; A\; = 1) — a pure state.

We will be using the Von Neumann entropy to quantify entanglement, so we must present
an operational interpretation of this quantity in that light. The interpretation of the Shannon
entropy as a measure of the number of bits required to store information cannot exactly be
mapped onto the case of entanglement. In order to discuss this, we first note an important
feature of measures of bipartite entanglement. If we compute the Von Neumann entropy of
the reduced density matrix of party A in the total system AU B, we find that Sy can only
remain the same or be reduced under local operations and classical communication. That is,
Alice can perform any valid quantum operations (unitary rotations, measurements, or other
trace preserving completely positive (TPCP) maps) on her subsystem, A. Bob can do the
same to B, and the two can communicate with classical information. However, they may
not apply non-local operators that cannot be factorized into independent operators on A
and B, respectively. Using only LOCCs, Alice and Bob can only reduce the entanglement
of their two systems (in the extreme case, by performing local projective measurements),
or maintain it. In particular, the Von Neumann entropy is invariant under local unitary

transformations. That is, for a density matrix of a full system p4p:

Pap = UpapU! (1.36)
U=U,®Up (1.37)
Syn(ply) = Syn(pa) (1.38)
Sy (pp) = Svn(pB)- (1.39)

With these basic facts in hand, how do we then go about making sense of the value of
the Von Neumann entropy of entanglement computed for a particular bipartite pure state?

We will use as our basic unit of bipartite entanglement measure the Bell state, for which
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Syn = log?2, as this is the maximally entangled two-qubit state. Now we ask, given two
entangled parties A and B in a pure state [ 4g) = >.; vAi|¢7)|6P), how many Bell pairs
of entanglement do they share? Since entanglement will in general will not exist in integer
units of Bell pairs, we will be sharpening our question to ask how many, n, high fidelity
Bell pairs we can produce with m copies of |4B), as m — oo. In this limit, the ratio
n/m is called the distillable entanglement — the number of Bell pairs we can create using
only LOCC from m copies of the state |[¢4g). As we make m larger, the ratio converges
to approximately n/m — Sy n(pa)n/log2 (where the division by log2 is a consequence
of us using the natural logarithm, rather than the base two logarithm). To the quantum
information theorist, this tells us how many individual qubits we can teleport from A to B
using the state [ 4p). To the condensed matter theorist, this helps us bound the behavior

of correlation functions. To this end, we define the mutual information of A and B:
I(A:B)=Syn(A)+ Syn(B) — Syn(AU B). (1.40)

The mutual information is a non-negative quantity that upper bounds the value of properly
normalized two-point correlation functions. That is, consider a state p with subregions A,
B, and C, where C' = (AU B)¢ (note that this is no longer necessarily a purely bipartite
state). Given two operators, Oy and Op, supported entirely within regions A and B, we

can define the connected correlation function

C(04,0pB) = (040p) — (04)(Op), (1.41)
where () = tr (p -). Using properties of the trace [17], one can show the following bound:

2
2||0all*lOBl|

(1.42)
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where ||O]] is the maximal eigenvalue of O. Thus, the mutual information, derived from the
Von Neumann entropy, upper bounds the amount of total bipartite correlation between two
systems A and B, which may or may not be in a pure state. In the case where p is a pure
state consisting only of components A and B, then I(A : B) = 2Syn(pa) = 2Syn(pp). In
the case of a Bell pair, for example, we have I(A : B) = 2log2. Consider, however, Alice

performing the following LOCC on her qubit, A [18]:
1 z
By =51, Bp=5ot, (1.43)

where these are Kraus operators in Alice’s qubit’s Hilbert space acting on the total density
matrix like

p—p = ElpEI + EQpE; (1.44)

Given the initial density matrix of the two qubits, p = |B1)(Bj/|, the resulting state after

Alice’s application of her operation is
;1
p = §(|OO><OO]+|11><11]). (1.45)

The initial state p had mutual information I(A : B) = 2log2, and each qubit had Sy =
log2. Alice’s operation produces a mixed state, p/, with a lower mutual information of
I(A: B) = log2, since Syn(pyp) = log2. One can verify that this mixed state can still
produce nonzero correlations, but it cannot act as a quantum resource by e.g. teleporting
a qubit. Thus it is not entangled, which compels us to offer a broader definition of entan-
glement for mixed states. The Von Neumann entropy (and the mutual information based
on it) cannot distinguish between quantum and classical correlations — correlations arising
from entanglement vs. correlations arising purely from the probability distribution over a
statistical ensemble of states. Thus, we are motivated to introduce entanglement criteria

and measures for mixed states.
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1.4 Measures of Entanglement in Mixed States

We have seen that Von Neumann entropy is an adequate measure of entanglement for pure
states — that is, it quantifies the total number of Bell pairs distillable from a particular
state. However, it fails to distinguish between classical, statistical correlations and quantum
entanglement in mixed states. We will often want to quantify the bipartite correlations
between two parties A and B that are in a mixed state, either because they have been mixed
by external operators or because A and/or B are entangled with a complementary system,
C. We thus introduce the separability criterion for entanglement in mixed states. A bipartite

mixed state p is not entangled if it can be written as a separable state [19]:
p=> Nipf ®pP, (1.46)
1

where ); are all non-negative,  , \; = 1 and pfl and pf; are states on systems A and B,
respectively.

How do we determine if a particular density matrix is separable? A necessary condition
for separability of a density matrix is the positivity of the partial transpose [20]. That is, for
a density matrix to be separable, it is necessary (but not sufficient) for its partial transpose
to have only non-negative eigenvalues. Before discussing why, we first define the partial

transpose. Consider decomposing a (possibly mixed) density matrix on A U B into a basis:

p=>_ Papiryloi)eF ) ep (651, (1.47)

a7ﬁ7b7’y

where we use Roman letters for system A and Greek letters for B. Taking the matrix

elements, p,g3 5y, the partial trace of p with respect to subsystem A is defined as

(pTA)aﬂ,b’y = PbB,ary- (1.48)
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Note that pTA is still Hermitian, so its eigenvalues are still real. However, the transformation
does not necessarily leave the eigenvalues positive. However, one way in which the eigenvalues

can remain non-negative is if our density matrix is separable. That is, if

p=> Nipi ®pP, (1.49)

2

then

P =>" Nl @ P (1.50)
1

Since both (pf)T and sz are still valid, Hermitian density matrices, each of which have non-
negative eigenvalues, and \; are non-negative, then pTA is guaranteed to have non-negative
eigenvalues.

Using the positive partial transpose (PPT) criterion, we can introduce the entanglement
negativity as an entanglement measure. This quantity measures the extent to which the PPT
criterion is violated in a particular density matrix. Specifically, we will use the logarithmic

negativity in this thesis:

£ = log |pT4|. (1.51)
Here | - | indicates the trace norm, defined as
|M| = trvV/ MMT. (1.52)

£ is zero when pTA has no negative eigenvalues.

Operationally, the logarithmic negativity measures the asymptotic number of distillable
Bell pairs from a bipartite state, much like the Von Neumann entropy. Unlike the Von
Neumann entropy, however, it distinguishes between classical and quantum correlations,

and so can measure entanglement in states that are overall mixed.
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1.5 Measures of Multiparty Entanglement

We have so far discussed entanglement of two component systems. In that case, we are
able to quantify entanglement for a particular bipartite system with a single number, either
Von Neumann entropy or negativity. However, qualitatively different types of entanglement
emerge when we introduce more than two parties. That is, when we divide a system into
more than two parts, there are entangled states that cannot be converted to Bell pairs via
LOCC. The number of different types of entanglement grows with the number of components
of a system, and there is no universal way to classify or quantify each type, beyond the case of
a very small number of qubits [21]. Here we will only provide a few examples of multipartite
entanglement in three and four body systems, to provide some intuition for the complexity
of the problem, and for multipartite operator entanglement measures introduced later in this
thesis. We will also focus only on pure states, as the story involving mixed states is even
more complicated.

Let’s first recall that bipartite pure states can always be Schmidt decomposed using local

unitary operators:

) =3 VAilo)er). (1.53)

The Schmidt eigenvalues v/); (whose squares are the reduced density matrix eigenvalues)
fully encode the bipartite correlations of the state. Von Neumann entropy, Rényi entropies
and negativity can all be expressed as functions of these values. On the other hand, three
party states cannot in general be written in the following form using only local unitary

operations (although some can):

9) = > VAl e )er) (1.54)

Thus, whatever entanglement measures we devise, they will not be functions of a single array

of Schmidt eigenvalues, but rather functions of a tensor of coefficients.
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To provide a simple example of a tripartite state that cannot be Schmidt decomposed,

consider the three-qubit W-state:

1

W) 7

(1100) + [010) + |001)) . (1.55)

Try as one might, using local unitary operators of the form Ugq ® Ug ® U, there is no
way to write this state as a tripartite Schmidt decomposition. Indeed, in a sense, this state
is “maximally non-decomposable” in that its density matrix cannot be written in terms
of fewer than three separable states. This gives rise to interesting features distinct from
those seen in bipartite entanglement. Tracing out any one of the three qubits gives rise to
an entangled mixed state on the remaining two qubits (though not a maximally entangled
state). Observing a 0 result from the measurement of a qubit yields a Bell pair on the
remaining two, while a 1 measurement result yields a product state. The W state can be
further generalized to N-qubits following an obvious pattern.

The other distinct class of tripartite entanglement is GH Z-type entanglement. The

paradigmatic GH Z state is

IGHZ) = = (J000) + [111)). (1.56)

N —

While the W-state is somewhat robust to measurements, tracing out any two qubits in a
G HZ state yields a maximally mixed state on the remaining qubit. Indeed, 0 or 1 projective
measurements on any single qubit yield product states on the remaining two qubits. On
the other hand, a projective measurement in the z-basis on any single qubit yields a Bell
state on the remaining two. GH Z entanglement is thus, in some sense less robust but more
distributed than W-type entanglement. The two states, unlike the four Bell states, cannot be
transformed into each other by LOCC, and are thus qualitatively different from each other.

We thus need multiple measures to quantify the amount of each type of entanglement. One
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can fully classify the amount of bipartite, W, and G H Z-type entanglement by constructing

local unitary invariant functions on the tensor of coefficients ¥ of the state [22]

[Wy=">_ T*@)Ik). (1.57)
ijke{0,1}

These functions take the form of generalizations of the matrix determinant. We will not
discuss the quantities that arise from this sort of analysis (like the three-tangle) any further
in this thesis. We allude to them only to express the complexity of multipartite entanglement.
We will instead provide a few examples of how quantities derived from Von Neumann entropy
and logarithmic negativity behave in different three and four-qubit states, as a primer for
interpreting tripartite operator mutual information and negativity values.

Starting with the GH Z state on three qubits, one can make attempt at understanding
its correlations by computing the mutual information between two of the three qubits. One
will find

I(A: B)grz = log2, (1.58)

indicating that qubits A and B are correlated with each other. However, computing the
logarithmic negativity yields
E(A . B)GHZ = 0. (159)

This tells us that there is no distillable bipartite entanglement between qubits A and B, al-
though the GH Z state is clearly itself entangled. The mutual information was only detecting
classical correlations introduced by tracing out qubit C. This motivates us to generalize these
quantities. We first introduce the tripartite information (or the tripartite mutual informa-
tion):

Is(A:B:C)=1(A:B)+I1(A:C)—I(A: BUC). (1.60)
Computing I3 for a three qubit GHZ state, however, yields 0, indicating that it is not
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sensitive to GH Z-type entanglement. Indeed, I3 is zero for any three party pure state, but
will be useful for mixed states and four party states. We thus generalize negativity in a

similar way and introduce tripartite logarithmic negativity [23]:
E3(A:B:C)=E(A:B)+E&(A:C)—-E(A: BUC). (1.61)

Computing &3 for the GHZ state yields —log2. Negative values indicate, roughly, that
there are quantum correlations stored in the entire system that cannot be accessed by any
subsystem alone. In the case of the W state, I3 is of course still 0. On the other hand, &3 is

positive for W-like states.

1.6 Conformal Field Theory and AdS/CFT

We will be using results from the AdS/CFT correspondence in this thesis as a means to the
end of studying entanglement in strongly correlated quantum field theories. Thus, we will
only introduce the basic tools necessary to do this, namely the Ryu-Takayanagi formula.
The topic of AdS/CFT is far too expansive to cover thoroughly in this thesis, let alone this
chapter. For a thorough reference on conformal field theory, one can look to [24]. For reviews
on the AdS/CFT correspondence, one can look to e.g. [25], among many other resources.
For our purposes, it suffices to state simply that the AdS/CFT correspondence establishes
an equivalence (in an appropriate limit) between the partition functions of a theory of gravity
on a d + l-dimensional, asymptotically Anti-de Sitter space (the “bulk”) and a conformal

field theory on the d-dimensional asymptotic boundary of this space:

ZAdSy, = ZCFTy- (1.62)

We will be interested in the limiting case where the bulk gravity theory is classical (that is,

where G is very small). This corresponds to a very strongly coupled CFT with a large
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central charge ¢ > 1. In this case, where d = 2 (the only case we will be using), the bulk
metric takes the form

2 r2\ o dr? 2,2
ds? = (1+ 2 ) a2+ —2 1+ 12de (1.63)
L2 1+%
L

for the vacuum state of the CFT. In the above L is the radius of curvature. One can show

using the stress-energy tensor that the central charge of the boundary CFT is

3L
= —, 1.64
= 3Gy (1.64)
indicating that weaker gravitational forces correspond to larger central charges.
Our main result is the Ryu-Takayanagi formula, which takes the following form:

Area(74)

Syn(A) = ——————. (1.65)
4G N

This equation states that the Von Neumann entropy of a subregion A of the boundary CFT is
proportional to the area (length in the case of d = 2) of the minimal length surface (geodesic)
74 in the bulk that is homologous to the boundary region A (that is dy4 = 0A).

A full derivation of this result is beyond the scope of this section, and we point the
interested reader to [26] for more details. For the purposes of this thesis, the Ryu-Takayanagi
formula will serve as a way to calculate entanglement entropy in certain strongly coupled

(holographic) CFTs.
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CHAPTER 2
BENDING AND CURVING ENTANGLEMENT IN
HOLOGRAPHIC CFTS

Spatial inhomogeneity is ubiquitous in quantum many-body systems realized, e.g., in solid
states and cold atomic gases. One source of inhomogeneity is impurities or randomness,
but it can also be introduced intentionally, for example via a harmonic trap confining cold
atomic gas. Inhomogeneity can have a dramatic effect in quantum many-body systems, e.g.,
it can alter the ground states completely — we will discuss some examples momentarily. On
the theoretical side, the vast majority of past work has focused on homogeneous systems,

and we need to develop new tools to deal with inhomogeneous ones.

2.1 Introduction

In this chapter (in work based on [27]), we study a series of inhomogeneous quantum many-
body systems in (141) dimensions constructed in the following way: Let us start from a

homogeneous quantum many-body Hamiltonian

H= /dx%(:c) (2.1)

where H is the Hamiltonian density, given by the 00 component of the energy-momentum
tensor, H ~ Tyg. The spatial manifold here can be non-compact (i.e., infinite line z €
[—00, +00]) or compact (i.e., circle of a finite circumference L, x € [0, L]). Similarly, for a
homogeneous system defined on a one-dimensional lattice, one can consider the Hamiltonian

H =), H;, where H; is the Hamiltonian density at a given lattice site i. By “deforming”
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H by an envelope function f(x), we then consider an inhomogeneous system

H[f) = / dz f(x) H(z), (2.2)

or H[f] =), f(x;)H; for lattice systems.

Of central focus in this chapter are the fundamental properties of the deformed Hamil-
tonians, mainly the scaling of the bipartite Von Neumann entropy both at zero and finite
temperatures. In this work, we will focus on the cases where the original, homogeneous,

Hamiltonians are those of (141)d conformal field theories (CFTs).

2.1.1 Rainbow chains

One deformation of central interest is the so-called rainbow chain. [28-33] The rainbow chain
is an inhomogeneous (1+1)d quantum lattice model, in which the envelope function f(z)

decays exponentially away from a central site,
fla) = el (2.3)

where h is a parameter. For example, for the free fermion hopping model, we consider

- t
H = Z tijcicj,
i,j=1

tij = —fidi—j1 — fidi—j—1, (2.4)

where CI /c; are the fermion creation/annihilation operators at site i, IV is the total number

of lattice sites, and
f; = =N/ 2.5)
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(where the center has been shifted to j = N/2). The homogeneous counterpart (where
fj = const.) realizes, at half-filling (partial filling), the ¢ = 1 free fermion CFT in the
continuum limit.

An interesting feature of this model is that the entanglement entropy shows volume law
scaling; It was found that the entanglement entropy of the reduced density matrix, when
the chain is bipartitioned at the center and the half of the chain is traced out, grows linearly
with respect to the subsystem size. The properties of the rainbow chain on the lattice in the
strong inhomogeneity (large i) limit, can be accurately captured using a version of Dasgupta
and Ma’s strong disorder renormalization group [34]. In this limit, the ground state of the
chain consists of concentric singlets, centered around the middle of the chain. This is the
origin of the volume law entanglement for intervals on either side of the central bond.

It has been also understood that, in the continuum, introducing the rainbow chain de-

formation is equivalent to putting the CFT on a curved spacetime with the metric: [31]
ds'ygs, = —¢2Mat* + do®. (2.6)

This is the metric of AdSy. Here, h is the curvature scale (the inverse radius) of AdSs. By

a change of the coordinates to

chlz|
1 =sen ()=~ 27
the metric can also be written as
2 h27]2

which is the Poincaré patch of AdSs.
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2.1.2 Mobius and SSD deformations

Another interesting class of deformations are Mobius deformations and the sine-square de-
formation (SSD) [35-47, 47-52]. Starting from the uniform system defined on a spatial circle

of circumference L, the M6bius evolution is given by

2
f(x) =1 — tanh(27) cos % (2.9)
Here, v is a parameter; v = 0 corresponds to the uniform Hamiltonian, whereas when
v 0,
f(@) =1 cos 2% — g2 T2 (2.10)
x) =1—cos — = 2sin” —. .
L L

The resulting evolution operator is called the sine-square deformation (SSD) of the original
Hamiltonian. Correspondingly, one can consider the lattice Hamiltonian (2.4), now with the
hopping amplitude f; = 2 sin? (jm/N).

The initial interest in the SSD comes from the observation that the ground state of the
SSD Hamiltonian on an open chain (when the system is described by CFT), is equal to the
ground state of the uniform Hamiltonian on a finite circle with periodic boundary conditions.
This feature makes the SSD useful for removing edge effects in finite-size DMRG calculations.

Similar to the rainbow deformation, the Mobius/SSD deformations can also be under-

stood by putting CFTs on a curved background with the metric [50]
2 27\ * 2
A5 fobius = — <1 — tanh 2 cos T) dt* + dx*. (2.11)

In addition to the rainbow and Md&bius/SSD deformations, various other examples of
inhomogeneous systems include entanglement Hamiltonians, [53-55] the square root defor-

mation (known in the context of perfect state transfer), [48] free fermions in harmonic traps
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and other potentials, [56] hyperbolic deformations, and others. [57-62]

In this chapter, we will discuss a series of inhomogeneous (1+41)d systems, which are
given as deformations of uniform CFTs. Of particular interest is the scaling of entangle-
ment entropy at zero and finite temperatures, which we obtain by combining field theory,
holographic, and numerical approaches.

As for the holographic approach, we develop holographic duals of inhomogeneous (141)d
CFTs by finding appropriate foliations (slicings) of the bulk AdS3. The simplest example
would be to foliate AdS3 by (1+1)d flat Minkowski spaces, which, at the asymptotic bound-
ary, gives rise to CF'T on a flat space. Other foliations are also possible, realizing CFT put
on different metrics. For example, AdS3 can be foliated by AdS», [63-65] which, as we will
discuss, realizes the rainbow chain at the boundary.

We will also discuss holographic duals of inhomogeneous CFTs at finite temperatures,
by starting from the bulk spacetime with the BTZ black hole, and following the same strat-
egy as the zero temperature case mentioned above. We will show that sensible foliations,
valid for low temperatures, can easily be constructed by a brute force application of the
coordinate transformations that we use to construct the foliations for the corresponding
zero-temperature geometry. This naive approach, however, breaks down at higher tempera-
tures, and better foliations must be constructed to capture the full temperature dependence
of entanglement entropy.

In order to systematically derive suitable finite temperature geometries, we must solve
Einstein’s equations in the bulk with a constant, negative cosmological constant, with our
curved 2d metric of interest given as a boundary condition. Finding solutions of the Einstein
equation with a prescribed boundary metric is a well-studied problem. See for example, Ref.
[66]. Our strategy as presented above differs from the one in the aforementioned reference,
but yields finite temperature results that agree very well with numerics. We will however,

remark briefly on the more systematic approach, which involves solving Einstein’s equations
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exactly for a given boundary metric. The advantage of our foliation-based approach, is that
we need not find new geodesics in our bulk geometry; we can simply use the geodesics from
the BTZ spacetime, being sure to implement an appropriate UV cutoff.

Finally, We will also look briefly at a larger class of deformations known as “solution-
generating diffeomorphisms”. In particular, we will discuss a holographic description of these

inhomogeneous systems, and their entanglement properties.

2.2 Different foliations in AdS/CFT and entanglement entropy

In this section, we collect necessary ingredients to describe the holographic duals of rainbow

and SSD deformations, and the calculations of entanglement entropy.

2.2.1 Different foliations in AdS/CFT

In the AdS/CFT correspondence, the CFT is defined (“lives”) on an asymptotic boundary of
AdS. What concerns us in developing our holographic description of inhomogeneous systems
is the fact that the AdS spacetime can be foliated (sliced) in various different ways. Different
foliations (slicings) give rise to different asymptotic boundaries, and hence correspond to
different situations on the CFT side. (See below, in particular Sec. 2.2.1.)

For example, consider the Poincaré patch of AdS described by the metric:

od2? + da? — dt?

2.12
2 ) (2.12)

2 _
dsAng =R

where z > 0 and —oo < t,z < 400, and R is the radius of AdS. (This coordinate patch
covers only half of AdS3.) In these coordinates, AdSj is foliated by (1 + 1)d flat spacetimes
described by the coordinate (¢,z) (Fig. 2.1). Realized at the asymptotic boundary z — 0 is
the CFT in its ground state defined on the infinite line —oco < < 4+00. Here, as usual, the

central charge of the CFT is ¢ = 3R/(2G ) where Gy is the Newton constant.
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Rindler evolution

AdS3 has foliations other than the one suggested by the Poincaré metric. Let us consider
the Rindler-AdS foliation, [67-70] which can be obtained from the Poincaré metric by the

z-independent coordinate transformation,
t = usinh(ht'), = wucosh(ht'), (2.13)

where u > 0 and —oo < ' < co. This coordinate covers half of the original space, so that

the system is at a finite Unruh temperature. The metric in this coordinate is
2 R? 2.9 172 2 2

It is also instructive to introduce a tortoise coordinate 2’ € [—o0, +-00] by u =: hlehe’ The

metric is
2 R% [ ongt 0 ” 2
dsygs, = = [e T(=dt'” +da’*) + dz7| . (2.15)
Here,
ds%{mdler = €2hz’ <_dt/2 + dx/2> (2.16)

is the line element of the 2d Rindler space. From Eq. (2.14), we read off the Rindler Hamil-

tonian,

00
HRindler ~ /0 duuH(u) (2'17)

This is nothing but the entanglement Hamiltonian of the half space, starting from the vacuum
of CFT. (The entanglement Hamiltonian of the finite interval can be discussed similarly.
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0 & 0 T

Figure 2.1: Three different foliations of AdS3 by flat Minkowski spaces (Left), AdSo (Mid-
dle), and 2d spaces with the metric (2.11) (Left). (Middle) Lines of constant n (red) and ©
(blue) for the rainbow coordinate transformation (2.18); (Right) Lines of constant v (red)
and u (blue) for the SSD coordinate transformation (2.21) with a = 1. Both are plotted in
the original Poincaré spatial coordinates, x and z.
[55, 71])

In the Rindler foliation, the coordinate system (2.13) covers only the half of the boundary.
In other words, observers in the coordinate patch (2.13) cannot access the other half. The
observers are hence effectively at finite temperature.[72] Correspondingly, in the bulk, there

is a topological black hole. [71] Other foliations of AdS3 lead to other inhomogeneous field

theories on the boundary.

Rainbow chain

To realize the rainbow chain, we foliate AdS3 by AdSs9. [63-65] The corresponding metric
can be obtained from the Poincaré metric (2.12) by the following t-independent coordinate

transformation:
z =ncos(h®), x=nsin(hO), (2.18)

where n > 0 and —7/2h < © < 7/2h. Contours of constant 1 and © are plotted in Fig. 2.1.

The metric is given by

ds? o = _WR? dO? + ds> 2.1
54483 = | cos2(hO) [ +dsqs, | (2.19)
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where ds?4 4S5 is given by (2.8). There are two asymptotic boundaries, one at © = +7/2h
and the other at © = —7/2h. There are two CFTs, one for each boundary, which are put
on AdS9. These two CFTs are not decoupled, but are connected at the boundary of AdSs.

The ground state is highly entangled between the two CFTs.

Mobius and SSD evolution

The prescription of generating the holographic dual of the rainbow chain can be generalized,
by considering different ¢-independent coordinate transformations than (2.18). Let us now

consider a coordinate map
u+iv =log(z +ix + a) — log(z + iz — a), (2.20)

where a is a real parameter. Inverting this and separating the real and imaginary parts, we

have:

asinh u —asinv
= = (2.21)
coshu — cosv coshu — cosv

where u € [0,00) and v € [0,27). This coordinate transformation is plotted in Fig. 2.1. Our

Poincaré metric thus becomes

1
dsidsg = — ™ du® + dv? — a_2(coshu — COS v)2dt2 (2.22)
sinh” u

and our conformal boundary now occurs as v — 0. Near the boundary u — g, the boundary

metric is given by

2 2 27,2
1 d
15" = [t—h] [— (1— h) dt2+%] (2.23)
0 cosh ug cosh” ug
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where v is the UV cutoff. To make contact with (2.10), we introduce a parameter 7 by

1
tanh 2y = . 2.24
MAET = osh ug ( )
By further introducing L by
L
U S (2.25)
2m coshug
and the change of variable v = 27wz /L, we arrive at
9 cosh 2 2 9
ds® = a dSMObi’U,S’ (226)

where ds%/lobw ¢ is given by (2.11). In our metric (2.23), the UV cutoff ug plays the role of

v; one can then see that our foliation realizes a regularized version of the SSD.

Dipolar limit It is also interesting to take the limit a — 0, while keeping z/a and x/a

finite; this is the dipolar limit. We then consider the coordinate transformation:

u+iv = —. (2.27)
zZ+1x
Separating into real and imaginary parts, we have,
—av au
rT=—5—5, Z=-—55—5. 2.28
u2 + v2 u2 + v2 ( )
The metric is then given by
ds> _B dv? — a2 (u? +v?)2dt? + du® (2.29)
SAdS3 = u2 (% a u v u-|, .
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where u — 0 corresponds to the conformal boundary. Near the boundary u ~ ug, the metric

for a given slice is

2
ds® = R—2 [—cfz(vQ + u%)2dt2 + dv?]. (2.30)
u
0

Foliations and UV cutoff

For each of the different coordinate transformations we considered above, we have an asso-
ciated “natural” foliation; For example, in (2.19), we have a family of surfaces with AdS9
metric parameterized by ©. To properly define CFTs in the asymptotic boundaries, we fur-
ther need to introduce a UV cut off. We do so by taking our cutoff surface, i.e., the surface
where we define our CFTSs, to be one of the slices located near (but away from) the boundary
(boundaries). This is the UV cutoff which is “consistent” or “natural” for a given foliation.
In terms of the Poincaré coordinate (2.12) that we started with, this means that our the
cutoff is position-dependent (z-dependent). Assuming our bulk foliation is dictated by a
coordinate transformation, z = z(u,v) and = = z(u,v) (where u and v are our new radial
and transverse coordinates, respectively), we replace the UV cutoffs with their curvilinear

counterparts:

e = z(u=-¢€v(x)) ~ 92{u,v) €. (2.31)

It is worth emphasizing that it is because of the cutoff that we realize a “different CF'T”
as mentioned, e.g., in Ref. [68]. For example, the metric of the type (2.19) was previously
used to discuss holographic duals of boundary CFTs (BCFTs) [73, 74]; In the AdS/BCFT
correspondence, one realizes a BCFT on AdS9 which has a boundary (or boundaries). There,

however, one imposes the “original” cutoff using the flat Minkowski cutoff surfaces.|[73]
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Solution generating diffeomorphisms (SGDs)

We can construct a family of locally AdS3 spacetimes with the appropriate asymptotic
behavior (i.e. that preserve the form of the Fefferman-Graham metric, up to gauge trans-
formations) by acting on the vacuum metric with a certain class of diffeomorphisms.[70, 75]
Applying one of these transformations corresponds to exciting a state in the CFT.[76-78§]
We say therefore that they are “solution-generating diffeomorphisms”.

Using light cone coordinates for the boundary, z4 = ¢ & x, we can parameterize the

transformations as follows:

v = fa(@s), 2= 5/ fLEDL ). (2.32)
Starting from the Poincaré metric (2.12), we obtain the following bulk metric in the new

coordinates:

2dz
z

dz? — di di_
dsgs, = — ;* e (Apdiy + A_di )+

(A+df+ + A_df_) (233)

where Ax = —(1/2) fil(z4)/ fl(+).

Although these diffeomorphisms preserve the form of the metric and are therefore trivial
gauge transformations from the perspective of the bulk, they are nontrivial at the asymptotic
boundary. This nontriviality can be understood by observing that the SGDs result in nonzero

contributions to the boundary stress tensor from the Schwarzian derivative:

7 |3fL(EL)? - QfQE(fi)fi'(i’i)] Ty = 0.

Ty —— ¢
T A8 ()
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With the stress-tensor in hand, we can write the metric (2.33) in Fefferman-Graham form:

2 1 2 B 4
dz drydr— + zz <L(1‘+)d:v3_ + L(x_)dx2_> + Z—L(J:+)L(x_)dx+da:_ ,

2
ds‘pas, = 5

2 22 16

(2.34)

where L(z4) = 4%7—’_}'_4_ and L(z_) = 4877TT __ [66]. The nonzero energy-momentum tensor
means that we are in an excited state of the original CF'T. Indeed, we can write this state
explicitly by finding a unitary representation of our diffeomorphisms. For a diffeomorphism
(written in complex coordinates z = x +it) f(2) = 300 ez~ "1 this state is given
by [€2) ;= U(€)|0), where[78] U(e) = exp (e enl—n), where, L_;, are the standard
Virasoro generators in an appropriate representation.

Note that z and z+ in (2.34) are not the same as the original Poincaré coordinates;
they are chosen specifically to put the metric in Fefferman-Graham form. In this gauge, the

metric has a horizon located at z = zpy = 2(L(z4)L(z_))"1/4

. As z — 0, we see that we
recover the flat Minkowski metric. To investigate our excited state, we must use a constant

Z = € cutoff corresponding to the curvilinear cutoff

2= ey fLEr o) (235)

The essential physics in both the SGD protocol and the prescription we have outlined
in this chapter is the same. In both cases, we pick a UV cutoff for our bulk spacetime
that depends on the transverse Poincaré coordinates. In our prescription, we arrive at the
curvilinear cutoff by performing a particular time-independent coordinate transformation,
while in the SGD case, the cutoff emerges as a natural result of extending a conformal
transformation into the bulk. A key difference between the two is that SGDs are in general
time-dependent, since they are formulated in terms of light-cone coordinates. Indeed, the

class of Weyl transformations that the SGDs induce on the UV cutoff surface is limited to
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those of the form exp (2¢(Z1,z-)) = fL(Z4)f_(Z-), while in our prescription, the Weyl
transformations depend purely on the transverse spatial coordinate (e.g. exp (2p(u)) = 1/u?
for the rainbow chain). Nevertheless, SGDs can be used to construct many interesting
foliations of AdS3. Examples include the Rindler foliation mentioned previously, the Hopf

fibration[79], and various two-sided geometries mentioned in Ref. [77].

2.2.2  Entanglement entropy

Zero temperature

Once we have obtained a foliation of AdS3 corresponding to our inhomogeneous system of
interest, we can use the Ryu-Takayanagi procedure to compute the bipartite entanglement
entropy of a particular interval on the boundary. [11, 12, 80] We start by using the known
result for the zero temperature holographic entanglement entropy for an interval [x1, x2] on

the asymptotic boundary of the Poincaré patch:

S, ) = S log | 2L, (2.36)

Verve

As before, assuming our bulk foliation is dictated by a coordinate transformation, z = z(u, v)
and x = z(u,v) (where u and v are our new radial and transverse coordinates, respectively),

we replace the UV cutoffs, €1 and €9 with their curvilinear counterparts:

0z(u,v)

. 2.
5 € (2.37)

€ — z2(u=€v(z;)) = 0

vi=v(z;)

Equation (2.36) then becomes

z(u = 0,v2) — z(u=0,v1)

gholo,, v _10 2.38
A (1 2) & 8zu Ovl ) 0z(u=0,v3) ( )

ou
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For example, in the dipole foliation, where z = Ma—fv?’ the UV-cutoff and transverse coordi-

nate transform as

€ = ie, r;=x(u=0,v) = - (2.39)

v v;

We can plug these into (2.36) to find the holographic entropy of the dipole foliation. Similarly,
for metric (2.33), using the cutoff (2.35), we can compute the entanglement entropy of an

interval in the Z4 coordinates: [76, 81]

L(F14,T94)2L(F1-, Ty )

e fl(@14) fi (Tap) fL (212 ) fL (F2-)

 log (2.40)

Sa(zy, ) = D

where L£(Z14,Z94) is the proper length on the boundary between 14 and Zo4.

Finite temperature

Computing holographic entanglement entropy for inhomogeneous systems at finite tempera-
ture is a less trivial matter than the zero temperature case; we need to find a proper foliation
of the BTZ black hole solution with a given metric on the boundary. While this procedure
can be implemented in certain cases (as described below), we will use a different approach
in the bulk of the chapter, in which we cut off the BTZ black hole spacetime with the same
curvilinear UV cutoff used in the previous section. Although approximate, this approach
allows us to use known results for geodesic lengths of entangling surfaces in the BTZ space-
time. This will allow us to avoid solving for potentially complicated geodesics that the bulk
metrics from the exact treatment would yield.

Let us first outline the exact approach following the results in Ref. [66]. We begin by
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specifying an arbitrary static (1+1)d boundary metric on the x — t plane:

da?

2 P
dsy = —h(z)dt* + h@)’

(2.41)

Note that any (1+1)d static metric can be written this way, up to a spatial coordinate
transformation. We can solve the resulting Dirichlet problem in the Fefferman-Graham
gauge in terms of two undetermined constants, J and B. Assuming J = 0 (to avoid a cross

term in the metric), the resulting bulk metric is

R2d22 1 R2K2 — B2 )\2 1 R2 RZp2 - B2 \2
ds? = =~ +—2{—h<1+——22) dt2+—(1+Ih"22———22) d"ﬂ'

2 Ty 16 h h 16 h
(2.42)

For h(z) = 1, the above reduces to the Fefferman-Graham form of the BTZ metric[82] with a
horizon at zfy = 4/RB. The parameter B thus corresponds to temperature in the boundary
CFT.

For a more general h(z), a more interesting horizon will be present. For example, if we
start with the AdS9 boundary metric (2.8) making the coordinate change = = 1/n puts the
metric in the form of (2.41) with h(z) = 22 (here we set the curvature scale h in (2.8) to be 1
for simplicity). Plugging this into (2.42) and transforming back to the original 7 coordinate

gives us the following bulk solution:

2 2
. { (1 +R2(1+ B%Q)ZZ) dn? — (1 +RY(1— BQn2)22> dtQ}, (2.43)

which appears to have an interesting horizon at z = 1/(R+y/B%n2 — 1). Note that as z — 0,
we see our bulk metric reduce to the AdS9 foliation that we expect from the rainbow chain
dual.

Computing the entanglement entropy would entail picking two boundary points, 1; and
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7m2, on a fixed time slice of (2.43), and computing the length of the spacelike geodesic between
them. This would of course require a UV cutoff, which we would choose to be a constant
z = €. Solving the Euler-Lagrange equations for the spacelike geodesics of (2.43) is nontrivial,
and will be different for each inhomogeneous system of interest. It is for this reason that we
use the approximate approach in this chapter.

This approximation for finding the finite temperature entanglement entropy in inho-
mogeneous systems requires two inputs. The first is the well-known result for the finite
temperature holographic entanglement entropy[80], which in Poincaré coordinates takes the

form

SﬁOZO(ZEl,J}Q;ﬁ) = glog {# sinh (W)} : (2.44)

dt? dz2 da? 22
ds2. 2 s = 5.4
*prz = { 2z f(2)22 T /() 7% (2.45)

where zp is related to the inverse temperature § at the boundary via § = 2wz

With (2.44) in hand, we can add the second ingredient, and replace €¢; and ey with
appropriate curvilinear cutoffs. As in the previous subsection, we can find these cutoffs
from the bulk coordinate change that produced our zero temperature foliation. We should
emphasize, however, that the use of these same UV cutoffs is the core of the approximation.
In the BTZ spacetime, the cutoff surfaces will not exactly reproduce a 2D theory with the
desired curved metric, as the presence of the black hole will distort the intrinsic geometry
of the cutoff surfaces as the cutoff surface moves closer to the horizon. Far away from
the horizon, however, the geometry of the boundary theory will be very close to the zero
temperature geometry, and our approximation (2.44) will remain valid. More specifically,

if we transform spatial coordinates from x and z to w and v according to z = z(u,v)
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and z = z(u,v), where u is our new radial coordinate, the following must be true for our

approximation to hold:
z(u=€,v) < zg. (2.46)

This condition ensures that our UV cutoff surface avoids the black hole horizon. For high
temperatures and/or large entanglement intervals, the cutoff surface becomes distorted by
the black hole, and eventually crosses the horizon. Keeping the boundary interval and
the temperature sufficiently small, however, ensures the validity of our approximation in
estimating the entanglement entropy at finite temperature.

Combining (2.37) and the coordinate transformations on the boundary with (2.44) yields
a result for the finite temperature bipartite entanglement entropy in an inhomogeneous CFT:

c 5 sinh <%(w(u =0,v9) —x(u =0, vl))>

gholo v B) = =1 —
A (v, 023 B) = g log | — \/32(u:07vl)az(u=0,v2)

ou ou

The above can be considered our finite temperature master formula for entanglement entropy;,
and we will use it throughout the chapter. The limitations of (2.47) will be apparent when
discussing high temperatures or large subsystem sizes. For most of the physics in which we

are interested, however, (2.46) will hold and the formula will agree quite well with numerics.

2.2.83 CFT on curved spacetime

The connection between the entanglement scaling of inhomogeneous and homogeneous CFT's
can be also seen without using holography. Recall that the entanglement entropy for a single
interval is given by the 2-point function of twist operators located at two points u; and u9
at a fixed time. Let us consider the correlators of arbitrary operators, O;(z;), of CET put

on the flat Euclidean metric dsy(x)? = dz? 4 dr?, and the correlators of the same CFT put
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on the curved metric

2
ds® = eQU(m)ds% = 20 gzdy = 20(@()) [(d_a:) du® + dr?| | (2.47)

du

where z = x + @7 and u is a spatial coordinate appropriate for the curved metric. CFT
gives us the following relationship between correlation functions under Weyl and coordinate

transformations:

(O1(u1)O2(u2) - -+ ) 42
_ o i Aio(ui(xy) (O1(21)O2(z2) - - >d80($)2

= ¢~ 2 270 (u1)Og(ug) ) gy )2 (2.48)

where A; are the scaling dimensions of the operators, which for the n-fold twist operators

are

n

) _ € (,_1
AV = 15 (n ) . (2.49)

Since dsO(a:)2 is just the Euclidean metric, we can write down the known result for the
two-point function of the twist operators at a fixed time (assuming we are on the infinite

complex plane):

L1 — 22

: (2.50)

_oAm)
]

Tr (pﬁ)|dsg = (op(z1, 7 =0)o_p(x2, 7 = O»dsg =cp [

where ¢, is a constant coefficient that will make an O(1) contribution to the entanglement
entropy. The (Renyi) entanglement entropy in the curved background follows from this

expression by multiplying the Weyl factor and transforming back to the original coordinates.
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2.3 Holographic dual of the rainbow chain

We now discuss the holographic dual of the rainbow chain, (2.19), in some detail. In par-
ticular, we study the entanglement entropy for a given connected region A of the boundary.
As the system is inhomogeneous, not only the size of the subregion, but also its location

matters. Here, we mainly consider two situations:

e “Defect entanglement”: where we consider an entangling cut that separates the origin

(“defect”) from the rest of the system.

e “Half chain entanglement”: where we consider an entangling cut that emanates from

the origin (defect). This entangling cut thus splits the original system into two halves.

In addition, both of these two situations can be studied at finite temperature.

2.3.1 Defect entanglement at zero temperature

Let us first discuss the defect entanglement. Recall the metric (2.19) for the AdS foliation.
We choose, in the Poincare coordinates, = € [—1g, +1g] on the boundary as the region of our
interest. The geodesic I" anchored at (1, ©) = (g, £7/2h) is a semi-circle on the z-z plane,

i.e., 7(©) = const. = ng. The length of I', Len(I') = [ ds, is given by

T/2h - ge 1 (dn\>

This integral is divergent, and one has to introduce a cutoff, £ /2h — +(7/2h — €), where

€ is an n-independent constant. The regularized length is a constant independent of 7 (i.e.,

independent of the size of the subsystem):

Sa(ng) = glog <%) + O(1), (2.52)



This agrees with the known behavior of the defect entanglement entropy in the rainbow
chain. Tt does, however, depend on 1/h, the length scale introduced by the rainbow defect
(i.e., the AdSy radius). One can check that this is the same result we would have obtained
using (2.36).

The “defect entanglement” (2.52) we have just encountered resembles the constant “bound-
ary entanglement” found in a BCFT. The latter, however, is an O(1) constant correction
to the logarithmically divergent leading order term, whereas the defect entanglement is con-
stant, but O(log(e)). Indeed, in AdS/BCFT, a zero tension brane anchored at a boundary
point of AdS3 is dual to a half-space BCFT on the conformal boundary of the spacetime. [74]
This particular AdS/BCFT setup strongly resembles our effective holographic description
of the rainbow chain, and indeed, AdS9 foliation of the bulk captures the breakdown of the
global symmetry group from SO(2,2) to SO(2,1). However, a zero tension brane (which is
just an artifact of a coordinate transformation) yields zero boundary entropy, and the defect
entanglement simply reflects the contributions of the ends of our entanglement interval to the
entropy. A boundary entropy would reflect the entropy due to the presence of a tensionful

brane. Adding such a brane could prove to be an interesting extension of the rainbow chain.

2.3.2  Defect entanglement at finite temperature

We can bring this metric back to the one we want to work with, Eq. (2.18). For reference,

the geodesic in these coordinates takes the form

2 2 2 :
Lo nreost(hO) _ f a o [0sin(hO) 1 (2.53)

In Fig. 2.2, we have plotted the geodesic for several values of z4 in blue, with the black

hole horizon plotted in red. We will cut our spatial slice off at a constant ©, = 7/2h — €.
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Figure 2.2: The black hole horizon (red) and several defect-crossing geodesics (blue) plotted
in £ and © coordinates where d€/ cos& = dn/n (see Eq. (2.59)).

Expressed as a cutoff in the z coordinate, the cutoff now depends on xy = 7g as follows:
€2 = np cos(hO¢) = nohe. (2.54)

Thus, using our master formula, (2.47), our defect entanglement entropy reduces to

sinh (M)l . (2.55)

Sa(no; B) = 7 log {

Taking the zero temperature limit, § — oo, we recover (2.52). The proper length of the

boundary interval

1o
E:g/ dn (2.56)
h Je
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Figure 2.3: The numerically computed “defect” entanglement entropy as a function of the
proper length of the interval about the defect at h = 0.1 and € = 0.5 and at finite tempera-
tures 8 = 100, 1000, 10000, co from the top. The numerical data are fitted to (2.57), where
we treat the non-universal constant part (independent of ¢ and () as a fitting parameter.
The numerics were done with free fermions on a lattice of 200 sites.

In terms of the proper length, the defect entanglement entropy is :

ht
Salx; Bye) = glog [ﬁ sinh (27T;€ )] +e (2.57)

where - -+ is a non-universal part depending on the UV cutoff.

Comparison with numerics To verify the finite temperature entanglement results for
the rainbow chain, we can numerically compute the entanglement entropy of an interval of
space at a given temperature for the Hamiltonian (2.4). All numerical computations were
done with open boundary conditions. In Fig. 2.3 we have plotted the numerically-computed
entanglement entropy for an interval symmetric about the defect at the origin of the chain.
We can confirm the rapid asymptote at zero temperature of this entropy to a constant,
independent of the length of the interval, but dependent upon h, the rainbow curvature
scale. Also plotted in Fig. 2.3 is the defect entanglement for several different temperatures,

fitted with the analytic result (2.57).
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Figure 2.4: The numerically computed “half-chain” entanglement entropy at finite temper-
ature at h = 0.1 for g = 100, 1000, 10000, co from the top. The numerical data is fitted to
Eq. (2.62), where we treat the non-universal constant part (independent of ¢ and /) as a
fitting parameter. The numerics were done with free fermions on a lattice of 200 sites.

2.3.3 Half-chain entanglement at zero temperature

Let us now discuss the half-chain entanglement. For this purpose, it is convenient to use the

global coordinate:

h2 R2
2 2 2
dSAng = —COS2<h®> (d@ —|— dSAd52> s (258)

where dsj%l S, is the metric of AdS9 which will be described below. There are two asymptotic
boundaries located at © = 4+ /2h, where two CFTs, one for each boundary, are defined. As

for dsi Sy it is also given in terms of the global coordinate

1
2 2 2
dSAdSQ = h2 COS2€<_dT + df )7 (259)

T € (—00,+00) and £ € (—7/2,7/2). There are two asymptotic boundaries at £ = +m/2.
The two CFTs are connected at the boundaries of AdSs.

Combining the coordinate transformation (2.18) with (2.36), we obtain the half-chain
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entanglement entropy. We can express this in terms of the proper length via ¢ = % 7;712 d—# —

n2 = n1 exp(hl):

S(t) = glog [% sinh (h;)] . (2.60)

The most striking feature about this zero temperature result is that it demonstrates a volume
law growth for larger values of ¢, with h acting as an effective temperature. This is consistent
with results from previous work on the rainbow chain,[30, 31] where it was found that the

rainbow phase strongly resembles a thermofield double state.

2.3.4  Half-chain entanglement at finite temperature

We can apply the same procedure of cutting off the geodesics in the BTZ spacetime at
€2 = m 2he. Here, we consider a geodesic anchored at arbitrary © = m/2h boundary points

n1 and 72, where 19 > n1. Combining these cutoffs with our finite temperature master

formula (2.47) yields

Salm,nz; B) = glog [ﬁ sinh <W)} : (2.61)

In terms of the proper length ¢, the half-chain entanglement is

he _ 4

The low temperature f — oo limit agrees with (2.60).

We have also computed numerical results for the half-chain entanglement in Fig. 2.4,
using the lattice model (2.4) with the hopping amplitudes (2.5). There, we choose two
points n1 and 79, both located to the right of the defect, and set 171 = 12 and increase ¢

by changing n9. We use ¢ rather than the coordinates (2.7) We can see that the agreement

49



between the numerical and holographic results is excellent at low temperatures.

2.4 Holographic dual of SSD

2.4.1 Zero temperature

Now let us compute the holographic entanglement entropy of the SSD at zero temperature
using the metric (2.22). Let us first consider an interval [v1,v9] (where 0 < vy,v9 < 27).
Cutting off at u = € corresponds to a v—dependent z cutoff of €, = #ES(U). Using (2.36)

and the above cutoff, we find that the zero temperature entanglement entropy is

c 2 . 1
Sp(vi,v9) = 3 log {E sin (5 |vg — vl\)] ) (2.63)

The result (2.63) is just the entanglement entropy for a CFT on a finite length space with
periodic boundary conditions and is what we expect from the SSD model.[36]
The above holographic results can be readily reproduced by a CFT calculation. The

metric on our conformal boundary (u = 0) in imaginary time, 7, is
ds® = dv® + hd sin® (E> dr? (2.64)
a? 2 ' '

We factor out the c;i? sint (%) and define a new variable

d
dr = % — x = —acot (B) (2.65)
2sin (%) 2
to write our metric as
2 2
dS2 = 620d82, 60 = g SiIl2 (g) = WCL:L‘Q’ (266)

where ds% = dz? + dr2. Since z € (—00,00), we can use the twist 2-point function on the
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full complex plane to compute the entanglement entropy (2.50). Then,

Tr (PZ) ‘ds2
YN

= cpe
€

e {2 sin @ (vy — m)} e (2.67)

Taking the log and taking n — 1, we reproduce the holographic result (2.63).

A [0 (ug)+0(ug)] [a cot (¢) —acot ()

2.4.2 Finite temperature

ae
1—cos(v)"

We can once again use the cutoff e, = This time we will plug it into (2.47) in
order to obtain finite temperature results for the SSD. For the interval [vq, vo], we obtain

the following entanglement law:

S a(vy,v9; B) = glog E sin <U1> sin (U_Zﬂ

2 2
(1
q SN <§(v2 — vl))
+ =1 —sinh | — . 2.68
3 % S £ sin (%1) sin %) ( )

We can confirm that at zero temperature, S 4(v1,v9; f — 00) agrees with the result from the
previous section (2.63). Note, unlike the zero temperature result (2.63), (2.68) depends on

a. If we center the interval about 7, so that v; = 7 — vy and vy = 7+ vy (where vg € [0, 7)),

SA(m —vo, ™+ vg; B)
_ ¢ lo [% cos? (U—()) sinh (27T—a tan (U—O))] (2.69)
3 & Tae 2 B 2 ' '

For comparison with the SSD model put on a line of finite length L, we rescale v; —

x; = Lv; /21 and recall that the parameter a and L are related by (2.25), a = L/2xw. The
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Figure 2.5: Finite temperature entanglement entropy in the SSD model, for an interval
centered about v = 7, and for 8 = 10, 100, 1000, co (from top to bottom). The dotted plots
are numerical results from exact diagonalization and solid lines are the fitted analytic result
(2.71) where we treat the non-universal constant part (independent of vg and ) as a fitting
parameter. The numerics were done with free fermions on a lattice of 200 sites.

entanglement entropy is then given by

' c 4T . /1 {B2>
Sp(zy,x9;B) 3log[L sm(ﬂ sm(ﬁ }
| . 7, sin (%(xg -1 > 270
+ —log | = = . .
%8 1 7 MM 258 i (4)sin () (270)

Once again, if we center the interval about m, so that v1 = 7 — vy and vy = 7 + vy (where

v € [07 7-‘-))7

Sa(m — g, ™+ vo; B)

4 L
= glog [L_ﬁe cos? <%O> sinh (E tan (%))] . (2.71)
In Fig. 2.5 we have plotted the entanglement entropy for several values of 3, computed
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numerically from the Hamiltonian (2.4) with

5 . 4 .
fj == sin? (%) =N i 1 sin2 (‘%) ) (2.72)

Here, we put the over all factor 2/a = 47 /(N — 1) since the boundary metric of our holo-

graphic setup is not ds%wobws itself, but ds%/lobws multiplied by the factor (cosh2vy/a)? —
(2/a)?; See Eq. (2.11). The N-dependent multiplicative factor serves to compress the den-
sity of states of the SSD model. This quantity only becomes relevant to the entanglement

entropy at finite temperature, as higher energy states become populated.

2.4.3  Dipolar limit

The dipolar limit of our holographic SSD model (2.29) can be studied analogously to the

holographic duals of the rainbow and SSD models.

Zero temperature A geodesic in these coordinates terminates at u = 0, vg = —1/x,
where zy = z(z = 0) is the anchor point of the geodesic in the original Poincaré coordinates.
We introduce a UV cutoff € in the radial, u-direction. In terms of the boundary anchor point,

the z coordinate cutoff is

“ o=z (2.73)

vo+e Ch

Using (2.36) we have the following entanglement entropy:

209

S(vg) = < log <—) . (2.74)

3 ae

As we can see, the holographic entanglement entropy is unchanged by the dipolar coordinate
transformation in the bulk time slice.

The holographic result (2.74) can be readily reproduced from CFT calculations. From
53



the previous subsection, we saw that the conformal boundary of the Poincaré metric in v —v

coordinates has the following metric:
ds® = —a 20t + dv>. (2.75)

Switching to imaginary time, 7, and defining * = —1/v, or metric can be written as a
Weyl-transformed flat metric in the z — 7 coordinates, ds% = 620(x)d8(2) = ¢29(*) dzdz where

z =z + 17 and

1
e20(2) = =24 = : (2.76)

Using (2.48) as before, we can compute the correlator on this particular curved background:

YN
—~AM g (v1)+0(vg)] {L 1 ] 2 :Cn|: ae

N v2 — U1

YN
aevy  aevs }

Tr (p'})] gs2 = cne (2.77)

Taking the log, multiplying by the appropriate factor, and taking the replica limit n — 1,

we recover (2.74).

Finite temperatures As for the entanglement entropy at finite temperatures, plugging

the vg-dependent, constant u, cutoff, v% into (2.47), we have
0

2
Sy = glog [% sinh (?—a)] , (2.78)

which at any temperature, 1/, asymptotes to the same logarithmic growth for large values

of vg. For generic endpoints, v; and vg, we have

v2 — U1

3 2mae 15}

v1v2

2
Sy = Elog {5|U1U2| sinh <ﬂ

e
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Figure 2.6: Finite temperature entanglement entropy for the boundary theory of the dipole-
foliated AdSs for an interval starting at v = 1.0, for § = 1,2,10, 00 (from top to bottom).
The plots are fit to (2.79). where v; and vy are the left and right boundaries of the interval,
respectively, ¢ is the central charge, and b is a fitting parameter related to the lattice cutoff.
This is just the small v limit of the function in Fig. 2.5. The numerics were done with free
fermions on a lattice of 200 sites.

In Fig. 2.6, we compare (2.79) with numerical results obtained from the Hamiltonian (2.4)

with f; = (10j/N — 5)%.

2.5 Application: Particles in a Potential Well

The entanglement properties of nonrelativistic free fermions trapped in a potential well V' (z)

can be described by a ¢ =1 CFT on the following curved metric: [56]
ds? = da?® — v*(z)dt? (2.80)

where, using the local density approximation, v(x) is given by the local density as v(z) =
(p(x)) = %(u— V(z)) where p is the chemical potential and m is the mass of non-
relativistic fermions. [56, 83] This is a semiclassical approximation in which the potential
couples directly to the energy density, allowing for an easy application of our methods.

Similar methods were also used in Ref. [84] to study the density matrix of a 1D Tonks-
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Figure 2.7: Numerically computed entanglement entropy for free fermions in a Lorentzian
potential well plotted at various temperatures, 8 = 10, 30, 100, oo plotted in dotted lines.
(2.84) Plotted for the same temperatures in continuous lines. The numerics were performed
on a lattice of 200 sites.

Girardeau gas. Once we have this metric, we are implicitly using this approximation, and
are no longer dealing directly with the nonrelativistic fermionic system. Henceforth, we use
(2.80) as our starting point for numerical and holographic calculations. Our holographic
results are therefore not compared directly with the trapped fermion system, only with free
fermions on the curved background given by (2.80).

Starting with the Poincaré metric on AdSs3, dsi iS5 = 2—12 [dz2 + dy? — dt2} , we can induce

the metric (2.80) on the conformal boundary with the appropriate coordinate transformation

=l VT /m U‘Z,). (2.81)

To leading order near the u = 0 conformal boundary, our Poincaré metric takes the form

1
ds? = =5 |du? + do® - U(a;)thQ] +0(1) (2.82)
u

W, where a controls the

Consider the example of a Lorentzian potential well, V (z) = e

width of the well. We will set © = 0. A lower chemical potential would result in an average
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particle density, (p(z)) that is zero outside of some finite region, requiring us to use BCFT
methods. [83] (Note, u is not the chemical potential in our relativistic fermion system; it
is better thought of as an input parameter for our metric). Our new coordinates are thus

defined by (setting m = 2 for convenience)

z=wuy/1+ (x/a)?,
y = % (x\/ 1+ (2/a)? + asinh ™! (x/a)) + const. (2.83)

This coordinate transformation implies a radial bulk cutoff of €, = e\/1 + (x/a)?. The finite

temperature entanglement entropy for an interval between —zg and z is thus

gt s (5 (oo o s ) )]

(2.84)

¢ 5
Sp=zlo
4T3 Le 1+ (z0/a)?

The zero temperature limit of (2.84) is

_c 1 asinh ™! (z0/a)
Sa= 3 log (e (3:0 + T (n0/a)? )) (2.85)

In Fig. 2.7 we have plotted (2.84) for several temperatures alongside numerical results for

the Lorentzian well. The agreement is qualitatively quite good. The noticeable discrepancies
are likely due to the limitations of the bulk transformation we have used, and the resulting
O(1) contributions to the metric that we are ignoring. It should be noted once again that
we have not directly simulated nonrelativistic fermions in a potential well; we have assumed
that the metric (2.80) is a valid description of the physics in this potential, and simulated

free fermions living on this background geometry.
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2.6 Discussion

In this chapter we have used the Ryu-Takayanagi formula to compute the Von Neumann
entropy for strongly interacting CFTs on curved backgrounds, both at zero and finite tem-
perature. We have seen dramatic, global changes in entanglement structure resulting from
local deformations in background geometry. An interesting next step would be to use this
method to probe multipartite measures of entanglement (e.g. tripartite negativity) that
are computable in holography. Another interesting direction would be to introduce quasi-
periodic background geometries in order to simulate disorder, to see if this results in any

sort of localization.
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CHAPTER 3
LOCAL PROBES OF ENTANGLEMENT AND THE
ENTANGLEMENT CONTOUR

3.1 Introduction

We have so far focused on computing bipartite measures of entanglement for subregions
of larger systems. This is of course a worthwhile and interesting pursuit. Von Neumann
entropy and similar measures have been used for characterizing quantum critical systems
[85] and topological order [5, 6] and are key ingredients for understanding the emergence
of bulk spacetime in gauge-gravity duality [11, 12, 86]. Furthermore, it is a useful probe
of thermalization in many-body systems. The Von Neumann entropy is of course, though,
a highly nonlocal quantity associated with an entire subregion of space (or codimension-1
subregion of spacetime, from a high energy physicist’s perspective). Likewise, its holographic
dual is the area, A, of the extremal surface in the bulk that is homologous to the boundary

subregion of interest [11, 12, 80]

It is interesting to ask about the finer structure of entanglement, and to seek a well-behaved
quasi-local probe of the quantum correlations in a many-body system. This would act as a
quantitative measure complementing the geometric picture of real space entanglement seen
in tensor networks. For instance, a suitable fine-grained measure would show the dominance
of the entropy for ground states of gapped Hamiltonians near the entangling surface, and
a constant entropy density for thermal states. Progress on decomposing entropy into a

fine-grained quantity was made with the introduction of the entanglement contour [87]1.

1. We note that a similar construction was studied earlier in Ref. [88].
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The entanglement contour at a point x in subregion A, s4(x), is non-uniquely defined

through five conditions:
1. Positivity: sq(z) >0 V z € A.
2. Normalization: [, s4(z)d% = S(A) where S(A) is the von Neumann entropy of A.

3. Invariance under spatial symmetry transformations: If 7" is a symmetry of the reduced

density matrix, py4, that exchanges two sites i,7 € A, then s4(i) = s4(j).

4. Invariance under local unitary transformations: If p’A =Uxp AU;, where Uy is a local

unitary supported on X C A, then s4(X) is equal for both p4 and p/A. Here,
sp(X) = / sa(z)d%a. (3.2)
X
5. Upper bound: If H4 = Hq ® Hg and Hx is contained within Hg, then

s4(X) < S(Q). (3.3)

It is an open program where more conditions may need to be defined. Contour functions
have previously been constructed for free fermions, harmonic lattices, single intervals in
141d holographic CFTs, and 141d inhomogeneous critical systems [33, 87, 89-91], with
each having a unique construction. We find that bit threads [92], an alternative descrip-
tion of holographic entanglement entropy, elucidate the non-uniqueness of the entanglement
contour?.

We organize the chapter as follows: In section 3.2, we unify the entanglement contour for

generic 1+1d systems and compute the contour for a range of static systems with distinct

entanglement structures, including thermal systems and defect CFTs. In section 3.3, we

2. We also thank Erik Tonni for directing us to his slides from It from Qubit Bariloche where a connection
between bit threads and the entanglement contour was originally discussed.
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use bit threads to propose a holographic realization of the entanglement contour for any
dimension and entangling surface geometry. In section 3.4, we tie together the notions of the
entanglement contour, entanglement density, and bit threads with kinematic space. We then
introduce dynamics in section 3.5 with both local and global quantum quenches. The contour
proves to be particularly useful in characterizing non-equilibrium dynamics and clarifies the
interpretation of the entanglement tsunami picture in ergodic CFTs [93-96]. The work in

this chapter was derived from [97] and [98].

3.2 Entanglement contour for 1+1d systems

In order to construct an entanglement contour for generic quantum systems, let us partition
a subregion A into n degrees of freedom {A4;}. The entropy of A can be expanded in terms

of conditional entropies

n
Z [S(AﬂAl U---UA; 1)+ S(A4;|4;51U---UA,) |, (3.4)
1=1

S(A) = %

where conditional entropy is defined as
S(A|B) = S(AUB) — S(B). (3.5)

For conciseness, we replace the first and last terms of (3.4), S(A1|A1) and S(Ay|Ay), with
S(A7) and S(Ay,), respectively. This leads us to a natural entanglement contour

[S(Ai|A1 U - UAj )+ S(Ai| A U U An)] . (3.6)

1
SA(Ai) = )

We stress that this choice of a contour function is not the only function that may satisfy
the requirements. Technically, this is an entanglement contour for any dimension, though

for higher dimensions there will be an ambiguity regarding the ordering of {A;}. Therefore,
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we restrict our current focus to 14-1d systems and return to higher dimensions in Section
3.3. In [90], an entanglement contour was proposed for single intervals in 14-1d holographic

CFTs

sa(Ag) = S [S(A1 U Ag) + S(Aa U A3) — S(A1) — S(A3)], (3.7)

DN | —

where A1 U Ag U A3 = A. This was derived using natural slicings of the Ryu-Takayanagi
surface arising from the bulk extension of the modular flow. (3.6) generalizes this formula
to multiple intervals and generic quantum systems. We will now prove that (3.6) satisfies
all five conditions for an entanglement contour completely generally, without any reference

to holography or quantum field theory.

1. Positivity: This follows directly from the strong subadditivity of von Neumann entropy

[99].
2. Normalization: By construction, normalization is satisfied.

3. Symmetry: We take a spatial symmetry that exchanges i,j € A, TpAT = pA. Each

component of (3.6) is invariant under such a transformation, so s4(7) = s4(j)-

4. Invariance under local unitary transformations: As stated in [90], the causal property
of entanglement entropy ensures that all components of (3.6) are stationary under

unitaries acting nontrivially only on A;.

5. Upper bound: We take a subregion As C A that is contained in a factor space €)4.
We must then prove that s4(A2) < S(24). By the additivity of the contour and

subadditivity of von Neumann entropy,

sA(A2) <54(024) < S(Q24). (3-8)
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3.2.1 Static examples

We reproduce results derived in [90, 100], so that we can refer to them later on. For the

vacuum, the contour for the 1+1d subinterval, (—1/2,1/2), is

and for a thermal state with inverse temperature 3,

[ L
sp(x) = % (coth (W) + coth (%)) . (3.10)

It was also shown in [100] that for the warped CFT dual to AdS3 with chiral boundary

conditions [101],

sa(z) = % (1 + o _lx2> . (3.11)

T

Interestingly, this is identical to the regular CFT result with an additional “thermal” term.

Defect CFTs

Using a simplified version of the Randall-Sundrum model, we can model the holographic
dual of a defect CFT (dCFT) as two copies of AdS3 with a deficit angle [73, 102] with the

metric

dy? — dt?
ds® = dp? + cosh? l P ( Y 3 ) . (3.12)
AdS Y

Above, l54¢ is the AdS curvature radius, p is the radial coordinate (with asymptotic bound-
aries at p = £00), and y is the transverse spatial coordinate. The two copies of the deficit

angle AdS are glued together at a tensionful brane, which models the defect. For a brane of
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tension A, the radial coordinate p ranges between —oco and

pe = Lags tan™ " (Laas)). (3.13)

To consider the dCFT, we double the domain by attaching p € (—p«,o0). Using (3.6), we
find

salr) = & <ﬁ + p*(S(I)) | (3.14)

Naturally, all of the boundary entropy is localized on the defect brane.

Black hole microstates

Black hole microstates are dual to high-energy eigenstates of the CF'T, which can be formed
by the operator-state mapping of local heavy operators, ¢, with conformal dimensions h,, =

Bl/)' The entanglement entropy is calculated by the four-point function

Sy, 2) = lim —— log (1 on (1)om (22) [ 1) (3.15)
n—11

—n

Leveraging progress in the calculation of conformal blocks for “heavy-heavy-light-light” cor-

relation functions [103], the entropy is found to be [104, 105]

Sy = glog (i—i sinh (;—7;)) , (3.16)

where [ is the length of the interval and [y, is an effective temperature

21

By = ————.
Y oo 1

(3.17)
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We then find the entanglement contour for the high-energy eigenstate

= T (ot 22 4 con 027
sA(x)—65w< th<ﬁ¢>+ th( B )), (3.18)

analogous to a truly thermal state. While these states clearly obey the Eigenstate Thermal-
ization Hypothesis [106], the contour may be particularly useful for understanding systems

whose eigenstates do not thermalize, e.g. many-body localized phases and scar states [107].

Massive deformation

We perturb our CFT by a massive deformation as was done in [11, 12]. This is crudely
done by capping off the bulk IR geometry with characteristic correlation length £. For small

intervals, we still have the critical vacuum entropy

c [
— —log — d
§=glog—, (3.19)
but for large intervals,
c, &
= —log =>. 2
S 5 log > (3.20)

In order to probe the IR region, we work with a large interval (—1/2,1/2) with [ > &. It is

then clear that the contour is trivial away from the entangling surfaces, and is universal and
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independent of [ near the entangling surfaces

c ! l
—5<T<—5+¢
6(x — 5)
sA(@) =140 dre<a<t-¢ (3.21)
¢ l l
§—§<$<?
L6(5 — )

This is the area law behavior we would hope for the contour to capture, though the poly-
nomial decay of the contour is most likely due to our crude setup. We expect that more
realistic gapped theories will have exponentially decaying entanglement contours. We bring
the reader’s attention to [108] where a similar quantity named the “entropy density” is in-
troduced to study the structure of entanglement entropy around the entangling surface in
gapped phases. Similarly, the contour may be interesting to study in higher dimensional

gapped phases.

3.3 Higher dimensional contours, asymmetric subregions, and

bit threads

It is clearly of interest to generalize the notion of an entanglement contour to arbitrary
dimensions and entangling surface geometries. We address these issues in this section with
motivations from the construction of holographic entanglement entropy from bit threads [92].
A bit thread construction involves a divergenceless vector field, v, whose norm is bounded

by (4G x)~!. We sketch a bit thread configuration in Fig. 3.1. The Ryu-Takayanagi formula
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for a boundary region, A, can then be reformulated as a maximization problem

S(A) = max/Av, (3.22)

v

where the maximization is over all bit thread configurations. By comparing to the normaliza-
tion condition, we immediately see how this notion of bit threads is useful for constructing
entanglement contours. For any maximal bit thread configuration respecting the spatial

symmetries of the boundary region, we can define the contour function

sa(z) = [o(z)]. (3.23)

We now prove this obeys the conditions from [87]:
1. Positivity: The contour is non-negative because the norm is non-negative.

2. Normalization: The work of [92] explicitly proved the normalization of the contour

over a boundary region using the max-flow min-cut theorem.

3. Symmetry: We have imposed symmetry in the definition by only allowing bit thread

configurations which respect the spatial symmetries of the region.
4. Invariance under local unitaries: As before, this is ensured by causality.

5. Upper bound: If the interval is a union of disconnected regions, there exist nontrivial
factorizations of the Hilbert space. We take a disconnected region A and a subregion
X C A. The flux of bit threads at X is bounded by the maximum flux of bit threads
for all of A over all bit thread configurations, which is equivalent to the von Neumann

entropy of A. Therefore, the upper bound is satisfied.

The degeneracy of extremal bit thread configurations is enormous. Given that these

configurations respect the spatial symmetry of the boundary subregion, each provides a
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distinct contour function. This is a clear way of understanding the non-uniqueness of the
entanglement contour. The only universal parts of the contour are the divergent pieces near
the entangling surface. Far from the entangling surface, one can always choose a bit thread
configuration for which the local contour function is trivial. However, the bit threads can
be rearranged so that the local contour function is finite at the same point at which it
was trivial for the other configuration. This is an unsettling phenomenon for a fine-grained
entropy. We are willing to accept that the entanglement contour is not uniquely defined, but
wish to impose additional constraints that would enforce the following property for any two
contours, 8}4 and 3?4: If sh(x) < Sh(y) for x,y € A, then si(x) < si(y).

Fortunately, recent work on bit threads [109] has provided explicit constructions of bit
thread configurations which satisfy our conditions for the contour. We begin with what the

)

authors refer to as “geodesic flows,” where the bit threads follow bulk geodesics.
In d spatial dimensions, for boundary regions with spherical entangling surfaces of radius

R, the following norm of the geodesic flow was found

d
c 2Rz
o] = = : 3.24
d 6 <\/(R2+7’2+22)—4R2r2> ( )

where 2z is the bulk radial coordinate and r is the distance from the center of the ball-shaped
region on the boundary. Note that all angular dependence has dropped out. The contour is

defined at the boundary, so we find

sA(r) = g <R22—fﬂ>d. (3.25)

The dimensional dependence clearly shows that only for the 14+1d case are there significant
entanglement contributions away from the entangling surface, displaying the logarithmic
violation to the area law. Interestingly, for 14+1d, this is the exact ground state contour

function that is found using the bulk modular flow (3.6). This means that the bit threads
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Figure 3.1: In the black hole geometry (subspace shown), there are two configurations for the
minimal entanglement wedge cross section, the standard minimal surface (short dashed lines)
and the disconnected surface reaching the horizon (longer dashes). For the entanglement
entropy, bit threads can terminate on the black hole horizon, so both the green and blue bit
threads contribute. For LN/EoP, only the blue bit threads will contribute.

following geodesics have matched boundary points to points on the RT surface identically

to the matching from the modular flow.

3.3.1 FEntanglement wedge cross sections

We would now like to restrict the bit threads to the entanglement wedge, which is the bulk
dual of the CFT density matrix p4p [110]. The entanglement wedge is a codimension-1 bulk
region whose boundary is the union of the RT surface and A U B. Using the formalism for
holographic logarithmic negativity (LN) from [111] where the negativity is related to the area
of the minimal entanglement wedge cross section, we can concoct a contour for negativity 3,
Minimal entanglement wedge cross-sections for general entangling surface geometries have
also been studied in connection to entanglement of purification (EoP) [114-124], so our
contour can be interpreted in that context as well. Both LN and EoP are useful measures
for mixed state entanglement.

We define a holographic entanglement contour for LN and EoP much in the same way as

we did for the contour for the entanglement entropy. Again, we need a divergenceless vector

3. An interesting attempt at constructing a negativity contour can be found in [112], and a more recent
construction of a negativity contour inspired by the work in this chapter can be found in [113]
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field, v, whose norm is now bounded by X;(4G ) ™! for LN and (4G y)~! for EoP, where

Xy =525 (1+ad) -1, (3.26)
:z( 1__+ﬂ>
d i

for spherical entangling surfaces. For less symmetric set-ups of LN, nontrivial backreactions
in the bulk must be accounted for [111]. However, the formula for EoP is still valid for
asymmetric set-ups. Guaranteed by the max-flow min-cut theorem, the entanglement wedge

cross-section and hence the LN and EoP are calculated as

v [

E(A,B) = max/ v = max/ v, (3.27)
A B

where each bit thread must start and end on A and B. This leads us to the LN /EoP contour

ealr) = [o(z)], ep(x) = [v(z)] (3.28)

In order to construct valid bit thread constructions restricted to the entanglement wedge, we
need to use the notion of “maximally packed flows” [109]. For a single interval (—1/2,1/2)
at inverse temperature (3, there are two configurations for the entanglement wedge cross-
section. The cross-over from the standard extremal surface to the one connected to the
horizon occurs around [/f ~ 0.28 (Fig. 3.1). In the connected regime, the LN/EoP contour

is simply proportional to the thermal entropy contour (3.10)

l l
eq(x) = g_; (coth (W) + coth <w>) , (3.29)

where ¢ = 4 for LN and £ = 6 for EoP. More interestingly, when the cross-section is discon-

nected, thermal contributions are subtracted and we find that the LN/EoP contour is only
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Figure 3.2: In kinematic space, the conditional mutual information is computed by the
“bulk” volumes. The left and right shaded lavender regions are I(Asg, A|A7) and I(Ag, A|A3)
respectively. Interpreting MERA as kinematic space, the entanglement contour is computed
by the number of isometries (green triangles) in the shaded lavender regions.

nontrivial (and divergent) near the entangling surface

l
eqlz) =0, 5 || > glogﬁ) (3.30)

clearly showing that 8 plays the role of the quantum correlation length in thermal systems.

3.4 Connection to kinematic space

Starting from a time slice of AdS (or any other Euclidean surface), one can define an auxiliary
Lorentzian manifold known as kinematic space [125]. This manifold corresponds to the space
of geodesics on the original space. In AdS/CFT, kinematic space encodes a number of
important quantum information theoretic quantities related to the boundary CFT state in
an elegant geometric fashion [125]. Here we describe how the entanglement contour can
be encoded. Computationally, this may be useful for investigating the local entanglement
structure in MERA tensor networks, which have been interpreted as a discretized version of

kinematic space [126]. It also may be a useful local quantity for reconstructing bulk geometry

in AdS/CFT.
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The length of a geodesic, v is computed by an integral over kinematic space, K

vz/Kw(u,v)mV(u,v), (3.31)

where w(u,v) is the Crofton form and m~(u,v) is the number of intersections between
and the geodesic anchored on lightcone coordinates (u,v). Another quasilocal measure of

entanglement called the entanglement density is defined as [127]

1025 (u,v)
=-_—"" 3.32
n(u, 0) 2 Judv (3:32)
This serves as the natural form for kinematic space [125]
w(u,v) = Mdu A dv (3.33)
T Qudv ' '

Restricting ourselves to an overall pure state with periodic spatial boundary conditions, the

entanglement contour is then an appropriate volume of kinematic space

1

9 [{(uw)=(u,z)|ue(a’ x1)}
U{(u,v)=(z,v)|ve(ze,2’)}

sp(x) = w, (3.34)
with 2’ unconstrained because the continuum version of (3.7) can be found by integrating

the entanglement density

/

/x fl n(zr,y)dz + /m j n(x,y)dy = % (35(;‘;,3:) B as(;;xz)) . (3.35)

To choose a natural 2/, we rewrite the entanglement contour in terms of conditional mutual

information

54(A2) = 3 [T(A0, AJA7) + 1(Ay, A]43)]. (3.36)
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agreeing with our initial construction of (3.6). Conditional mutual information is encoded in
kinematic space by volumes of appropriate causal diamonds (multiplied by factors of log x,
where x is the bond dimension). In MERA tensor networks, volumes are equivalent to the
number of isometries in the region. We demonstrate this in Fig. 3.2.

The relation between the entanglement contour and conditional mutual information com-
pletes the circle of connections between the contour, entanglement density, bit threads, and
kinematic space. It may be illuminating to study these connections further in the context of

quantum bit threads in MERA [128].

3.5 Quantum quenches

The entanglement contour is particularly suited to dynamical settings because it can locally
quantify how quantum information flows in time. We use quantum quenches to model out-
of-equilibrium processes. Using (3.6) for the contour, we follow the formalism developed in
[129] in which the Riemann surface corresponding to a given quantum quench is mapped
to the half plane. From there, the holographic entanglement entropy can be computed
by geodesics in AdS with a spacetime boundary. For global and local (Calabrese-Cardy)
quenches [130, 131], these conformal maps are

wh o (2F) = 2mat/B (zF) = i + (i)2 +1 (3.37)

glob - Wige . . ) :

where € is a regulator. The contour for global quenches provides an excellent visual represen-
tation of the entanglement tsunami proposed in [93]. This includes an early time quadratic
growth and late time linear growth (see Fig. 3.3). However, there is an important distinction

between our picture and the tsunami. The tsunami velocity, vg, for 1+1d CFTs is 1 in units

of the speed of light. Similar to the discussion in Ref. [87], we find that the entanglement
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propagates in real space at a contour velocity of

ve = 2. (3.38)

This is not a violation of causality because entanglement should not be thought of as a local
object propagating from the entangling surface, as in the original tsunami picture. Rather,
it can heuristically be thought of as a set of non-local waves generated at every point in
space, analogous to the quasi-particle picture [132]. This leads to the larger “velocity” of
entanglement (3.38). Furthermore, the contour waves move through each other at ¢ = 1/4
and only halt once they have reached the opposite entangling surface at ¢ = (/2. On the
contrary, in the original tsunami picture, the waves stop once they have reached each other.
This presents a significant difference when investigating the spatial structure of entanglement.
The tsunami predicts that there is no entanglement between the center of the interval and the
interval’s complement when ¢ < /2 while the contour predicts nontrivial entanglement at the
interval center for ¢t > [/4. While the tsunami velocity accurately predicts the growth of the
entanglement entropy non-locally (i.e. of the entire subsystem), the contour velocity captures
the real-space velocity at which the entanglement spreads in real space. The contour velocity
will generally depend on spacetime dimensions and its relation to the tsunami velocity will
be less trivial than the factor of 2 that was found in 1+ 1d. It would be fascinating to find
effective equations of motion for the entanglement contour analogous to those which have
been studied for entanglement entropy and out-of-time-ordered correlators [133-137]. These
may directly address the question of how quantum information locally flows in time. We
expect different equations of motion for integrable and ergodic theories.

For the local (Calabrese-Cardy) quench, the tsunami picture does not apply, though we
find a transient contour wave propagating at v, = 1. (see Fig. 3.4). After the wave passes,
the contour relaxes to its ground state value.

An additional way to induce a local quench is by inserting a local heavy operator of
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Figure 3.3: The entanglement contour following a global quench with ¢ = 1 and 5 = 2. After
initial quadratic growth, the contour waves propagate at v. = 2 and cross one another at
t =1/4, only to halt at t = /2. The contour for the interval saturates at its thermal value.

Figure 3.4: (left) The entanglement contour following a local (Calabrese-Cardy) quench for
semi-infinite intervals with ¢ = 1 and € = 1/10. (right) Local heavy operator quench with
central charge ¢ =1, o, = 1/2, and 6 = 1. Now, v, = 1. Once the wave front passes, the
contour relaxes to its ground state value.
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weight h,, at the origin. The gravity dual to this protocol was shown to be a boosted black

hole [127]. The entanglement entropy for an interval (l1,l2) away from the origin for a time

t > 0 is found [104]

g log
Sﬁut _ )
6 IOg
\

[y — 1

t<lyort>ls

[(ly — 11)(t — 11)(Io — t) sin(may) ; (3.39)

62(5 o%

L <t<ls

where 4 is a regulator for the operator insertion and o, = i, /27. We find an entanglement

contour for semi-infinite intervals

sa(r)

(¢ (20 —t)

i /
12z(x —t) O<t<a

(3.40)
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T <t
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The late time behavior is a combination of the vacuum value and a relaxation term. The

contour following the operator quench is contrasted with the (Calabrese-Cardy) quench in

Fig. 3.4.

For an interval that contains the origin, the entanglement entropy is
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An interesting feature of the contour can be seen from an interval containing the origin.
As we would expect from causality, the total entanglement entropy of the interval is constant
at early times. However, the contour is able to detect the rearrangement of entangled degrees
of freedom within the interval. That is, the distribution of entanglement between the local
degrees of freedom inside of the interval and the complement of the interval changes, but the

total entanglement entropy of the interval remains the same.

3.6 Logarithmic Light Cones from the Entanglement Contour

As another example of the utility of the entanglement contour, we study the entanglement
contour after a global quench in two paradigmatic non-thermalizing phases: many-body

localization (MBL) and the random singlet phase (RSP).
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3.6.1 Many-Body Localization

Many-body localization is perhaps the best known example of ergodicity-breaking in many-
body quantum systems. Broadly speaking, it occurs in interacting lattice systems when an
on-site potential is tuned to be sufficiently spatially disordered. MBL has been a subject of
intense study in recent years. See, for example, the recent review Ref. [138] and references
there within. As the strength of the on-site disorder is increased relative to the interac-
tion strength, more and more of the system’s high energy eigenstates turn from typical
volume-law entanglement states (as the eigenstate thermalization hypothesis would imply),
to short-range entangled area-law states [139]. Once the localization transition is passed,
all eigenstates of the system become area-law entangled, and the system is fully many-body
localized. Before reaching the transition, it is possible to have a mobility edge, separating
area-law states from volume-law states. In addition to the area-law eigenstates, MBL sys-
tems display a number of interesting features. In the localized phase, the systems contain an
extensive number of emergent local integrals of motion (LIOMs, sometimes called “1-bits”),
with exponentially decaying spatial support. One can write an effective Hamiltonian for the
MBL system in terms of these LIOMs [139, 140].

MBL systems are also fascinating from a dynamical perspective. Generic interacting
many-body quantum systems are thought to be ergodic in the sense that after sufficiently
long time evolution, expectation values of local operators become exponentially close to
their corresponding thermal expectation values. Thus, memory of the initial state becomes
inaccessible to local measurements and any subsystem can be described by a small number
of thermodynamic quantities. MBL systems, on the other hand, do not thermalize. The
conserved LIOMs serve to retain memory of the initial state, precluding a description of the
late-time state by a thermal ensemble. MBL provides an important counterexample to the
eigenstate thermalization hypothesis (ETH) and motivates us to further understand when

and how closed quantum systems fail to thermalize. We additionally note that MBL phases
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and their non-ergodic properties have been directly observed in a number of experimental
settings [141-143].

Despite their lack of energy and particle transport, MBL systems nevertheless produce
nontrivial long-range entanglement in far-from-equilibrium scenarios. For example, if we
quench into an MBL Hamiltonian starting from a product state, the entanglement entropy
grows logarithmically in time for a time that scales exponentially with the system size [144,
145]. After this time, the saturated entanglement entropy in finite systems displays a volume-
law, though with a smaller multiplicative coefficient than the volume-law for the thermal
state [145]. In some sense, this volume-law indicates a partial thermalization of finite size
MBL systems [139]. We are motivated to study this unusual entanglement growth more
deeply. In particular, we would like to understand how the entanglement spreads at a local
level and if/how the information becomes delocalized.

To ensure that we capture universal features of the MBL phase, and not artifacts of a
particular model, we use the phenomenological MBL fixed point Hamiltonian constructed

from the local integrals of motion

_ (2) 3)
Hpjom ==Y hiof =Y Jiiloioi = > Tipoi oo 4 (3.42)
i 1<j 1<j<k
Here, the Pauli operators o7 denote emergent local integrals of motion, which are exponen-
tially localized in the physical lattice. For our purposes, we treat them as perfectly localized,
for the sake of computation. The interaction terms are defined as
@ _Jij @ _ Jigk

I = " exp(—i = jl/€), ) = P expl—i — KI/€), (343

where J;; and J; . are drawn randomly (from a uniform distribution [—Jy, Jo], with Jo = 100

in our case, but other distributions can be used) and ¢ is a dimensionless localization length

(which we pick to be 0.5). We also draw h; from the same distribution. This model was
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used to compute the OTOC in [146, 147].
Before turning to numerics, we motivate an analytical prediction for the form of the
entanglement contour in MBL using the language of the emergent LIOMs. The effective

interaction between two “I-bits” separated by a distance d is given by [148]
JUV ~ T exp(—d/€), (3.44)

where J is a characteristic interaction strength. Using the effective interaction of the dressed
spins, one can obtain an estimate for the amount of time it takes for two unentangled [-bits

a distance d apart to become entangled. This happens when J cfft > 1, so
1
t~ 7 exp(—d/§). (3.45)

We now consider an MBL system on a chain of total length L, with a subinterval [0, ¢].
Picking a point z < ¢ within this subinterval, we can count the number of 1-bits outside
of the interval with which the 1-bit at point x is entangled at a particular time ¢. This is
precisely what the entanglement contour should describe. The result (up to proportionality

constants) is

( {—x
0 t < eJo
1 FT:E Lgaz
s (1) o Z(f log(Jt) +a— ) ¢m <t< i (3.46)
f Lgx
1—— t> ¢
\ L J

The form of a logarithmic light cone is clear; the wave front of the contour arrives at a time
exponential in the distance from the entangling surface ¢t = % exp (%) Once this time
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Figure 3.5: The entanglement contour after a global quench into Hyjops averaged over
40 disorder realizations, normalized by log 2, and smoothed out to remove pixelation. The
quench was performed from random product states on 14 sites using a disorder strength of
Jo = 100. The contour depicted describes the seven leftmost sites. The level sets make the
logarithmic entanglement light cone clear (modulo the edge effects occurring at sites 1 and
2).

has passed, the magnitude of the contour increases linearly, saturating at a constant value.
This agrees with the observation that entanglement entropy grows logarithmically with time
in MBL, eventually reaching a volume-law in the long time limit in a finite system. Let us
now turn to numerics in order to verify (3.46).

We select a subinterval consisting of the leftmost 7 sites of our 14 site chain and compute
the entanglement contour of this interval after the global quench using Hyropr. We observe a
distinct logarithmic light cone in the entanglement contour in Fig. 3.5. A similar logarithmic
light cone has previously been observed in out-of-time-order correlators (OTOCs) of certain
local operators in the MBL phase [149]. These are related but distinct light cones.

The authors of Ref. [149] computed the OTOC as a function of space and time in the

disordered Heisenberg model. Defining the butterfly velocity, vg, as

je ~UpB 10g10 t, (347)
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where j¢ is the site at which the wave front of the OTOC has increased past the threshold
value of € € (0,1) at time ¢, they find that vp depends on both temperature and ¢, with a
slower speed of propagation for lower temperatures. In Refs. [146, 150], the authors show
that in the MBL LIOM model, the position of the wavefront (up to additive constants and

for some suitably defined cutoff) of the OTOC after disorder averaging is given by

jrrom < §log (t). (3.48)

Our numerical checks for the zero temperature OTOC, indicate that the butterfly velocity
for the LIOM model with & = 0.5, for the initial all |[+) product state and for a suitably

defined cutoff of 0.5, is vg = loggloe ~ 1.15.

We can analogously define the contour velocity

Je ~ vilogigt (3.49)

where j. is the site that the contour wave front of value e x 57 has reached. 37 is the
equilibrium entropy density at effective temperature S which is fixed by the energy of the
quench. Using the cutoff ¢ = 0.075, and fitting a line to the wave front in Fig. 3.5, we
arrive at a contour velocity of v¢ ~ 1.5 . Like the butterfly velocity, this result is somewhat
dependent on the choice of cutoff ¢, and may also depend on the choice of initial state. It
therefore seems that the contour velocity is larger than the butterfly velocity, but perhaps
only marginally so, unlike the case of CF'T where we have the very distinct result v, = 2vpg.
More comprehensive numerical study of the entanglement contour after a global quench
in MBL is warranted in future work, and could yield a more precise understanding of the

relationship between vg and v, in MBL.
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3.6.2 The Random Singlet Phase

As another example of a non-thermalizing system, we study the dynamics of a disordered free
fermion model that admits a random singlet phase [151] as its ground state for sufficiently
strongly disordered hopping. The random singlet phase (RSP) infinite-disorder critical point
has a number of interesting features, including CFT-like logarithmic scaling of entanglement
entropy [152-155], with an effective central charge equal to log2 times the central charge of
the clean theory. The RSP is the fixed point of the strong disorder real space renormalization
group (SDRG) [34], and can be seen in e.g. the antiferromagnetic random bond Heisenberg
model [151]. It should be noted, however, that the universal features of the RSP ground
state seen at the SDRG fixed point do not necessarily extend to excited states in interacting
models. Indeed, while the RSP-like critical behavior extends to the excited states of a
non-interacting model like the one we use here (resulting in a so-called “quantum critical
glass”[156, 157]), small interactions can drive these excited states to an MBL spin glass
phase. Studying the dynamics of an interacting model with a RSP ground state using the
entanglement measures in this chapter presents an interesting future problem. Some work
in this direction has recently been done [158], and it is found that the resulting particle-
hole symmetric MBL phase exhibits entanglement growth behavior whose functional form
depends on interaction strength, unlike conventional MBL.

Additional work has been done to investigate the dynamics of the random singlet phase.
For example, Ref. [159] studied the late-time growth of entanglement entropy in the RSP
after a global quench using numerical methods and found it to be doubly logarithmic in time.
Other works have studied entanglement growth in disordered critical phases e.g. Refs. [160,
161]. We build upon this work by characterizing the spread and delocalization of information
in the RSP.

We use a single band, free fermion model with disordered hopping to yield the random
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singlet phase. The Hamiltonian is

H= Z J; (c;-[ci+1 + c;-[+1ci> , (3.50)

]

where J; € [0, 1] at each bond is drawn independently from the known fixed-point distribution
P(J) = %J —1+1/6  The parameter ¢ corresponds to disorder strength. 6 — 0 corresponds
to the clean limit, and we approach the infinite randomness fixed-point as 6 — oo. For the
purpose of numerics, 6 = 2.5 corresponds to sufficiently strong disorder to yield the desired
properties of the random singlet phase, and this is the value we use in our simulations.

We now use the contour to investigate finer-grained aspects of the entanglement entropy
growth at long timescales after a quench into the random singlet phase. For our initial state,

we use the ground state of the Hamiltonian

Hy = Z J (c;-rczqu + c;[+1ci) + Zmo(—l)jc}cj, (3.51)
i J

which has a gap controlled by the magnitude of mg. Also note that J is not random in

Hy. We use mg = 0.5 for the initial state of our quench. At t = 0, after preparing the

ground state at half filling of (3.51), we begin to time evolve with (3.50). We then compute

the entanglement contour at each site, for each timestep thereafter. This constitutes our

quantum quench.

The entanglement contour generated by the quantum quench described above on a 200
site chain can be seen in Fig. 3.6. Though the production of entanglement is weaker than it
is in the clean limit, the contour demonstrates nontrivial spreading. The smallest discernible
values of the entanglement contour (0.001) appear to carve out a logarithmic light cone,

consistent with the infinite dynamical critical exponent of the random singlet phase [159].

84



9.54e7

—0.12¢8

0.064
0.032
0.01€
0.008
0.004
0.002
0.001

Figure 3.6: The entanglement contour for sites 150 to 200 in an open chain of 200 sites
averaged over 5000 disorder realizations and normalized by log2 on a semilog plot. We use
mg = 0.5 and a clean hopping for our initial state, and quench into the Hamiltonian (3.50)
with 0 = 2.5 and t = 0. We see the emergence of a logarithmic light cone for the smaller-
valued level sets, consistent with the infinite critical exponent known to occur in the RSP.
At very late times (~ 10% units of time), we see some deviation from the log light cone in
the upper-right hand corner of the plot, likely as a result of finite size effects.
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Between the times 1.75x 10! and 5.45 x 10°, the 0.001 contour fits very well with the function

(t) ~ velogyg (t) + 2o, (3.52)

where we find v, ~ 3.56 for the contour velocity.

We also include a plot of the early time entanglement entropy in Fig. 3.7 for the above
quench configuration. This early time entanglement entropy growth fits very well with the
quasi-particle calculation detailed in App. B. The late time entanglement entropy growth,
as computed by summing the contour over its subinterval, is doubly logarithmic, as shown
in previous works [159]. We omit this result here and include only the novel, early time

behavior.
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Figure 3.7: The quarter chain entanglement entropy for early times after a global quench
into the random singlet phase for a system of 200 sites. After an initial linear increase,
the entropy grows approximately as a power law before transitioning to a sub-logarithmic
regime at very long times (not depicted). The numerical results (dots) are averaged over
5000 disorder realizations. The analytic estimate for the entanglement entropy is displayed as
blue line. We fit using S5 = 0.1972. The analytic estimates derived from the quasi-particle
picture show excellent agreement with the numerics.

3.7 Discussion

In this chapter, we have introduced an entanglement contour for generic 1+1d systems and
proposed a generalization to arbitrary dimensions and entangling surface geometries for holo-
graphic CFT's using the notion of bit threads. We emphasize that the entanglement contour,
as specified by the five requirements, is generically a non-unique quantity, and our proposed
form of the contour selects one particular contour function out of a possibly infinite number.
States whose entanglement structure is purely bipartite (e.g. a completely dimerized state)
are the only ones with a unique entanglement contour. We have found that the entangle-
ment contour is particularly enlightening when studying dynamical situations and clarifies
the physical picture associated to the entanglement tsunami. We argue that the tsunami
velocity is the velocity of nonlocal entanglement growth for an interval while the contour

velocity captures the real-space velocity of entanglement propagation in real space. It may

86



be fascinating to study higher dimensional quantum quenches to determine how the contour
velocity is affected. A covariant description of bit threads will play a key role. Furthermore,
generalizations to higher curvature gravity (a la [162]), gauge theories, and tensor network
states other than MERA are exciting avenues for understanding quantum entanglement at
an even finer-grained level. Indeed, a “negativity contour” was fully developed soon after
the work in this chapter was done [113]. Hopefully, this will lead to further insights about

the fine-grained structure of quantum entanglement.
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CHAPTER 4
MULTIPARTITE OPERATOR ENTANGLEMENT IN
NON-THERMALIZING SYSTEMS

In the previous chapter, we explored the entanglement contour and used it to probe the
spatial evolution of entanglement in MBL, among other systems. Computing the entangle-
ment contour after a quantum quench of course requires choosing an initial state. Since it is
possible to choose spurious or unrepresentative initial states that will not reveal much about
the dynamics of the system in question, it is worthwhile to look for state-independent probes
of entanglement and classical correlations. To this end, we will introduce operator entan-
glement, which seeks to quantify the intrinsic ability of a quantum system’s Hamiltonian to
spread information, without reference to a particular state. After defining several operator
entanglement measures, we review prior results comparing chaotic and free systems from the
perspective of operator entanglement. Finally, we present results for multipartite operator
mutual information and negativity — measures of scrambling — in an MBL system, finding
that quantum information spreading is suppressed relative to total information spreading.

The work in this chapter was derived from [98].

4.1 Defining Operator Entanglement

To define the operator entanglement [163], we first map the time evolution operator, U(t), to
a state in a doubled Hilbert space, H1 ® Ho, under the channel-state duality [164, 165]. We

can do this by first explicitly expanding the time evolution operator in its energy eigenbasis:

U(t) = e tH? Z i) (i| . (4.1)
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We can then dualize the bra vector to define the state
U(t)) = Ne "IN i), [i%) (4.2)
7

where we take the CPT conjugate and N is a normalization factor. The Hamiltonian acts
only on the first copy of the Hilbert space. We then compute entanglement measures within
this state as we would in any other state. Throughout this chapter, we let A be a subsystem
in the “input” Hilbert space, H1, and B, C' be subsystems in the “output” Hilbert space,
Ho, with B U C = Hs. Using this partitioning, we can compute the bipartite operator
mutual information (BOMI) using the standard definition of mutual information in terms of

operator entanglement entropies
I(A,B)=S(A)+S(B)— S(AUB), (4.3)
and tripartite operator mutual information (TOMI) by a taking linear combination of BOMIs
I3(A,B,C)=1(A,B)+I1(A,C)—-I(A,BUC). (4.4)

The TOMI is symmetric about the three regions and diagnoses the extent to which informa-
tion is delocalized in the quantum channel [166]. More specifically, the first two terms reveal
the amount of total information from region A accessible by measurements in either region
B or C, respectively. The third term is the amount of information from the input subsystem
A that can only be accessed by non-local measurements in the total output system B U C
— initially localized information that has been spatially spread out. Therefore, negative
values of I3 indicate that most of A’s information has been delocalized, and that it cannot
be accessed by separate measurements in B or C.

One disadvantage of the mutual information is that it is sensitive to both quantum and
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classical correlations, as discussed in 1.3.1. To attempt to isolate the quantum information
that is scrambled, we compute bipartite operator logarithmic negativity (BOLN) i.e. the
logarithmic negativity, £(A, B) = log(|pﬁ%|1), in the operator state. In analogy to TOMI,

we also study the tripartite operator logarithmic negativity (TOLN)
E(A:B,C)=E(A,B)+E(A,C)—-E(A,BUCQC). (4.5)

The TOLN characterizes the amount of purely quantum information scrambled by the quan-
tum channel. Negative values of TOLN indicate information delocalization similarly to those

of TOMI.

4.2 Operator Entanglement in Example Systems

To build some intuition for operator entanglement, we will present two extreme examples of
its behavior. First, we will BOMI and TOMI in a free fermionic system, which — though
it spreads bipartite entanglement — is manifestly non-scrambling. On the other extreme,
we will present similar results from a holographic CF'T, which we use as a paradigm of a
strongly interacting system. Here we find maximal scrambling, as demonstrated by negative

values of TOMI.

4.2.1 Free Fermions

The behavior of operator entanglement in free systems can be intuited using the quasiparticle
picture [2]. We can compute it explicitly using free fermions (see Appendix A for details).
In a symmetric configuration of input A and output B subsystems (where they overlap in
space, but B is larger), we see that the BOMI of A and B decreases from an initial maximum
according to the quasiparticle velocities. We can see this in Fig. 4.1.

Applying the same quasiparticle analysis to other BOMI configurations, one finds that
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Figure 4.1: Bipartite operator mutual information for symmetric input and output subregions
(i.e. the same spatial subregions) for a ¢ = 1 free-fermion CFT. Figure from [2], reused with
permission of the author.

the tripartite operator mutual information for free fermions is identically zero. Indeed, any
free system — or more generally, any system with localized quasiparticles — yields trivial

TOMI, as both classical and quantum information travel in discrete packets and do not

delocalize.

4.2.2  Holographic CFTs

On the other end of the scrambling spectrum, we have holographic CFTs, which strongly
delocalize information. One can use the Ryu-Takayanagi (RT) formula to compute BOMI
and TOMI in these systems to see this scrambling. In Fig. 4.1, we see that BOMI begins to
decrease immediately.

Using the RT formula to compute TOMI for a holographic CFT, we see that it saturates
to a maximally negative value in a time linear in the subsystem size. This indicates the

maximum possible scrambling of classical and quantum information (at least asymptotically).
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Figure 4.2: BOMI for different symmetric and antisymmetric subsystem configurations for
a ¢ > 1 holographic CFT. Figure from [2], reused with permission of the author.
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Figure 4.3: TOMI for different symmetric and antisymmetric subsystem configurations for
a ¢ > 1 holographic CFT. Figure from [2], reused with permission of the author.
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4.3 Operator Entanglement in MBL

Now that we have seen two extreme cases of BOMI and TOMI, we will look at MBL, whose
ability to spread information lies somewhere in between a free system and the holographic
CFT. We will use the LIOM basis to compute operator mutual information for a MBL

system. We start with the following Hamiltonian,

Hrijom = — Zhiaf - Z Jg)a Z kaa 02,
7

1<j <j<k

where we have truncated terms beyond third order. In the LIOM basis, the time evolution

operator for a chain of N spins is

U — Ze_itHLIOM(S)Lﬂ sy st syl
{s}

Hrrom (s Zh s; — Z SZS]‘ — Z jkszs]sk, (4.6)

1<j <j<k
where > (s} is a sum over all 2V classical spin configurations. Since U is already diagonal
in the LIOM basis, and we can replace the Pauli operators in the Hamiltonian with classical
spin values. To compute operator entanglement measures we use the channel-state duality
to obtain the U operator state, and then we take the outer product to get the density matrix

of the doubled Hilbert space state

pU = Z ctHriom (s)—Hprom (s “Sl sn)(sh - syl (4.7)
{sh{s"}

where |sq---spy) labels collectively spin configurations in the input and output Hilbert

spaces, for brevity. We can go further by subdividing the input and output Hilbert spaces
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Figure 4.4: TOMI (left) and TOLN (right) for the Hyjops for a system of 12 input and
12 output qubits for various subinterval sizes. Note the logarithmic timescale and the slow
saturation of both quantities, and the larger (negative) magnitude of TOMI compared to
TOLN, indicating a reduced spread of quantum vs. classical information.

into intervals A, D and B, C, respectively:

pp= 3 elHuomG)=Hion | (6} o (syp, (st {s3p) {5} a, {5 3o {5 o {5} ).
{s}.{s'}

We choose A and B to be of the same size and position in their respective Hilbert spaces.
To obtain a reduced density matrix for the operator state — for example for AU B — we

can trace out C U D

pan= o xetltuoulasmscon) tuoutiusysconll|{s) 4, {s)5) ({5}, {5} ol
{s}a{s}B.{s'}Ya.{s'}B {s}c.{s}p

(4.8)
By performing the sums over s¢ and sp to calculate the matrix elements of pap, we can avoid
directly storing and tracing over a 22V x 22N matrix, and instead deal with, at most, a 2V x 2V
matrix. This is not a dramatic decrease in numerical overhead, but it allows us to (nearly) double
the size of the system in question when computing operator entanglement measures, as compared
to directly performing the partial trace over the full operator state density matrix.

We find slow scrambling in the tripartite operator mutual information and tripartite operator

logarithmic negativity as seen in Fig. 4.4. Like many other observables in MBL, the values of
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TOMI and TOLN take an exponentially long time to saturate. While a significant portion of
the information in the input channel is delocalized under time evolution, the Haar random values
of TOMI and TOLN are never reached!. Intriguingly, it appears that the scrambled quantum
information (TOLN) may scale differently with system size than the total information (TOMI). In
Fig. 4.5, we show the saturated values of TOMI and TOLN as a function of input interval size for
our 12 site chain.

While TOMI scales at or near a volume law (up until half the system size), the magnitude
of TOLN is smaller, suggesting the possibility of sub-volume law scaling, and indicating that the
spreading of quantum correlations is suppressed compared to total correlations. By “total”, we are
referring to both the quantum and classical (thermal) correlations to which mutual information
is sensitive? (see e.g. Ref. [18]). To the best of our knowledge, this is a new phenomenon that
might be useful in characterizing the quasi-thermal, late-time state. It would be very interesting to
further distinguish this late-time state from conventionally scrambled states. Given the small scales
of our numerics, these signatures of novel scrambling behavior may be experimentally accessible
in Noisy Intermediate-Scale Quantum (NISQ) devices [170] where protocols for preparation of the

thermofield double state (4.2) are being developed [171].

4.4 Discussion

In this chapter we have introduced the notion of operator entanglement as a state-independent
means of assessing a Hamiltonian’s ability to spread entanglement and classical correlations. After
reviewing the behavior of operator mutual information in both free and holographic CFTs, we
computed TOMI and TOLN in the MBL LIOM effective model. The results indicated an interesting
pattern of behavior, where both quantites saturate very slowly — exponentially slowly in the system

size — and where at long times TOMI and TOLN seem to saturate to qualitatively different spatial

1. See Ref. [167] for discussion on more quantum systems that scramble non-maximally. We also note that
bipartite operator entanglement measures have previously been been studied in MBL systems [144, 168].

2. See Ref. [169] for an interesting comparison between mutual information and negativity in MBL eigen-
states.

95



3.0

2o — |I3]

20

&3]

1 2 3 4 5

Figure 4.5: Late time saturation values of TOMI and TOLN for the 12 qubit MBL chain,
calculated using LIOMs. The saturation values of TOMI fit well to the volume law I3(L 4) =
log(2)L 4, while the TOLN values grow more slowly in magnitude with system size, indicating
suppressed delocalization of quantum information.

profiles. It would be interesting to perform the same analysis using larger scale numerics via matrix

product operator methods, to see if this pattern persists.
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CHAPTER 5
REALIZING ENTANGLED QUANTUM STATES ON
NEAR-TERM QUANTUM DEVICES

So far in this thesis we have introduced different measures of entanglement and used them to probe
many-body quantum systems with unusual patterns of entanglement. Much of this work has come
at a fortuitous time, as noisy intermediate-scale quantum (NISQ) devices are beginning to become
easily accessible, and are steadily growing in size and quality. This new technology should allow for
unprecedented control over the simulation of large many-body quantum systems. In this chapter
we put forward a method to increase the size of 2D lattice systems that can be simulated on a NISQ
device by taking advantage of tensor networks. Although we do not compute any entanglement
measures here, we introduce a method that will allow for the probing of entanglement in many-
body quantum states on near-term quantum computers. We also provide a proof of concept of the

method using the Honeywell trapped-ion device. The work in this chapter was derived from [172].

5.1 Introduction

As the number of qubits offered by modern universal quantum computers remains relatively small,
it is advantageous to make greater use of the available quantum resources by measuring and reusing
qubits. Such capability has recently become available on some quantum processors [173], allow-
ing one to simulate quantum systems consisting of more qubits than are present on the physical
device. Several recent works have taken this approach, simulating both static and dynamical one-
dimensional (1D) matrix product states (MPS) of quasi-infinite length using a constant number
of qubits [174-176]. Since most physical quantum states of interest are not maximally entangled,
it should not be necessary to use N qubits to simulate most relevant N-qubit states. Instead, we
propose an adaptation of existing tensor network ansétze, which are designed to efficiently represent
many-body quantum states on classical computers by exploiting their entanglement structure [1].

Here we take an approach similar to the one used for MPS in [174-176], but with 2D tensor

networks. Specifically, we map a subset of projected entangled pair states (PEPs) tensor networks
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— which represent 2D quantum states on a square lattice — to a quantum circuit, and run the
resulting circuit on a trapped-ion quantum device. By measuring and reusing qubits, as well as
imposing some constraints on the PEPs tensors, we are able to map an N x M PEPs state to a
circuit on O(N log x) qubits, where x is the bond dimension, rather than O(N x M) qubits, as the
direct mapping would entail. The resulting circuit allows for measurement of arbitrary observables
in the PEPs state, without resorting to approximations. Although PEPs tensor networks achieve
significant compression, they are not efficiently contractible on classical computers [177], and their
utility as a numerical tool has thus been limited. By outsourcing the contraction problem to a
quantum computer, we can exactly probe the physics of larger 2D PEPs states than we could on a
classical computer alone.

In this article, we first summarize in Section 5.2 the experiment we ran on the Honeywell System
Model H1-1 trapped-ion device [173, 178], one of a handful of available quantum processors with
mid-circuit measure-and-reuse capability. Here, we map a PEPs representation of the topologically-
ordered ground state of the Wen plaquette model to a quantum circuit, achieving a compression
of 9 qubits to 5. We then measure a non-trivial loop observable at various values of a magnetic
field perturbation, and compare the results from the ion trap to the classically-contracted tensor
network and to exact diagonalization. This allows us to probe the effects of device noise on the
computed values of the observable, to establish the feasibility of our approach for larger system
sizes. In Section 5.3, we provide more details about the mapping from PEPs tensor networks to
quantum circuits, comparing our approach with that from the recent work [179]. Finally, we close

with a discussion of the results and potential future work.

5.2 Summary of Experiment

To demonstrate the practicality of our mapping using an existing quantum device, we map a 9-qubit
PEPs tensor network with bond dimension xy = 2 onto a 5-qubit quantum circuit, with mid-circuit
measurements acting as the physical indices of the tensors. A cartoon of the mapping is depicted
in Fig. 5.1.

After optimizing the tensor network (on a classical computer) to reproduce the ground state of
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a topologically nontrivial Hamiltonian, we compute expectation values of observables in this state
by executing the corresponding circuit on the Honeywell System Model H1-1 trapped-ion device.
With the resulting data, we then compare the experimental results to exact and tensor network

numerical results for these observables.

Figure 5.1: On the left is the 5-qubit circuit corresponding to the 9-qubit PEPs tensor
network shown on the right. All qubits are initialized to the zero state at the top of the
circuit. The vertical lines truncated by horizontal bars are physical sites and correspond to
mid-circuit measurements in the circuit. Dotted lines correspond to qubits in the zero state.
After a qubit is measured mid-circuit, it is reset to the zero state.

Our task consists of finding the PEPs representation of the ground state of a particular Hamilto-
nian, mapping that PEPs to a circuit, and using the circuit to compute non-local order parameters

that indicate the phase of the ground state.

5.2.1 Tensor Parameterization and Optimization

We study the Wen plaquette model [180]:

_ x Y x Yy
Ho = — E 9i 9it2%i+a+9% i+ (5.1)
i€ sites

where i + & and ¢ 4 ¢ indicate neighboring sites to the site ¢ in the  and y directions, respectively.

This model’s fourfold degenerate ground states (on the plane with open boundary conditions)
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possess Zo topological order, which can be diagnosed by measuring a number of different loop
operators. Since our 9-site lattice has a boundary, we use the following boundary order parameter
(described in [181]) to detect topological order:

O = olo305050805050§. (5.2)

This is a closed-loop around the boundary of the square lattice. This operator can be obtained by
taking a product of the four plaquette operators in our Hamiltonian. In the perfectly topologically-
ordered ground states of (5.1), we have \(O>\ = 1. We introduce the following magnetic field term,

as in [180], to break the topological order:

Huyag =—g Y (0F + 0¥ +07) (5.3)

icsites
Our full Hamiltonian is thus H = Hy + Hpae. As we increase g, the magnetic field strength,
the topological order breaks down and |(O)| — 0. The exact values of [(O)] for g € [0,1.2] are
represented by the blue line in Fig. 5.3.

With the Hamiltonian in hand, we must first find a PEPs tensor network that approximates
the ground state of the system for various values of the magnetic field strength g. To parameterize
the tensors to be optimized, we start with the unitary circuit elements as depicted on the left-hand
side of Fig. 5.1. The 2-qubit unitaries in the circuit consist of a single Mglmer-Sgrensen (MS)
entangling gate [182] abutted by a 3-parameter SU(2) gate on each incoming and outgoing rail (see
Fig. 5.2). Thus, the 2-qubit unitaries each contain 12 parameters. The 3-qubit unitaries in our
circuit consist of two staggered 2-qubit unitaries, and thus contain 24 parameters (though only 21
independent parameters).

The unitary operators are then mapped to tensors by contracting their appropriate auxiliary
bonds with the |0) state (depicted by dotted lines in Fig. 5.1). For the final row, we perform two
successive singular value decompositions on the final 3-qubit unitary to yield the tensors numbered

7, 8, and 9, respectively. The use of a single MS gate in our unitary parameterization ensures that

the bond dimension of the resulting tensors is no greater than 2, as desired. It is worth noting that

100



Uz»qubit =

Uz—qubit

Ug—qubit = |

Uz—qubit

Figure 5.2: The decomposition of the two and three qubit gates used to parameterize the
PEPs circuit. The 2-qubit gate consists of a single Mglmer-Sgrensen gate [3] surrounded
by an IBM-type Us rotation [4] on each input and output rail. Each Us gate contains 3
parameters, giving Us_g,p;¢ & total of 12 parameters. Meanwhile, Us_,p;¢, which consists
of two, staggered Us_ 51 gates, contains 21 independent parameters.

many of the parameters in the unitary parameterization of the circuit are redundant, as contracting
some of the input bonds of these unitaries reduces the effective rank of the resulting map. This is
not a major concern when we are optimizing small numbers of parameters (144 in this case), but a
less redundant parameterization may be necessary for efficient optimization of parameters in larger
circuits.

Once we have mapped the parameterized unitaries to tensors, we can contract them into a 3 x 3
square lattice PEPs pattern, as seen on the right panel in Fig. 5.1. This is now the parameterized
state [1)(0)), where 0 are the 144 parameters of the circuit. We then minimize the expectation value
of the Hamiltonian to find the tensor network approximation of the ground state for a particular

value of g |GSTN(9))

(¥ (6)|H(g)[v(8))
(1(6)]4(9))

We use the NLopt [183] implementation of COBYLA [184] to perform this optimization.

|GSTN(9)) = [¥(8y)), 85 = arggﬂin (5.4)
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5.2.2  FExperimental Results

The values of (O) for the tensor approximations of |GS(g)) for ¢ = {0,0.1,0.2,0.4,0.6,1.0} are
depicted as green dots in Fig. 5.3. These values of the order parameter are not identical to the
exact values (blue curve), due to the limited bond dimension of the tensor network. They are,
however, close enough to the exact values to distinguish between topological and trivial phases for

very high or very low values of g.
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Figure 5.3: Values of the loop observable (5.2) for various values of the magnetic field
strength, g. The blue curve indicates the results from exact diagonalization of the Hamilto-
nian. The green dots are the values of the observable for the tensor network approximation
of the ground state (without noise). The orange dots are the experimental results, each cor-
responding to 1000 shots of the PEPs circuit on the Honeywell System Model H1-1 device.
The error bars on the orange dots correspond to statistical error.

The effects of the noise from the System Model H1-1 device are evident in the experimental
results (orange points). The experiment consisted of 1000 shots of the PEPs circuit for each
separate value of g. The error bars on the orange dots are purely from the statistical error from
measurements. The error bars are relatively small, so the orange dots provide good data on the

effects of noise on the circuit. Overall, the noise has the effect of dampening the values of the

102



loop observable. This effect is more pronounced the larger the expected values of the observable
are. At g = 0, for example, where <O> is exactly 1, the results from our circuit yield <O> ~ (.88,
which, absent exact results, serves as a strong indication of topological order. As the strength of
the magnetic field g is increased, the measured values of the observable follow the exact tensor
network values very closely, and clearly exhibit the transition from topological order to trivial,
ferromagnetic order, providing at least a fuzzy phase boundary. The topological order appears to
be broken by the time g reaches the value 1.

The quality of the results for our loop observable indicates that our experiment could potentially

by scaled up to larger lattice sizes and still yield useful results on existing quantum hardware.

5.3 Mapping Tensor Networks to Quantum Channels

Unlike matrix product states, PEPs tensor networks have no intrinsic ordering that would allow
them to be easily mapped to a quantum circuit. Thus, before defining a map from tensors to
unitary operators, we must choose an ordering of the contraction of the PEPs tensors that will
allow us to construct a quantum circuit. Moreover, we would like to find an ordering that will yield
a qubit-efficient mapping from PEPs networks to quantum circuits. Ideally, we want to make use of
mid-circuit measurement and reset so that our circuit contains fewer qubits than are present in the
corresponding PEPs state, along the lines of the “holographic” simulation of MPS tensor networks
employed in [174-176]. To this end, we order the PEPs tensor network in a zig-zag pattern, as
depicted in Fig. 5.5. The incoming and outgoing arrows on the physical and virtual bonds of a
tensor indicate the flow of time, and correspond to the input and output indices of a unitary circuit
element, respectively.

Tensors that have more output than input indices can be supplemented with additional input
indices (which will be fixed to the |0) state) in order to embed them in a unitary matrix. For
example, the tensor numbered 1 in Fig. 5.5 contains three output and zero input bonds. Two of
the output bonds are virtual bonds, each of bond dimension x and will thus require Ng = [log, x|
qubits as virtual qubits in a corresponding unitary. Thus, a corresponding unitary operator is a

2Np + 1 qubit unitary with all of its input qubits initialized in the |0) state. Similarly, tensor 3 will
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Figure 5.4: A mapping of tensors 1 and 3, respectively, from the causally-ordered tensor
network depicted in Fig. 5.1 to unitary operators containing auxiliary input legs, which are
always initialized to the zero state. For the unitary operators on the right and side, time
flows from top to bottom.

be mapped to a unitary operator on Np+ 1 qubits, with one of the input qubits set to |0) — Np of
the qubits in the unitary correspond to the virtual bonds, while the additional qubit corresponds
to the physical bond. Diagrammatic examples of this supplementation of bonds can be seen in Fig.
5.4. It is important to note that all supplementary bonds are input bonds. This allows the input
qubits to these bonds to be deterministically set to |0) before the execution of the unitary gate.
This allows us to avoid post-selection, an issue that would arise with output bonds that must be
set to |0).

With this zig-zag causal ordering in place, we can map PEPs tensor networks on rectangular
lattices of size N x M for arbitrary M with bond dimension y = 2VB to quantum circuits on

Nq = (N +1) x Ng + 1 qubits. This becomes qubit-efficient, that is Ng < N x M, when

M > Kl—%&) NB+JH, (5.5)

or, in terms of the number of bond qubits,

(5.6)

NB<{N><M—1J.

N +1
For example, for a 3 x 3 square lattice, we must have a bond dimension of 2 or lower for our circuit to
be qubit-efficient. For a general N x N square lattice, the circuit is qubit-efficient if Ng < (N —1).
Thus, for a given bond dimension, the circuit mapping becomes more qubit-efficient as we increase

the size of the lattice.
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Figure 5.5: The zig-zag causal pattern used to map a PEPs tensor network onto a quantum
circuit, depicted for a 4 x 5 qubit rectangular lattice. When mapping to unitary circuit
elements, time runs from top to bottom, and physical bonds — indicated by the dangling
lines with orthogonal indicated by dangling lines from tensors with orthogonal crosses —
correspond to mid-circuit measurements followed by qubit resets.
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5.3.1 Parameterizing the PEPs Tensors

One can choose a variety of tensor decomposition methods as a means to parameterize the PEPs
tensor network, and, ultimately, its corresponding quantum channel. In parameterizing tensor 3 in
Figs. 5.1 and 5.4, for example, starting with an arbitrary rank-3 tensor (assuming y = 2 for now),

Tio‘ﬁ (where Roman letters indicate physical bonds and Greek letters indicate virtual bonds and

we use Einstein summation), one can construct a 2-qubit unitary Ujg o such that when one of the

input qubits is set to the zero state (as depicted in Fig. 5.4), we have
Uiﬁ,avé’y,o = UiB,aO = Tiaﬁ' (57)
Once this constraint is in place, we must ensure the unitarity of Ujg o~:

U;a,iﬁUiﬁ,oz'y = 5>\U,cw (5.8)

Uxo.i8Uig,00 = E*A’BTfa = 0xa- (5.9)

This first constraint indicates that the tensors must be isometric in one direction (that is, when we
contract a bond index and a physical index of two tensors, we obtain the identity for the remaining

bond indices). Expanding the second constraint,

Uic.anUav,is = 9jc.ip
= jCaOU&kO,iﬁ + Uj(,alU;Lig
= TjCCVTi*aﬂ + Uj(,alUél,iﬁéjC,iﬁ (5.10)

UicorUsnip = 0jcip — TooT;7. (5.11)

This second constraint allows us to solve for the remaining components of the unitary matrix using

the components of the tensor.
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5.3.2  Comparison with Isometric Tensor Networks

The constraints we impose on the PEPs tensors in order to define a causal structure are related
to those proposed for so-called “isometric tensor networks” (isoTNS) [185]. In that work, the
authors outline a procedure that involves first choosing a site (the “orthogonality center”) in a
2D tensor network on which one wishes to compute the expectation value of a local observable.
The column and row that intersect at this site then become the “orthogonality hypersurface”.
The tensors constituting the complementary regions of this hypersurface are then chosen to be
isometric, with orthogonality to the hypersurfaces defining the “causal order” along which tensor
contractions are isometric. In our zig-zag causal structure, no orthogonality center is specified, and
the direction of isometry is different than that implied by the isoTNS method if we had chosen
the final row of tensors as an orthogonality hypersurface. In our causal order, alternating rows
have alternating causal order, whereas in the isoTNS structure, rows of tensors parallel to the
orthogonality hypersurface have unidirectional causal order.

The disadvantage of the isoTINS approach is that one must select an orthogonality center before
computing an observable, making it inconvenient for computing large or non-local observables, such
as Wilson loops. In a work produced just before the work in this chapter by Slattery and Clark
[179], the authors propose “quantum isometric tensor networks” (qisoTNS), which are very similar,
but not identical to this proposal. In that work, as in this, one does not need to restrict to a selected
orthogonality hypersurface in order to compute an observable. The work by Slattery and Clark
retains the causal structure implied by isoTNS, unlike our zig-zag causal structure, but achieves

similar compression of N x N square lattices to O(N log x) qubit circuits, as our work does.

5.3.8 Mapping the Final Row of Tensors

For the final row of tensors evaluated in the circuit (i.e. tensors 17,18,19, and 20 in Fig. 5.5),
one may either continue the zig-zag pattern employed for the previous rows, or use one large N-
qubit unitary operator to contain all N tensors in the row. In the former case, the mapping from

tensors to unitaries proceeds as outlined in 5.3.1. In the latter case, one can simply contract the
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N tensors of the final row together to form an N-qubit operator, and constrain the tensors such
that this operator is unitary. This is what we have done to parameterize the tensor network in our
experiment, as it slightly reduces the depth of the circuit as compared to the case where we retain

zig-zag ordering in the final row.

5.4 Discussion

In this chapter we demonstrate the possibility of obtaining useful results from a PEPs to quantum
circuit mapping on existing quantum hardware, at least for small system sizes. The obvious next
step is to scale up the system size and determine the point at which device noise washes out the
values of the desired observables and the results are no longer useful as e.g. probes of topological
order. The H1-1 device supports up to 10 qubits, allowing for PEPs tensor networks with bond
dimension 2 of up to 8 x M (for arbitrary M) qubits to be simulated. The utility of the results
and their resilience to noise will vary depending on the system and the measured observables, but
measuring a long range loop order parameter in a topological phase, as we have done in this chapter,
could serve as a fairly sensitive benchmark for the susceptibility of the circuit to noise.

As suggested in [179], it is not exactly clear how expressive PEPs tensor networks with isometric
constraints can be. Clearly, the causal structure imposed by mapping PEPs to a circuit will limit
what correlations can and cannot be present in the system. It may also prevent the exact imposition
of certain spatial symmetries on the system. Whether this limitation can be overcome by simply
increasing the bond dimension, or if this sort of PEPs tensor network is limited to a certain subset of
2D states is an interesting question. One advantage of this construction is the direct access it allows
to the bonds of the PEPs tensor network, which should allow for fairly straightforward computation
of various entanglement measures. It would be very interesting, via direct tomography or some
other method, to use this approach to experimentally measure, e.g. the topological entanglement
entropy in a 2D state [5, 6]. Additionally, it may be interesting to construct an analogous mapping
for non-square lattice tensor network states. More broadly, it is worth asking if and how one could
achieve some sort of quantum advantage using an approach like this. This would likely involve

finding a noise-resilient observable in a specifically-chosen interacting 2D model, and measuring it
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using a quantum circuit of a size that cannot be efficiently classically simulated. Attempting to
construct such a problem would be an interesting and worthwhile project. Regardless, it is likely
that NISQ devices will at least serve as important companions to classical simulation in the study

of strongly-correlated many-body quantum systems in the very near future.
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CHAPTER 6
CONCLUSION AND OUTLOOK

In this thesis, we have surveyed several ways in which entanglement can take on unusual spatial dis-
tributions in quantum systems, both static and dynamical. Though it is unsurprising that a change
in background geometry will affect the correlations in a quantum state, we have observed how dra-
matic these changes to entanglement structure can be. Moreover, we have presented a general way
to compute the entanglement entropy — and related quantities — by choosing an appropriately
curved cutoff in the bulk theory corresponding to the holographic CFT. These interesting geometric
changes to entanglement structure motivated further development of the entanglement contour, a
tool that allowed us to probe finer details of a state’s entanglement structure. The entanglement
contour was shown to be particularly well-suited to studying out-of-equilibrium quantum systems,
and we used it to characterize the entanglement dynamics after quantum quenches in several differ-
ent systems, including a many-body-localized system, where a logarithmic entanglement light-cone
appeared to emerge.

Staying on the course of dynamical quantum systems, we sought to better understand how a
many-body-localized system is able to spread entanglement and classical correlations, independent
of the initial quench state. We thus introduced the notion of operator entanglement, providing
several examples of its behavior from previous works. We then presented novel calculations of
tripartite operator mutual information and negativity in MBL. These results revealed that the op-
erator entanglement measures saturate exponentially slowly in the system size, and that the spatial
profiles of the saturated mutual information and negativity appear to be qualitatively different from
each other, indicating a sort of decoupling of classical and quantum correlations that is not seen in
conventional interacting systems.

Finally, we took a slight change of course and presented a method for efficiently simulating
many-body 2D quantum systems on existing quantum computers. Though this work did not
directly involve the calculation of entanglement, methods like it will likely be incredibly useful for
studying entangled quantum matter in the near future.

Further developments to these specific works are alluded to in each of the chapters. More
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broadly, there are many open questions and interesting areas of inquiry in the realm of many-body
quantum entanglement. Among the most difficult is the study of multipartite entanglement. As
mentioned in the introductory chapter, qualitatively different species of entanglement (GHZ, W,
etc.) emerge when more than two qubits are present in a system, and there is no systematic
way to fully characterize entanglement in systems larger than a few qubits. Indeed, the task is
already quite formidable in the case of four qubits [186]. While measures of bipartite entanglement
have been used to great success in characterizing quantum phases of matter, further work on
multipartite entanglement could yield new tools for investigating many-body quantum systems.
These tools (if they are easily computable) could provide insights into e.g. topological phases
of matter, thermalization, or ergodicity-breaking that were previously invisible to conventional
entanglement measures. How do GHZ, W, D, and other types of entanglement distribute themselves
in these states?” What physical consequences does this have? A better understanding of multipartite
entanglement could also aid in the design of better resource states for measurement-based quantum
computing [187].

Since generic quantum many-body systems are interacting, we are limited in our ability to
understand them using analytical techniques and classical numerics. Even many tensor network
methods fail when we approach certain interesting domains of physics (e.g. strong disorder). The
emergence of noisy intermediate scale quantum devices provides some hope that a powerful new tool
for understanding strongly entangled quantum matter is on the horizon. With sufficiently low noise,
and sufficiently many qubits, it should be possible in the very near future to answer questions about
strongly interacting quantum systems that were previously inaccessible to standard methods. We
hope to see the formation of a positive feedback loop between the knowledge gained from studying
quantum entanglement and the development and use of new quantum devices for further probing

highly entangled quantum systems.
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APPENDIX A

OPERATOR ENTANGLEMENT AND NEGATIVITY FOR

FREE FERMIONS

In this appendix, we present a review of how to compute operator entanglement measures for free

fermion systems using the correlator method.

We wish to compute the operator mutual information for the following state
Us(t)) = e~ IH112) | TR )

for a free fermion Hamiltonian with no superconducting terms

L
H= Z H,-’jc;-rcj.
1,7=1

We can diagonalize this Hamiltonian with a unitary matrix U, so H = UDU:

H = Uy, Dy UlTjCj = Y Dty = extp iy
\-v-/ \,—/
Ed)}; =iy

We then write down the thermofield double state with the fermions in the diagonal basis.

1 B .t
TFDg) — —— ( e BeRviy |y | )
105 = TT(S i) )

i

= LI ( el .
k

(A.1)

(A.2)

(A.3)

(A4)

Requiring (TFDg| TFDg) = 1 fixes the normalization factor as Z = [], (1 4+ e #¢). The normal-

ized thermofield double state is thus

8
_ ezt 1 ol
ITFDs) = H ( V1 4+ ePer * V1 + ePex wAkak) 10)

k

=cos 0y, =sin 0y,
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and the time evolved operator state becomes

u@) =11 (cos 0 + sin eke—itewgkwgk) 10) . (A.6)
k

We now rewrite the operator state (A.6) by using the holes of the B Hilbert space instead of
the particles because this allows us to use the regular correlation matrix without pairing terms.

Let x Ak, xBr be new fermion operators and consider

H (cos Qkx}fgk + sin erfitekXLQ |O>X
k

= H (cos 01 + sin er_ite’“xgkXBO H Xjfgq 10),, - (A.7)
k q

We now define x ax = YAk, XBk = dJTBk and note |0),, ~ ], x;rgq |0),, because gy |0),, ~ XTBp I, ng 0), =
0, since (x7)2 = 0. The ¢ and x fermions are related by a particle-hole transformation on Hp. The

state (A.7) is already normalized. In terms of the xj; fermions, we have

|U(t)) = H(cos kafgk + sin er_ite’“xjf%) |0) (A.8)
k

where it is understood that [0) = [0), .

Now we compute the correlation matrix

(U@ X [U®) = Sk (UG xpx e [U D)) (A.9)

where we note that if k # &/, X}kXJk’ = _XJk’X}k annihilates |U(t)). Suppose that the product

over the modes in (A.8) is arranged in increasing order. The matrix element for each mode k can

113



be computed from

UM X5x i [U (1) = (0] T] (cos bgx g + sinOge™ @y aq)
>k

XAk)XJ;kXJk

X [(cos 0 X i + sin Oe’tx

X (cos kagk + sin e XLk)]

X H (cos erjgp + sin Gpe*itepxi‘p) |0) (A.10)
p>k
for the four possible values of (I, .J).

The correlation matrix in this basis is thus

(U)X U®) = (A.11)

sin? 6y, sin 0y, cos O ettcx

Okl

—iteg

sin 0y, cos Oe cos? 0y,

The correlation matrix in real space, which we need for the calculation of the entanglement entropy,

is given by

(U] XX [U()) (A.12)
sin? 6y, sin @y, cos fettex
= Z ok , Vi,
k sin @}, cos Oe ek cos? 6,

where a general position space Hamiltonian can be diagonalized through the unitary matrix as,

ﬁ = Z XLHmyXy = Z lexk Dkq VquXy

x’y x7y
xi  €kOkg  Xq

~ Y el (A.13)
k

114



Finally, the Von Neumann entropy is given by

S(t) == () m&a(t) + (1 = &) In(1 = &a(1)], (A.14)

n

where £ (t) are the eigenvalues of the correlation matrix truncated to the entries corresponding to

degrees of freedom in our subsystem.
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APPENDIX B
QUASI-PARTICLES FOR THE RANDOM SINGLET PHASE

The early time entanglement entropy growth for a quantum quench into the random singlet phase
(RSP) is depicted in Fig. 3.7. Qualitatively, we see an initial linear growth, followed by what
appears to be a power law growth, which eventually settles to a very slow, sub-logarithmic growth
at long times. In order to obtain an analytical estimate for the entanglement dynamics, we use
the quasi-particle picture that is applicable to integrable systems [130, 132, 188, 189]. The master

formula is

S(t) o t / dev(e) f(e) + ¢ def(e), (B.1)
lu(e)|t<t lv(e)|t>€

where £ is the length of the interval, v(e) is the velocity of the quasi-particles at energy € and f(¢)
is the entanglement production rate of quasi-particles. In other words, f(¢) is the extent to which
each mode contributes to the entanglement entropy. For this function, we can use the entropy of

each occupied fermionic mode

f(e) = =(1 —n(e))log(1 — n(e)) — n(e) logn(e), (B.2)

where n(e) is the occupation number of each mode after the quench. We use the Fermi-Dirac

distribution
1

n(e) = 1+ oPefre’ (Bg)

which provides an excellent approximation. Here, 3.4 is an effective inverse temperature, deter-
mined by the energy of the initial state.
Using the density of states for the SDRG fixed point, p(¢) [190], we can compute the velocity

of the associated quasi-particles

_ ¢llogel?

p(e)zdk%g S e = (B.4)

The above density of states is quite unusual, though we have verified it numerically, reassuring us
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that we are closely approximating the infinite disorder fixed point. It displays a concentration of low
energy “slow” modes between € = 0 and € = 1. These may be responsible for the long-time growth
of entanglement entropy. It should be emphasized, however, that the above density of states comes
from the fixed point of a real space RG procedure, and is only expected to be valid asymptotically
as € — 0. Using the standard form for the semiclassical particle velocity, v(e) = de(k)/dk| k(o)
which we have done, is also not exactly correct, since the eigenstates of the disordered model
are not labeled by momentum k. Disorder averaging, however, restores approximate translational
symmetry, and the above form of the quasi-particle velocities yields results consistent with numerics.

Combining the ingredients from (B.1)-(B.4), we obtain the integral

t
S(t) x — / dee|loge|® + ¢ de
Po | Jiw(e)|t<e v(e)[t>¢
Be
Bey Bee
X [log(l—{—e ) 1—|—€B€:| (B.5)
To second order in [, the first integral is
t 3 62 2 4
— dee|logel”® (log2 — —— + O(8%) (B.6)
P0 Jiu(e)|t<t 8
which is much easier to deal with. To determine the integration bounds, we solve
log |3t
o(e)t = Hoselt (B.7)
Po

for e > 0. Because v(g) does not increase monotonically with e, there are multiple branches to
the solution: exp [SW_l <_31 {’/E)} , eXp [BW <_31 i’/g)], and exp [SW <i1)) f’/g)] , where Wy () is
the k' branch of the product log or Lambert W-function, and W (z) is the principal branch of
the product log function. The first two solutions are only valid (real) for ¢t > t* = gif, while the
third is valid for all ¢ > 0. Thus, t* is the time at which the slow modes begin to contribute to the
entanglement growth. This set of slow modes makes the dynamics of the RSP markedly different

than that of free fermions.

The second term in (B.5) can be integrated exactly. Taking into account, once again, the
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multiple domains of integration, and imposing an energy cutoff ¢ (which also functions as a velocity
cutoff), we obtain a very complicated and unenlightening expression for the entanglement entropy,

which we omit for brevity, and which we have used to fit the numerical data in Fig. 3.7.
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