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LIST OF FIGURES

The topology of folding pathways at a bifurcation can be changed through a
physical training protocol. (A) Thin creased sheets can fold along distinct folding
pathways that bifurcate from the flat state with outcomes determined by the
spatial force pattern. (B) A 2-d schematic representation of high-dimensional
attractors in the space of force patterns. Each colored region represents one of
the discrete folding outcomes that is realized for all force patterns represented by
that region. Specific attractors can be enlarged, shrunk or eliminated by changing
crease stiffnesses through design or physical learning. (C,D) We model a physical
learning process that changes a crease i’s stiffness x; (about the flat state) based
on its folding strain p;. . . . . . . . L
Eliminating a select folding pathway for a 4-vertex through physical training.
(A) A single 4-vertex has two distinct folding modes (blue, pink). (B) The blue
pathway’s attractor size during a training process in which the 4-vertex is folded
by a fixed force pattern repeatedly. The stiffness x; of each crease, 7, are repre-
sented by four horizontal lines at each time point during training; all x; start at
the same stiffness and decrease according to Eq.2.1. k; are in units of the bulk
modulus of the stiff faces. Crease stiffnesses, x;, become heterogeneous during
training, before becoming homogeneous again upon over-training. (C) Energy
landscape of a sheet at different points during training (¢ is an angular coordi-
nate in 2-dimensional null space; see SI for details). Landscape before training
(circles) and after over-training (pentagons) show two distinct minima; but when
attractor size ~ 1 (squares), pink minimum is eliminated via a saddle-node bifur-
cation. Note in the under-trained regime (triangle), the attractor size is below 1,
but well above the initial value of 0.56 . . . . . . . . . ... ... ...
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2.3

24

Quality and robustness of learning depend on the learning rule. (A,B) For the
sheet with 13 creases shown, we model a family of ‘training rules’ with crease stiff-
ness x; that change with strain p; (which has been normalized and, thus,ranges
from 0 to 1) in a polynomial f(p;) ~ pZN or threshold f(p;) ~ pf\/[/(pf\/[ +17M)
manner. (C) Learning quality (peak attractor size; see D,F) and robustness
(length of training time over which attractor size > 0.80; see D,F) for different
learning rules are explored here. (D) With f(p;) ~ pgN rules, the attractor size of
the desired pathway rises to a peak before falling. The peak attractor size (qual-
ity of learning) increases with N. (E) The stiffness of each of the 13 creases, i, of
the origami are represented by the 13 horizontal lines. They all start out with the
same stiffness and decrease according to the different polynomial learning rules
indicated by the colors of the line. x; are in units of the bulk modulus of the stiff
faces. The polynomial rules also show a regime of over-training where stiffness x;
become homogeneous again as all k; go to zero. The horizontal lines representing
the crease stiffnesses for the different polynomial learning rules are plotted at se-
lect times, so as to avoid the lines of the different polynomial learning rules from
overlapping. (F) Attractor size vs training time for threshold learning rules. (G)
The stiffness of each of the 13 creases, 7, of the origami are represented by the 13
horizontal lines. They all start out with the same stiffness and decrease accord-
ing to the different threshold learning rules indicated by the colors of the line.
r; are in units of the bulk modulus of the stiff faces. Crease heterogeneity grows
with training, and does not decrease (no overtraining) with continued training
for some of the threshold learning rules (orange line).The horizontal lines repre-
senting the crease stiffnesses for the different threshold learning rules are plotted
at select times, so as to avoid the lines of the different threshold learning rules
from overlapping. . . . . . . .. L
Experimental realization of training through epoxy extrusion. (A) (schematic)
We created creased sheets by sandwiching a thin membrane between thick acrylic
sheets that serve as stiff faces; the resulting creases of width w and height h are
filled with epoxy (orange). Folding by angle p before the epoxy sets (the training
period) will extrude epoxy; creases with larger p will extrude more epoxy, resulting
in lower stiffness k after the epoxy sets. (B) A 4-crease vertex with epoxy filled
creases was trained by repeatedly folding along one of the two pathways during
the setting period; folding is repeated along positive and negative components
of the chosen pathway to avoid any directional folding bias in the creases. (C)
Testing: Folding outcomes are determined for folding forces applied at different
locations. The untrained sheet folds along two distinct pathways depending on
location of applied force (pink and blue dots). The trained sheet folds along
only one pathway for all folding forces (blue dots), demonstrating an increased
attractor for the blue pathway. . . . . . . . . ... ...
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Learning to expand a select attractor in a complex sheet. A sheet with 7 creases
and 2 vertices has 4 distinct folding pathways (shown at the bottom). (A) Before
training, three pathways are accessible by forces applied to different locations
shown (circles) or by torques applied to specific creases (stars). (B) The creases
were filled with epoxy and folded back and forth along the yellow pathway as the
epoxy set (the training period). After training, the sheet was ‘tested’ with the
same forces and torques used in (A). All test forces and torques now result in the
yellow pathway, indicating an expanded attractor size for that pathway. . . . . .

Training thin sheets to classify spatial force patterns. a) We consider thin stiff
sheets with creases whose stiffnesses (indicated by thickness of green segments)
can be changed by repeated folding. b) Such sheets can fold in response to a
discrete spatial force pattern F applied on the sheet. To emphasize the high
dimensional nature of F', we draw an analogy between F and an image where the
gray-scale value of each pixel corresponds to the force at a particular location on
the sheet (see Supplementary Note 1). Particular force patterns correspond to
examples of different classes (e.g. cat F%) and dog F?). ¢) An untrained sheet
with uniform stiffness shows random folded responses for different spatial force
patterns. d) By allowing crease stiffness to change in response to strain, we train
the sheet to learn correlation features that distinguish different classes of force
patterns. Consequently, the sheet classifies force patterns by showing one distinct
folded response for each class. . . . . . . . ... ...
Supervised training of thin sheets. a) A sheet with random crease geometry is
folded with a training force pattern F'%, resulting in a folded structure p. The
stiffness k; of each crease i is modified according to a local learning rule; if the
folded structure p is the desired response for F'® as determined by a supervisor,
creases soften in proportion to their folding strain p;. Otherwise, creases stiffen.
b) This rule trains the sheet to perform the desired classification of force patterns.
The untrained sheet shows multiple folded structures in response to force patterns
(2d cross-section of force pattern space shown, with Fy, Fy, F3 three particular
directions in force space, see Supplementary note 1). The trained sheet shows
only two folded responses that mimic the desired mapping of force patterns to
folded structures. . . . . . ... L
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3.4
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Supervised learning of cap-like force distributions. a) We define distributions
Gdog (blue) and Gdog (orange) of force patterns in the space of applied forces
(2d projection shown). 20 training examples (diamonds) are drawn from both
distributions. b) An untrained sheet folds into many distinct folded structures
(different colors) in response to applied force patterns. As training progresses,
most force patterns are classified as either blue or orange according to the cap
they belong to. When over-trained, all force patterns result in only one folded
structure (orange). c) The trained sheet reaches peak performance after ~ 40
epochs of supervised training (i.e., passes through the training examples). The
trained sheet not only classifies the training set correctly (training accuracy),
but generalizes to unseen test force patterns (test accuracy). d) The trained
sheet is highly accurate when classifying force patterns near the center of the
distributions, but less accurate close to the true decision boundary between the
distributions. . . . . . ..
Training increases the variance of crease stiffness across the sheet. a) Untrained
sheets have a homogeneous distribution of crease stiffnesses, while trained sheets
have heterogeneous stiffness profiles (width of green lines). b) As the sheet is
trained, the stiffness of different creases changes to different extents, such that
the variance in stiffness values grows over training time (envelope shows the least
and most stiff creases). c¢) Larger sheets with more creases require smaller variance
in their stiffness values for optimal training. d) An untrained sheet starts with
exponentially many available folded structures. During training, the number
of available folded structures decreases exponentially with increasing stiffness
variance Ak2, allowing the sheet to classify a few distinct classes. . . . . . . ..
Effect of training set size and sheet size on test accuracy. a) With fewer distinct
training examples, training accuracy is high but test accuracy is low (overfit-
ting). Increasing the number of training examples improves test accuracy, at the
expense of training accuracy. b) Sheets with more creases show larger improve-
ments in test accuracy with increasing number training examples, as expected of
complex models with more fitting parameters. c¢) A small untrained sheet (13
creases) shows ~ 10 folded structures (color coded) in response to different force
patterns. A larger sheet (49 creases) sheet shows ~ 400 folded structures instead,
each with smaller attractor regions in the space of force patterns. Consequently,
larger sheets can create more flexible classification surfaces by combining smaller
attractor regions; such complex models with more fitting parameters require more
training examples to avoid overfitting. . . . . . . .. ...
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Training sheets to classify Iris specimens. a) We train a sheet to classify indi-
vidual Iris specimens as one of two species based on petal and sepal lengths and
widths [25]. We translate these four measurements into a spatial pattern of forces
applied to the sheet. b) Folding response of an untrained (28 crease) sheet due
to force patterns derived from the Iris data (shown in every cross section). c)
The sheet is trained using 10 random examples (diamonds) of each species from
the database [25] and then tested on 80 unseen test examples (circles). Matrix
shows the classification of Iris flowers at optimal training of the sheet (91% test
accuracy; mistakes denoted by x). . . .. ..o Lo
Learning is successful even with simplified training rules and experimentally re-
alizable stiffness. a) A sheet (13 crease) trained on the classification problem of
Fig. 3.3, with a simplified, experimentally viable learning rule shown in (c). b)
At peak training, the dynamic range of crease stiffness values is ~ 2, well within
the ranges supported by existing shape memory polymers (red region) [68]. c)
Trained sheet reaches peak accuracy of 80% on test force examples (circles).

Origami Sheets used for training. The size of each sheet is determined by the
number creases. . . . . ... L
Training sheets to fold as desired with different values of the power parameter r
in Eq. 3.11. We observe small differences in the accuracy obtained using different

values of r. Throughout this work we use r = 2, an experimentally viable choice.

Defining force distributions using the force-fold mapping of an origami sheet. a)
Origami sheets with 2 internal vertices support 4 discrete folded structures. b)
Sample force patterns on a 2-sphere show the force-fold mapping (4 color coded
regions). ¢) When some attractor regions are merged (here, blue, yellow and
purple are merged), we obtain an intrinsically 2-dimensional separator surface
between two classes of force patterns. . . . . .. .. ... .. L.
Training a sheet on a force distribution derived from a different sheet. a) Target
classification, a sample distribution derived from a small, 2-vertex origami sheet.
b) The force-fold map of an untrained 13 crease sheet is very different from the
desired mapping. c¢) With training, the accuracy of classification improves and
peaks at 82%. d) The optimally trained sheet has a complex decision boundary
that resembles (but different than) the desired boundary. . . . . ... ... ..
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ABSTRACT

Creased sheets can possess an exponential number of folding pathways accessible from the flat
state. This property poses an engineering challenge in the design of specialized self-folding
origami patterns with one or a few prescribed folding pathways. Hence, an alternative means
to eliminating undesired folding pathways via physical training is sought. Creased sheets are
folded along desired folding pathways and their initially equal crease stiffnesses are allowed
to dynamically evolve according to a local rule dependent on folding strain. It is found that
undesired folding pathways are eliminated in saddle-node bifurcations, leaving behind only
the desired folded pathway. Thus, physical folding, combined with a plasticity rule for crease
stiffness, can naturally arrive at design parameters needed for non-linear behaviors that are
hard to predict otherwise.

This work also explores the capability of mechanical networks to accomplish more com-
plex tasks, like classification of forces. It demonstrates supervised learning in self-folding
origami patterns. Self folding origamis are able to learn from examples through a simple
dynamic physical learning rule. These self-folding origamis were able to identify the different
classes of the iris flowers based on their features, such as the length and width of the petals

and sepals of the flower.
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CHAPTER 1
INTRODUCTION

One of the characteristics of intelligence is the ability to learn. Learning is broadly defined
as the ability of a system to gain new capabilities from experiencing examples of these
capabilities. Learning theory is often studied in the context of “intelligent” systems, be
they biological neural networks or non-biological artificial neural networks [91, 59] While
the mechanistic details of systems in question can differ greatly, there are several aspects
common to any ‘learning’ process.

Take a student in a typical course for example. Students learn from seeing examples of
course materials worked out by a teacher on a blackboard. They take down notes which go
over worked out example problems. Most textbooks teach a course by working out example
problems which serve to guide students on their ability to solve problems which they have
not seen or encountered. Students then go on to test their understanding and newly gained
knowledge by attempting to solve a new problem set which they had hitherto not seen or
experienced. The students are graded for their performance on this test problem set. Based
on their grade on this test problem set, students can evaluate the extent of their newly gained
knowledge, or how well they have learnt a new skill. A low score would require a student to
return back to the course material and go over worked examples attempting to improve their
understanding and knowledge of the course material. After revising over the course material
with a teacher or textbook, they may re-attempt a new set of test problems, to evaluate their
understanding. This cycle of tests on new problem sets and revisions over older problem sets
continue until a pass grade is attained. At that point, the student is judged to have gained
good knowledge of the skill set being learned. This analogy with a student in a classroom
highlights the key elements of learning:

e First, a teacher or textbook exists to guide the student through a worked-out example

problem.



e Second, students previously had no knowledge or capability to solve this problem and
only gained understanding of solving this problem by following through an example problem
and adjusting their initial prejudices, biases, and knowledge. They must be willing to accept
new concepts and ideas as they follow through with the example problem.

e Third, the students test their new understanding/knowledge by attempting to solve
new problem sets which they have not attempted to solve before.

e Fourth, based on their performance on new problem sets, hitherto seen before, students’
knowledge of the new skill to be learnt is evaluated

e Fifth, the student cycles back and forth between revising over old problem sets and
doing new problem sets until a set pass grade is exceeded.

However, while the above analogy has been demonstrated in animate systems like a
student, these same five highlighted themes hallmark learning in inanimate systems like
machines. Machine learning algorithms are characterized by learning from examples called
training data sets (first theme) and evaluating the efficacy of the learning algorithms with
a new data set called the test data set (third theme). A criteria/parameter called a cost
function which measures the performance of the machine learning algorithm on the test
data set is established (fourth theme). This cost function is typically minimized. Unlike
the student whose performance is evaluated by a high grade, here, the learning algorithm
is deemed well trained by a low value of its cost function. Thus, the process of learning
in machines involves the minimization of the cost function. To minimize the cost function,
parameters of the machine learning algorithm are adjusted during the training session when
the machine learns with examples from the training data set (second theme). Just as it
is with the student, the algorithm is cycled between rounds of training and testing till the
cost function is minimized below the set target and the algorithm is deemed to have been
optimally trained.

With the similarities that exist between how animate biological systems like a student in



a classroom learns and an inanimate system like a computer trained for facial recognition, it
seems plausible to wonder if there are universal principles that govern learning irrespective
of whatever type of systems — biological, physical, or chemical — are being trained.

Moreover, of the five highlighted themes, none required the existence of a centralized
“brain” device, that is, a sophisticated computational processing unit to make decisions
based on some defined program. To take it further, if there are universal themes that define
the process of learning, does intelligence, the ability to learn, require the need for “brain
power”, a sophisticated computational processing unit like a human brain or the central
processing unit of a computer?

Can low complexity de-centralized physical systems be capable of performing these five
highlighted themes learn from examples? The answer is yes! Inanimate “simple” systems
without “brain power” are indeed capable of learning new capabilities and skill sets following
the five themes earlier highlighted. In particular, disordered mechanical and electrical sys-
tems like disordered elastic networks, disordered network of electrical resistors and disordered
self-folding origamis have been found to possess properties that enable them to acquire new
capabilities via the five themes of learning earlier highlighted[81, 38, 89, 110]. Disordered
networks/systems have the unique advantage of a plethora of unconstrained and independent
parameters which can be made to evolve during a physical learning session. The disordered
nature of these systems allows each parameter to affect the output of the system without
much constrain, as compared to ordered systems restrained by various symmetries in the
system.

The possibility of disordered mechanical systems to acquire new skills learned from ex-
ample instances of the desired functionality suggests a paradigm shift in the engineering
of new functionalities in materials. Typically, when engineers create a material for a new
functionality, they do this from a first-principle engineering point of view. Engineers calcu-

late the parameters of various material properties and the combinations of these material



properties needed to accomplish a specific functionality. They often account for all scenarios
in their functionality design, with a focus on the limiting or “boundary” cases. By designing

" scenarios/cases, engineers attempt to accommodate for every instance

for these “boundary’
of the desired functionality they hope to accomplish in a material.

After identifying the design constraints, limiting cases, and functionality specifications,
engineers deploy first-principle models based on the physics and chemistry of the material
that they are working with. These first-principle models often involve computationally inten-
sive optimization problems, as the protocol is to search for material parameter values which
satisfy various engineering constrains that encode the desired material functionality. This
approach to engineering materials for new functionalities is what is termed “Material De-
sign.” While this approach results in very precise material functionality, it has the downside
of being computationally intensive and resulting in a static design for theoretically specified
use cases.

On the other hand, the possibility of pristine materials acquiring new material func-
tionalities learned from example instances of these functionalities presents a new paradigm
for material engineering. Note that the material need not be engineered for every instance
of the desired functionality (limiting/” boundary” cases) but rather from examples of the
desired functionality. Lastly, there are no first principle computational models with this
approach. Therefore, from a computational resource point of view, engineering a material
with this approach is computationally cheap. This approach to engineering materials is the
“physical learning” approach to material science. However, this engineering approach has
several pitfalls. Engineering material functionality from a physical learning approach does
not always result in materials with high precision functionalities. Another limitation is that
the material in question must be capable of evolving its properties during the course of a
training section, in which it experiences instance of the material functionality it intends to

learn. These restrictions therefore limit the number of materials that could possibly learn



new functionalities.

Another important difference between the material learning approach and the material
design approach is the concept of locality. In the physical learning approach of material sci-
ence, the untrained materials are subjected to instances of the learned functionality. During
this learning phase, the properties of the material evolve in response to local strains and
stress on the material. This material property evolution powered by local effects on the ma-
terial is the means by which a material adapts new functionalities which it hitherto did not
possess. Thus, one of the hallmarks of physical learning is that it must be local. Moreover,
this evolution of the properties of the material activated by local effects are often described
by simple dynamic equations. Thus, the simulation of the evolution of the material prop-
erties during learning is much simpler to model and study than the optimization problems
encountered in the first-principle engineering approach of material design.

A mechanical system that clearly illustrates the differences between the material design
approach and the physical learning approach of material engineering is that of self-folding
origamis. Origami are a simple mechanical system created from a network of stiff-less creases
and stiff plastic plates circumscribed by these stiff-less creases. These initially flat 2D struc-
tures can be folded into 3D structures. The folding pathways of the flat 2D origami crease
pattern into 3D object relies on the geometry of these crease patterns. It has recently been
shown that certain special crease patterns/geometries result in a one-degree Maxwell of free-
dom system. Such a one degree of freedom origami is self-folding, that is, only the folding
of one crease of the self-folding origami, results in the folding of the other creases in the
origami. These 2D self-folding origamis can fold into different 3D objects, depending on the
set of forces used to fold the self-folding origamis.

Another interesting property of these self-folding origamis is the glassy nature of their
energy landscape. This glassy energy land scape explains why these self-folding origamis are

able to fold into different 3D structures. Each of these 3D structures which these self-folding



origamis fold into represent low-energy configurations of the mechanical system. The glassy
nature of these energy landscape of the origami results in so many folded modes originating
from the flat mode of this self-folding origami. The number of these low-energy modes grows
exponentially with the number of internal vertices/junctures of the crease pattern. These
low-energy modes are also very distinct and discrete from each other. They do not flow into
each other. There is no way to flow from one mode to another mode without first unfolding
the origami from one folded state to the flat state, before consequently folding to a new folded
state. However, the presence of these many low energy modes poses a material functionality
challenge from an engineering point of view. It becomes difficult to fold an origami sheet into
a desired mode without accidentally falling into an unwanted folding pathway that results
in an unintended folded shape. Take for example solar powered satellites. During the travel
from earth to space, the solar panels need to be folded; they unfold when the satellite arrives
its final orbit destination. This is a folding problem that could be solved by engineering the
solar panels into an origami crease pattern with hinges as creases. However, as previously
stated, this raises an engineering challenge, as the solar panel can easily unfold into an
undesired structure due to the numerous low-energy modes of the origami. Therefore, one
would want to engineer a specialized origami sheet such that it only retains a single folding
pathway and other unwanted folding pathways are eliminated. Such a solar panel origami
pattern would be ideal for the space mission operation, as it eliminates the possibility of the
solar panel unfolding into a wrong shape on arriving its destination orbit.

This engineering task to manufacture an origami pattern that only folds into a single 3D
structure presents an ideal scenario to illustrate the differences between the material design
approach and the physical learning approach of material engineering. It is intuitive to expect
that one way to accomplish this is to bias the folding pathway of the origami by incorporating
stiffnesses in the creases of the origami. It has been shown that the incorporation of stiffnesses

in the origami creases can tune the energy landscape resulting in a saddle point bifurcation



which eliminates a lot of the surrounding local minima resulting in a near global minima
energy landscape, which preserves the desired folding mode. Thus, from a materials design
approach, the challenge lies in computing the amount of stiffness to be incorporated in
each of the creases. The computation of these crease stiffnesses turns out to be a non-
polynomial hard problem, which is computationally intensive. An alternative approach, the
physical learning approach to material engineering, will be the subject of this work. In
this work, the engineering via physical learning of a pristine origami crease pattern (which
initially folded into several 3D folded structures) into a specialized origami which folds into
a single 3D structure irrespective of the set of forces applied to fold it, is studied both
computationally and experimentally. The work will be divided into three chapters discussing
both computational simulation results and experimental results of sculpting folding pathways
via physical learning in self folding origamis.

Chapter 2 discusses the theoretical and experimental aspects of physical learning in these
triangulated self-folding origamis. The physical learning algorithm is guided by a simple dy-
namic equation, where the rate of change of the evolution of the stiffnesses on the creases of
the origami is a function of the strain on the creases. The stiffness of the stiff plates of the
origami remains unchanged. Parallels are established between machine learning concepts
and physical learning in these origamis. Attractor-size, a measure of the performance of the
physical learning is defined. This is synonymous to the cost function of machine learning
algorithms. We observe undertrained, optimal trained and overtrained regimes in the phys-
ical learning of these origamis. Other parameters are defined to quantify the quality of the
physical learning. Different physical learning rules — linear, quadratic, cubic and threshold
— are studied and their performance and quality are recorded. This chapter also discusses
the experimental studies of physical learning in disordered self-folding origamis. Single and
two vertex origami crease patterns are constructed. Epoxy is used to provide an evolving

stiffness that responds to the strains of the crease patterns of the origami during the learning



sessions. The origami crease setup filled with a specially prepared epoxy is mounted on a
rotatory platform and trained by folding it into the desired mode repeatedly while rotating
the platform to prevent the epoxy from pouring out of the creases of the origami. After
training, the samples are tested with simple test forces to see how well they have learned.
Chapter 3 discusses the implications of physical learning of self-folding origamis. It
introduces the achievement of supervised learning in self folding origamis via physical learning
rules. In this chapter, the engineering challenge transcends from eliminating all but one
low energy mode to making the origami fold into certain modes depending on the kind of
forces that fold them. Basically, the origami is able to perform a classification exercise, a
significant accomplishment for an unsophisticated mechanical system without “brain power.”
Once again, the training session is guided by dynamic physical learning rules where the rate
of change of crease stiffness is proportional to the strain on the creases. The ability of
dynamic local learning rules to accomplish supervised learning, as opposed to the non-local
approach of gradient descent in machine learning algorithms, is the significant result of this

work.



CHAPTER 2
SCULPTING FOLDING PATHWAYS THROUGH PHYSICAL
LEARNING*

2.1 Introduction

I Metamaterials [63, 90] and smart materials [27] are often designed to show specific behay-
iors. For example, mechanical topological insulators localize response to forces [7, 101] while
elastic networks with allostery communicate deformations over a long range [95, 116, 124].
More complex mechanical structures can show a specific deformation, e.g., a smile-shaped
deformation, in response to a spatially textured pattern of forces [18]. Most commonly,
mechanical systems are rationally designed to show such behaviors by searching parameter
space on a computer [22, 42]. However, an alternate approach explored recently is that of
physical learning [80, 81, 110, 105, 107]: during a period of training, the material is shown
examples of the desired behavior, prompting autonomous changes in the material parameters
that promote the desired behavior. No computers are involved in optimizing the properties
of such a system [23, 123, 106].

Physical learning is a more constrained way of exploring parameter space than optimiza-
tion on a computer. However, an autonomous physical learning process offers the advantage
of learning from real examples of stimuli and response (as opposed to a theoretical specifica-
tion of the problem) and does not rely on an accurate model of the material [122]. Physical
learning might also allow for continual learning of new functionalities in situ, as requirements
change [110]. A major open question is what kinds of local adaptive processes available in
real systems constrain physical learning [80]. Recent work has shown that natural processes
within an EVA foam network can train the network for an auxetic response by simply aging

the material in different configurations [81]. Broader questions remain - what is the impact

1. *Adapted from a manuscript, Arinze et al, to be submitted.
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of different kinds of local learning dynamics on the feasibility and quality of learning?

Here, we explore how the quality of physical learning depends on local adaptive processes
(which we call ‘learning rules’) through theoretical analyses and an experimental demon-
stration. We focus on training a fundamentally non-linear feature in marginal mechanical
systems, a bifurcation point [49, 55, 16, 8, 15, 109]. Mechanical bifurcations occur at degen-
erate configurations from which multiple non-linear zero modes are accessible. Bifurcations
cannot be described by a linear approximation even for small deformations since the energy
vanishes to two leading orders; they correspond to singularities of the energy function with
an excess of linearized zero modes and self-stress states that disappear at next to leading
order.

Bifurcation points can potentially be exploited to create multi-functional systems [105]
and have been studied in the context of mechanical linkages [76, 62, 92] for robotics and
topological meta-materials [15]. However, bifurcations can also make the system hard to
control [56]. For example, folding outcomes at these singularities can be unpredictable and
depend on the precise spatial pattern of forces used [109, 14, 28, 61]. While generic mechani-
cal systems show bifurcations in some parts of configuration space [119, 120, 74], bifurcations
are especially a problem for thin creased sheets because the flat state configuration is nec-
essarily degenerate [109, 14]. In particular, creased thin sheets with nominally 1 degree of
freedom (according to Maxwell counting), often called ‘self-folding origami’, always have a
bifurcation at the flat state that is the meeting point of an exponentially large number of
distinct folding modes. Consequently, such ‘self-folding’ sheets are hard to control at the flat
state (despite the name) since the precise spatial pattern of forces applied will determine the
folding geometry.

We focus on the training of such creased thin sheets [41, 111, 24] to manipulate the
bifurcation point in configuration space (Fig.2.1A); in particular, we seek to increase the

fraction of all force patterns that result in one folding pathway (i.e., attractor size, Fig.2.1B)
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through a physical learning rule - crease softening due to folding (Fig.2.1C, Fig.2.1D). We
find that successful training relies on creating heterogeneity in stiffnesses across the sheet.
However, this heterogeneity can rapidly diminish with further training for some classes of
learning rules while other classes of learning rules, threshold-like in strain, are more robust.
We test some of these ideas with an experimental prototype in which a sheet with epoxy-filled
creases is folded back and forth along one pathway at a bifurcation. Such folding during the
‘training period’ (i.e., before the epoxy sets) extrudes epoxy to different extents in different
creases, creating a heterogeneous system. We test the trained sheet by applying different

forces and find successful training in systems with 4 and 7 creases.

2.2 Results

2.2.1 Training and Stiffness heterogeneity

We begin with a theoretical study of crease patterns made of 4-valent vertices as shown in
Fig.2.1A. Maxwell constraint counting gives this system 1 degree of freedom but in reality,
this structure has two non-linear 1 degree of freedom pathways that meet at a bifurcation at
the flat state [118]. As a toy model of energy near a generic bifurcation, consider E(z,y) =
Az2y? where z,y parameterize deformations of a mechanical system. Motions along z = 0
and y = 0 are true zero energy pathways, staying at zero energy for large deformations.
However, a linearized analysis at (z,y) = (0,0) suggests a 2-dimensional vector space of
zero modes (along with a self-stress state if we had a mechanistic model); further, any small
deformation along z = 0 or y = 0 will reduce the zero mode space to 1 dimension (and
eliminate the self-stress mode). Thus, any linearized analysis will fail to identify the true
zero modes © = 0 and y = 0. On the other hand, any spatial pattern of forces applied to
a 4-vertex [109] at the flat state bifurcation will result in folding along one of the two zero

energy folding pathways.
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The non-linear force-response relationship of disordered mechanical systems at such bi-
furcations can be summarized by an ‘attractor diagram’, shown schematically in Fig.2.1B.
The space is a 2-d schematic representation of high-dimensional space of spatial force pat-
terns. Each colored region represents one of the discrete folding outcomes that is realized
for all force patterns represented by that region. Earlier work has shown that this attractor
structure can be changed by changing the geometry [109, 14], pre-biasing preferred direc-
tions [115, 46, 125] of the sheet, or controlling the relative stiffness of different creases [108].

Typically, solving the inverse problem for attractors requires a complex computer algo-
rithm; for example, Linear or Quadratic Programming algorithms on a computer [108] can
determine crease stiffnesses that eliminate a chosen pathway in a saddle-node bifurcation.
Here, we investigate whether the inverse problem can be solved by the sheet itself through
a natural physical process, with no computers involved.

Throughout this paper, each crease, i, has a ‘crease stiffness’, x; which refers to the
stiffness for the folding strain (or folding angle) about the flat state (i.e., unstrained /unfolded
state) with rest angle maintained at zero; i.e., each crease, i has a folding energy (1/ 2);-@1'/)%
for folding strain p; (see Fig.2.1D) and crease stiffness x;. Thus, this stiffness does not prefer
any folding orientation (p — —p, which is known as mountain-valley symmetry) and only
2

depends on the magnitude of the folding strain/angle of the creases, p;.

In contrast, a creased
sheet of paper develops non-zero rest angles at each crease that breaks the mountain-valley
symmetry (p — —p) at creases and maintains the sheet away from the flat state bifurcation,
without actually reshaping the bifurcation itself [108]. In this work, we focus on the non-
trivial problem of shaping bifurcations, while maintaining mountain-valley symmetry at each
crease, so the trained sheet can still be completely flattened. Consequently, our trained
sheet can symmetrically access either the positive or negative components of a given folding

pathway.

As a first pass, we considered learning rules of the type shown in Fig.2.1C and Fig.2.1D
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Figure 2.1: The topology of folding pathways at a bifurcation can be changed through a
physical training protocol. (A) Thin creased sheets can fold along distinct folding pathways
that bifurcate from the flat state with outcomes determined by the spatial force pattern. (B)
A 2-d schematic representation of high-dimensional attractors in the space of force patterns.
Each colored region represents one of the discrete folding outcomes that is realized for all
force patterns represented by that region. Specific attractors can be enlarged, shrunk or
eliminated by changing crease stiffnesses through design or physical learning. (C,D) We

model a physical learning process that changes a crease i’s stiffness x; (about the flat state)
based on its folding strain p;.
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Figure 2.2: Eliminating a select folding pathway for a 4-vertex through physical training.
(A) A single 4-vertex has two distinct folding modes (blue, pink). (B) The blue pathway’s
attractor size during a training process in which the 4-vertex is folded by a fixed force
pattern repeatedly. The stiffness k; of each crease, 7, are represented by four horizontal lines
at each time point during training; all x; start at the same stiffness and decrease according
to Eq.2.1. k; are in units of the bulk modulus of the stiff faces. Crease stiffnesses, x;, become
heterogeneous during training, before becoming homogeneous again upon over-training. (C)
Energy landscape of a sheet at different points during training (¢ is an angular coordinate
in 2-dimensional null space; see SI for details). Landscape before training (circles) and after
over-training (pentagons) show two distinct minima; but when attractor size ~ 1 (squares),
pink minimum is eliminated via a saddle-node bifurcation. Note in the under-trained regime
(triangle), the attractor size is below 1, but well above the initial value of 0.56
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that softens different creases based on the current folding strain:
dr; /dt = —)\p%/ii. (2.1)

where A, the ‘learning rate’, sets the learning timescale.

As a case study, we begin by applying the above learning rule to 4-vertex shown in
Fig.2.2A; the 4-vertex generically has two distinct folding branches that meet at the flat
state bifurcation[118]. We simulated a training process in which the vertex initially has
creases of equal stiffness H?; the sheet is folded repeatedly (using a spatial pattern of forces)
along the positive and negative components of one of the two pathways at the bifurcation.
The sheet is folded to a configuration of finite strain and the parameters r; are updated
according to learning rule above for a time interval 7. The sheet is then relaxed back to

the flat state and re-folded with the negative of the same pattern of forces and the learning
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process is continued. See SI for parameters. We test the attractor size of each pathway
throughout training; the attractor size is determined by applying a library of 50 randomly
chosen spatial pattern of folding torques to the creases and counting the fraction of folding
torques that result in the chosen folding pathway. We assume that testing does not cause
further changes in the stiffnesses ; in our simulations (though a real system would continue
changing due to testing).

We find that during training, different creases fold to different extents p; in specific ratios
characteristic of the branch we fold along. Consequently, the learning rule Eq.2.1 creates
heterogeneity in the initially homogeneous creases stiffness x;. When crease stiffnesses are
relatively heterogeneous, the attractor size of the chosen pathway increases from an initial
value of 0.56 to nearly 1, i.e., nearly all spatial patterns of forces result in the chosen folding
pathway; see Fig.2.2B. However, further training reduces the heterogeneity in creases as
all stiffnesses approach zero. In this ‘overtrained’ regime, the attractor size of the desired
pathway drops down to 0.56 again, no bigger than for the initial untrained sheet; see Fig.2.2B.

To illustrate the phenomenon of saddle-node bifurcation, we computed the energy of the
origami sheet in different folded configurations, while its crease stiffnesses,x; were evolved
by the learning rule, Eq.2.1. We studied folded configurations within the null space of
the origami’s potential at the flat state. This null space is a 2-dimensional space [108].
We parameterize this null space with the variables r and ¢. We selected a circle (defined
as r = 0.5) in this null space and computed the energies of various folded configurations
represented by points on the circumference of this circle. An energy minimum in this energy
plot (Fig.2.2C) corresponds to the existence of a stable folded configuration. For untrained
sheets, we see two minima corresponding to the two true non-linear folding modes. During
training, the attractor size of one of these true non-linear folding modes is reduced to zero,
as the mode is destroyed in a saddle-node bifurcation. This is illustrated in Fig.2.2C (see

pink line), as the local minimum on the left gradually transforms to a local maximum in the
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course of training. In the overtrained regime, the eliminated mode (local minimum on the
left) reappears and we find that both pathways are accessible in response to some spatial
patterns of forces (See images of the two modes atop Fig.2.2C).

Hence, we find that training can solve an inverse problem for non-linear behavior, namely
that of eliminating one select branch in a saddle-node bifurcation and, thus, changing the
topology of pathways. Further, successful training is correlated with the development of
stiffness heterogeneity (see Fig.2.2B); this observation is an example of a larger principle
that disordered systems can learn because the information must be stored in the trained
degrees of freedom; homogeneous creases cannot store such information. Finally, we find
that this particular training rule is prone to over-training and homogenization of creases if
training is carried on for too long (see Fig.2.2B).

We have found that heterogeneity in the crease stiffnesses stores the learned information
about the desired pathway; but the learning rule that created the desired heterogeneity
also erases that information upon further training. Similar erasure of trained response was
observed in systems like cyclically sheared Brownian suspensions and charge-density wave

conductors [47].

2.2.2  Robustness of different learning rules

Qualitatively, many real materials soften with strain as captured by the learning rule Eq.2.1,
but might differ quantitatively. Different materials will have different learning rules; some
might soften proportionally to their strain or to higher powers of their strain and yet others
might be even more sensitive, softening only for strain above a specific threshold. Other non-
equilibrium systems can show more complex learning, where synaptic weights or learning
degrees of freedom can both strengthen or soften over time; we do not investigate those
cases.

We investigated whether such quantitative differences in material properties might have

16



(A) (B) (D) (F)

o) 1.01 — T=0.58& N=4
T=0.58&N=20

N

‘» 0.81 T=0.1 & N=20
50.6

©

© 0.4

4

e}

00 05 10 V 0.0 ' ‘ 0.0
. 10 1 3 3 P 5 ) 1 3 3 4 5
Fold Angle(p) log1o(Training time) logio(Training time)

~
0
-

s Time Robustness WM Peak Attractor Size (E) 0,020 —— p—

I

(R |
o

o

S

S

|

]
[

|
AR
|

|

|

Training
Performance

0.010 -

o
o
S
G

Threshold=0.5 & N=4  —
Threshold=0.5 & N=20

0.000 uartic e ] 0000| — Threshold=01&N=20 — =

0

Stiffness k;
Stiffness k;

Co0O00oR
oiN» oo
o
[=3
8
&
5
H
g

°
©

S
0\5‘

b4
ER
e,
will ||

s,

/k/\‘\o
Ny
o
A
o
AN
<o
A
%
<
//)@
S0,
Q,

T 2 . .3 4
logio(Training time)

(N

[ 2 3 7
logio(Training time)

2

Figure 2.3: Quality and robustness of learning depend on the learning rule. (A,B) For the
sheet with 13 creases shown, we model a family of ‘training rules’ with crease stiffness x;
that change with strain p; (which has been normalized and, thus,ranges from 0 to 1) in a
polynomial f(p;) ~ pf\f or threshold f(p;) ~ piM / (pfw +TM) manner. (C) Learning quality
(peak attractor size; see D,F') and robustness (length of training time over which attractor
size > 0.80; see D.F) for different learning rules are explored here. (D) With f(p;) ~ pfv
rules, the attractor size of the desired pathway rises to a peak before falling. The peak
attractor size (quality of learning) increases with N. (E) The stiffness of each of the 13
creases, ¢, of the origami are represented by the 13 horizontal lines. They all start out with
the same stiffness and decrease according to the different polynomial learning rules indicated
by the colors of the line. k; are in units of the bulk modulus of the stiff faces. The polynomial
rules also show a regime of over-training where stiffness x; become homogeneous again as
all k; go to zero. The horizontal lines representing the crease stiffnesses for the different
polynomial learning rules are plotted at select times, so as to avoid the lines of the different
polynomial learning rules from overlapping. (F) Attractor size vs training time for threshold
learning rules. (G) The stiffness of each of the 13 creases, i, of the origami are represented
by the 13 horizontal lines. They all start out with the same stiffness and decrease according
to the different threshold learning rules indicated by the colors of the line. x; are in units
of the bulk modulus of the stiff faces. Crease heterogeneity grows with training, and does
not decrease (no overtraining) with continued training for some of the threshold learning
rules (orange line).The horizontal lines representing the crease stiffnesses for the different
threshold learning rules are plotted at select times, so as to avoid the lines of the different
threshold learning rules from overlapping.
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a qualitative effect on the quality and robustness of learning. We considered families of rules
of the type:
dri/dt = =\ (p;)Ki- (2.2)

The first family we considered were different polynomial forms f(p) ~ pV. Note that Eq.2.1
is the case where N=2 (See Fig.2.3A). The second family, defined by a Hill coefficient M,
f(p) ~ pM /) (pM +TM) corresponds to sigmoidal dependence often seen in real systems; small
strains do not cause significant aging or change in stiffness but strains above a characteristic
threshold T cause stiffness changes; further the precise amount of strain does not matter
beyond this threshold T' (See Fig.2.3A).

We trained a larger disordered creased sheet with 13 creases and 4 vertices (See Fig.2.3B);
this sheet had 16 non-linear modes meeting at the flat state bifurcation. We used the
same training protocol as for the single vertex in Fig.2.2: we selected one pathway as the
desired pathway and applied the learning rule as the structure was folded repeatedly into
the positive and negative components of the selected pathway. As earlier, we quantified
successful learning by the attractor size of the desired pathway, i.e., folding the sheet with a
library of 50 random force patterns and computing the fraction of force patterns that result
in a specific folded mode. We assume that stiffnesses do not change during such testing.

Among polynomial learning rules f(p) ~ pN , we found that training rules with higher or-
der polynomials (higher V) resulted in better training. We found a higher peak attractor size
and training was also more robust - learning quality stayed higher for longer (See Fig.2.3C).
However, all polynomial learning rules were still susceptible to overtraining, during which the
crease stiffness heterogeneity was lost (See Fig.2.3D, Fig.2.3E). With threshold-like learning
rules, the over-training problem was nearly eliminated (See Fig.2.3F). We found that creases
that fold less than the threshold T" do not soften at all and hence the learned heterogeneity
in stiffness is maintained over time. However, there is a trade-off; the threshold T' of the

learning rule needs to be within the range of strains experienced during training. If T is
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too large, no training would occur. If T is too small, training will fail to create sufficient

heterogeneity in stiffnesses x; to encode information about the desired mode (See Fig.2.3G).

2.2.83  Experimental demonstration

With these theoretical results in place, we demonstrated these ideas with an experimental
prototype. While many previous works have implemented creased sheets in systems ranging
from graphene on the nanoscale [70] to mylar and cardboard on the mesoscale [87] to solar
panels on satellites [71], these works generally have fixed stiffness in different creases and
thus an inability to learn folding behaviors. We note that paper or cardboard is affected by
folding but typically develops a non-zero rest angle upon folding and is thus likely to fold
in the same way again. But as noted earlier, such a displacement from the bifurcation does
not reshape the bifurcation which still exists if the sheet is forced into the flat state. Here,
we create a prototype that maintains p — —p symmetry at each crease and hence can still
be laid flat after training.

We created a sheet with gullies at creases by sandwiching a Tyvek sheet between acrylic
pieces that were laser cut to serve as stiff faces of a crease pattern. See Fig.2.4A. Conse-
quently, the creases correspond to gullies of width w (set by the gap between adjacent acrylic
pieces) and depth h (set by the thickness of acrylic) on both sides of the sheet. A slow setting
epoxy solution is created from a mixture of epoxy resin and a curing agent in the ratio 1 : 2.
The creases are filled with epoxy on both sides of the sheet; the epoxy takes ~ 60 minutes
to set. See SI for details. During this setting time (the ‘training phase’), the crease is folded
to an angle +p, flattened again and folded to angle —p in the other direction. Such folding
will extrude an amount of epoxy h(p) from the crease gully that depends on the magnitude
of folding |p|. Only epoxy remaining inside the crease determines the stiffness of that crease
at the end of the training phase. Thus, the amount of epoxy extruded h(p) determines the

change in stiffness Ax during training and thus determines the form of the learning rule in
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Eq.2.2. By folding in both directions (£p) during training, we maintain mountain-valley
symmetry and zero rest angles at the crease; consequently, the trained sheet can still be laid
flat. The training protocol is illustrated in Fig.2.4B.

We constructed a vertex with 4 creases (studied theoretically in Fig.2.1), resulting in two
folding modes (pink and blue) shown in Fig.2.4C. Initially, before any epoxy is added, all
creases are free folding. We tested the response of this free folding vertex to forces applied
at different points along the boundary of one of the sectors. We found that forces at 3 of
7 locations leads to the blue folding mode while forces at the 4 locations result in the pink
mode (See Fig.2.4C). Forces applied to all points in the other sectors led to either the blue
or the pink mode. We then filled the creases with slow setting epoxy, marking the start
of the training phase. We folded the vertex into a selected mode (blue) with characteristic
blue

folding angles p:

i ¢ at each crease, reverted to the flat state and folded along the negative

— p?lue of the same blue pathway. We folded until the largest folded crease could

component
not be folded further; in this way, the magnitude of folding is approximately the same along
the positive and negative components of the pathway and over multiple instances of folding
during training. Throughout this training, the vertex was clamped in a vertical configuration
but was rotated periodically to prevent epoxy from flowing out of the creases due to gravity.
We repeated this folding process for 60 minutes, folding back and forth along the positive
and negative components of the blue mode. See SI for details of the experiment.

After the epoxy set, we found that forces at all 7 test locations now lead to the blue mode
as illustrated in Fig.2.4C, showing that the training procedure had modified the flat state
bifurcation, presumably by eliminating the pink branch at a saddle-node bifurcation away
from the flat state [108]. Using a fresh sample, we also successfully repeated the training
process above to retain the pink mode and eliminate the blue mode instead.

To see if the principles behind this simple demonstration are robust enough to work

in more complex disordered systems, we attempted training on a sheet with 7 creases, 2
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Figure 2.4: Experimental realization of training through epoxy extrusion. (A) (schematic)
We created creased sheets by sandwiching a thin membrane between thick acrylic sheets
that serve as stiff faces; the resulting creases of width w and height h are filled with epoxy
(orange). Folding by angle p before the epoxy sets (the training period) will extrude epoxy;
creases with larger p will extrude more epoxy, resulting in lower stiffness s after the epoxy
sets. (B) A 4-crease vertex with epoxy filled creases was trained by repeatedly folding along
one of the two pathways during the setting period; folding is repeated along positive and
negative components of the chosen pathway to avoid any directional folding bias in the
creases. (C) Testing: Folding outcomes are determined for folding forces applied at different
locations. The untrained sheet folds along two distinct pathways depending on location of
applied force (pink and blue dots). The trained sheet folds along only one pathway for all
folding forces (blue dots), demonstrating an increased attractor for the blue pathway.
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Figure 2.5: Learning to expand a select attractor in a complex sheet. A sheet with 7 creases
and 2 vertices has 4 distinct folding pathways (shown at the bottom). (A) Before training,
three pathways are accessible by forces applied to different locations shown (circles) or by
torques applied to specific creases (stars). (B) The creases were filled with epoxy and folded
back and forth along the yellow pathway as the epoxy set (the training period). After
training, the sheet was ‘tested” with the same forces and torques used in (A). All test forces
and torques now result in the yellow pathway, indicating an expanded attractor size for that
pathway.

vertices and thus 4 distinct pathways at the bifurcation; see Fig.2.1A. As shown in Fig.2.5A,
the untrained sheet folds along 3 of those 4 pathways for test forces applied to the center of
different faces with one face held clamped. (The fourth pathway requires torques at specific
creases that cannot be realized by forces at a single face in the clamped configuration we
used.) We filled the creases with epoxy and trained with the same protocol as earlier,
folding along a select pathway (the yellow pathway), flattening the sheet, folding along the
negative branch of that pathway and repeating the process for 60 minutes. After the training
process is completed and the epoxy has set, we tested the sheet with the same test forces
applied to the faces when it was untrained; we now find that all forces lead to folding along
the target yellow pathway as illustrated in Fig.2.5B. Thus, the flat state bifurcation has

been successfully trained to eliminate the other pathways, presumably through saddle-node

bifurcations away from the flat state.
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2.3 Discussion

The study of bifurcations in mechanical systems has attracted attention from mathemati-
cians [45], roboticists [119, 120] and physicists [14, 109, 108]. Most work has focused on
changing the structure of bifurcations by rationally changing parameters such as lengths of
the elements. Our work here shows at least some versions of this design problem can be
solved by changing stiffness of joints through a physical training protocol. Our work further
suggests that bifurcations might be physically trainable in mechanical linkages where the
lengths of elements change according to learning rules; changes in length have been used as
a basis for physical training in other contexts [81, 38, 37, 107].

The experimental demonstration here illustrates how a generic physical process - the
extrusion of material at creases - can naturally implement ‘learning rules’ that confer specific
functionality on the system. Other materials naturally show softening with strain [81],
possibly allowing for the implementation of different functional forms of our learning rules.

The locality of physical learning in mechanical systems contrasts the global nature of most
machine learning algorithm, where learning parameters are non-locally updated (gradient
descent protocols). The training rules are local, softening each crease in response to strain in
that crease. Further, even at the end of training, the learned stiffness in any one crease does
not immediately favor one folding pathway over another. However, creases that meet at a
vertex [87] have non-linear interactions that constrain their relative folding; such interacting
creases are able to collectively learn and encode information about a desired pathway even
if each individual crease does not select a pathway by itself.

While we trained for one attractor to grow and occupy most of the force pattern space, one
can also train a system for multiple attractors [105]. Such training can create a mechanical
pattern recognizer, folding into one configuration in response to one set of force patterns
and a distinct configuration in response to a different set of force patterns. Unlike similar

responsive materials designed on a computer, the learning paradigm here lets structures learn
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in situ from real examples of force patterns [81].

2.4 Supplementary Note

2.4.1 Supplementary Note 1 - Theory

Theoretical Modeling of Self-Folding Sheets

We model creased sheets using energy-based models developed in previous work [41, 112,
87]. We assume that creases have a stiffness modeled by torsional spring elements on each
crease [109, 108, 105]. We briefly review the elements of this model as we build upon this
work to simulate the physical learning of desired folding pathways of self folding origami
sheets.

The energy of thin sheet origami is dominated by face bending governed by mechanical
constraints at the origami vertices. Each vertex contributes 3 constraints on the folding
angles of creases around it [112]. Take a vertex surrounded by N creases denoted with
an index i and each folded to an angle p;. At the flat state, all p; = 0, which trivially
satisfies all mechanical constraints. One can write down an expansion for these 3 non-linear
constraints Ty (p;) [109]. The energy of the folded origami is taken as the sum of squares
of the residues of these constraints Evertex ~ g Tg , which is independently summed over
different vertices [108]. The energy due to the stiffness in the creases is Ecyease,i = %Fdi pZ2 as
discussed in the main text. Thus, the total energy of a folded sheet is the sum of vertex and

stiff crease energies

3
1
2 2
Egheet (pz) = E § Lo+ 5 E Kip; - (2'3)

vevertices a=1 1E€creases

In the learning protocol presented in this work, the crease geometry is fixed and so are

the vertex constraints Tyq. The change in the energy of a folded configuration p; during
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training stems directly from the change in the individual crease stiffness values

db _ OB dri _ 1 pdri

aE _ _ L adki 2.4
it or; dt 2" (24)

Simulated Sheet Folding

Using the energy model described previously, we simulated the folding of the self folding
origami via several numerical folding methods [108].
Origami sheets are numerically folded similarly to the way described in [105]. The folded

sheet’s configurations are initialized at
Ti
Pi0 = P
|73l

by a set of external folding torques (7;) on the creases with p = ||p;|| the folding magnitude,
chosen to be p = 0.5. However, this initialization point is typically not an energy minimum
on the surface of the hyper-sphere of radius p. Thus, we numerically relax the sheet to a local

minimum of Eq.3.7 using MATLAB, subject to a constraint that fixes the folding magnitude

p:

minimize  Egpeet (pi)
Pi (25)
subject to ||p;]| = p.

This protocol mimics the experimental fast folding of origami sheets, and the clamping
of one crease at a specific folded dihedral angle. It was tested and validated in [108]. The
results of this folding protocol are similar to torque based folding of sheets using Newtonian

methods.
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Simulation of Sculpting Folding Pathways Through Physical Learning

Starting with Eq.2.4 above we see that the evolution of the energy landscape and, thus,

folding pathway is driven by % Physical learning is introduced by the dynamic specification

of % defined by various physical learning rules, which are functions of the fold angles of

Teacher

the mode p; , whose attractor size we desire to expand:

dri /dt = =\ f(|p] ) k. (2.6)

Teacher
1

where A, the ‘learning rate’, sets the learning timescale and p is a vector defining
the fold angles of the creases of the desired mode whose attractor size we want to increase.
Note that pzTeaCher is obtained by folding the creases of the origami with an external torque,
FZT eacher a5 described above. We generated the components of FZTeaCher by first randomly
selecting a number from a normal distribution. Next we normalized this vector and used
it to fold the creases of the origami as described above. We checked if the scalar product
between the normalized vector and the resulting normalized folded mode is greater than
0.99. If it is not, we generate another F ZT eacher 1,y selecting another random set of numbers
for its components and check if the new vector and its resulting folded mode have a scalar
product greater than 0.99. If the scalar product is greater than 0.99, then the final resulting

Teacher
FZ .

folded mode is then normalized and assigned to The learning rule is specified

T eacher. We

by f (plTe‘wher) which can be a linear, quadratic or a threshold function of p;
simulated a physical learning process in which the creases initially had a uniform stiffness
Ii? = 0.02 (a unit of stiffness represents the bending modulus of the stiff faces of the origami)
and evolved with a learning rate A = 0.01 per training round. Thus, we have specified not
just a teacher for the physical learning process, F Z-TeaCher, but also a curriculum or learning

Teacher)
i

rule, f(p , for the physical learning process.
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Simulation of Testing Protocol

After each round of training via physical learning as described above, the attractor size of
the desired mode is computed. To calculate the attractor size, a set of an array of test
torques, TestTorqueSet is created. Each element of the set, T'estTorqueSet is defined by
a vector Fiextemal , whose components, Fieftem“l, represent the magnitude of the torque
applied to each crease. Each vector Ff”emal is normalized and used to fold the creases
of the self folding origami sheet as described above. Folding with each external torque,
FZE”@T”“Z, results in a folded mode pf olded  Note that the folded mode vector, sz olded g
Folded

also normalized as well. This folded mode, p;

is compared to the desired mode, pZTeaCher

whose attractor size we seek to increase.

, with the desired mode, p.TeaCh@T

7

Folded

To compare the folded mode, p; , we take the scalar

product between both vectors. If the scalar product between the two vectors is above 0.9,

then we consider the two modes as similar, and one and the same. We count the number

FZ_External Foldedj

of external torques, , in the set TestT'orqueSet, whose folded mode, p; are

considered similar to piTe‘wheT. We then express this count number as a fraction of the
cardinality of the set TestTorqueSet. This fraction defines the attractor size of the desired

mode.

Quality of Learning

Two agents drive the physical learning process: the teacher, FiTe‘wher7 and the curricu-
lum/learning rule, f (pZTe“Cher). We found the kind of teacher selected does not affect the
quality of the physical learning as long as it results in the desired folded mode. Hence,
the quality of learning is determined by the kind of learning rule selected. We quantify the
quality of learning for various learning rules with two parameters: the peak attractor size
attainable and the time robustness of the learning rule. The peak attractor size compares

the maximum attractor size achieved for a desired mode for the different learning rules.
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Meanwhile, the time robustness measures the percentage of the training round for which
the self folding origami is optimally trained (i.e. attractor size is above 0.80). The time

robustness is a measure of the training protocol’s resilience against over-training.

Calculation of Energy Landscape for A Single Vertex Origami

To illustrate the mechanism by which physical learning alters the energy landscape of the self
folding origami via a saddle-node bifurcation, we plotted the energy, Eq.3.7 of the different
folded configurations at several points during the training of the origami. After each round of
training, the stiffnesses in the creases of the single vertex changes and the energy landscape
of the folded configuration space is re-computed.This time-energy landscape plot shows the
elimination of the unwanted folding pathway (mode) via a saddle-node bifurcation, and the
preservation of the desired folding pathway (mode) after several rounds of training. Further

training results in a recovery of the previously eliminated mode.

2.4.2  Supplementary Note 2 - Experiments

Acrylic sheet setup

To create a system naturally capable of learning, we exploited an origami system with fresh
epoxy totally filled into the crease pattern of the origami. This epoxy is extruded from the
creases during the folding of the origami during the training protocol. This results in a final
stiffness (after the epoxy sets) that depends on the amount of folding of each of the creases.
We laser cut origami patterns in acrylic sheets of thickness 1.5mm; crease lines were designed
to have a gap (or width) of 30mm. Test holes of 10mm diameter are laser cut on the acrylic
sheet at various strategic positions (along the circumference of the 90° plate for the single
vertex and on the center of each plate of the two-vertex). Two copies of such acrylic patterns

were each glued to both sides of a sheet of Tyvek.The corresponding plates of the origami
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patterns on each side of the sheet of Tyvek are lined up with each other before the glue
sets. After the glue is set, holes for applying testing forces on the faces of the origami plates
are perforated. The resulting setup has stiff faces (bending stiffness set by acrylic) and soft
creases (stiffness set by the Tyvek sheet). Origami patterns studied were for a single-vertex
and two-vertex. The single vertex has four creases radiating from a single vertex at the center
of the pattern. The creases of this single vertex pattern form sector-angles 150°, 60°, 90°,
and 60°. The two-vertex pattern with a total of 7 creases consists of two internal vertices;
one vertex has the following sector angles 107°, 123°, 82°, and 48°, while the second vertex
is surrounded by sector angles 82°, 54°, 99° and 125°. The two vertices are connected by a
common crease. This connecting crease serves as the boundary dividing the 82° sector plate
from the 48° sector plate of the first vertex, and the 82° sector plate from the 54° sector
plate of the second vertex. The sector angles, crease lengths, and position of the vertices for
both the single-vertex and two-vertex are specified in a PDF file which can be used to laser

cut these patterns.

Epoxy and training

Epoxy Mixture An epoxy solution is made by mixing epoxy resin with its curing agent
in the ratio 1:2. This mixture is stirred for about five minutes and poured into the creases of
the origami pattern on both sides of the assembly. Note, that if the epoxy had been mixed in
the ratio 1:1, upon curing, it would be so stiff that the origami assembly would be difficult to
fold, without destroying the assembly; such epoxy when hardened is also brittle and would
fracture under a bending moment attempting to fold the origami assembly. Hence, we mix
epoxy resin and curing agent in the ratio 1:2, allowing for crease folding upon curing of the

epoxy mixture, without disintegration of the origami assembly.
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Folding of Origami Assembly The origami assembly filled with watery epoxy in its
creases is folded into the desired configuration that is to be trained for. The origami assembly
is trained by folding the assembly back and forth along the positive and negative components
of a desired folding pathway. This cyclic folding between both pairs of the desired mode is
repeated for an hour, during which the epoxy solution begins to cure and is no longer
watery. A simple folding protocol is utilized to fold the origami assembly into the desired
configuration: one of the plates of the origami assembly is fixed while pushing or pulling
on any of the other plates of the origami assembly with a normal force or a turning torque

exerted at a single contact point on any of the non-fixed origami plates.

Training Under Gravity Since the epoxy is still watery during origami training, it needs
to be trained on a rotating platform to avoid epoxy from flowing out of the creases due to
the influence of gravity. The rotating platform consists of two standing laboratory clamps
screwed to the optical table and situated 600mm apart. A rod is horizontally supported
by the claws of the two standing laboratory clamps, but the rod is allowed to freely rotate
within the claws of the clamp. A lab clamp retort is then fixed clamped (allows for no
rotation or slipping) to the rotation-free horizontally placed rod with the claws on one end
of lab clamp retort, while the claws on the other end of the lab clamp retort is clamped to
one of the plates of the origami (the plate fixed during training as previously described).
As one hand is used to exert a normal force or turning torque on one of the free plates of
the origami assembly in order to fold it into the positive and negative components of the
desired mode, the other hand is used to manually turn the rotation-free horizontal rod. This
combined process results in the folding of the origami assembly, while under rotation, and,
thus, prevents the flow of the epoxy solution from the origami’s creases during this training;

while under the influence of gravity.
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Emergence of Crease Stiffness

After training the origami assembly, the origami samples are allowed to further cure and are
left hanging in the lab for a week, allowing the epoxy solution in the creases to harden, thus,

producing an effective stiffness on the creases of the origami.

Testing protocol

The plate of the origami assembly fixed during training is clamped. A 100mm long thread
knotted on one end is passed through each of the testing holes of the origami assembly. The
threads are gently pulled normal to the surface of the origami plate. Upon pulling each
thread in each hole, the origami folds into a given configuration. The resulting configuration
for each pull is recorded. The attractor size of the different folding modes of the origami
assembly is computed. This process is repeated for both the trained and untrained samples
of the origami assembly. The attractor size of the chosen trained mode before and after

training are compared to one another.
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CHAPTER 3
SUPERVISED LEARNING THROUGH PHYSICAL CHANGES
IN MECHANICAL SYSTEMS*

3.1 Introduction

1 Mechanical metamaterials are usually designed to show desired responses to prescribed
forces. In some applications, the desired force-response relationship is hard to specify ex-
actly, but examples of forces and desired responses are easily available. Here we propose a
framework for supervised learning in thin creased sheets that learn the desired force-response
behavior by physically experiencing training examples and then, crucially, respond correctly
(generalize) to previously unseen test forces. During training, we fold the sheet using training
forces, prompting local crease stiffnesses to change in proportion to their experienced strain.
We find that this learning process reshapes non-linearities inherent in folding a sheet so as
to show the correct response for previously unseen test forces. We show the relationship
between training error, test error and sheet size (model complexity) in learning sheets and
compare them to counterparts in machine learning algorithms. Our framework shows how
the rugged energy landscape of disordered mechanical materials can be sculpted to show
desired force-response behaviors by a local physical learning process.

The design of mechanical metamaterials usually assumes that desired force-response prop-
erties are given as a top-down specification. For example, principles of topological protection
can be used to design materials where forces at specific sites lead to localized deforma-
tions [77, 7] while other principles [95] can help communicate that deformation to a specific
distant site. In these examples and many others [78, 51, 50, 86, 108], we rationally optimize
design parameters, e.g., spring constants and geometry, to achieve a specified force-response

relationship.

1. *Adapted from Stern, Arinze et al, PNAS 2020
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A different approach, closely connected to supervised learning in computer science, is
useful when the force-response behavior is too complex to specify in a top-down manner but
it is easy to give examples of the desired behavior. In this learning approach, the emphasis is
on inferring the right force-response relationship from such training examples, with success
evaluated on the ability to extrapolate the relationship to unseen test examples.

In this work, we wish to employ the advances of learning theory but, crucially, perform
the learning outside of the computer, at the level of the physical material itself. This way,
we introduce a physical learning model, able to learn from (adapt to) shown examples and
generalize to novel, unseen examples. The ability to generalize to show the correct response
to novel test examples has fueled the success of machine learning. Such generalization would
also be useful in materials when the use cases are either complex or are not fully known at the
time of design. Consider applications such as Micro-electro-mechanical systems (MEMS),
where a mechanical membrane must either complete or open an electrical circuit by deploying
one of two folding responses A or B in response to two different sets of force patterns S Aor
SB respectively.

Only some examples of the force patterns in the sets SA,SB may be known at the
time of design. Further, the distinction between the force patterns in the sets SA, sB may
not be easily apparent, similarly to how pixel intensity correlations that distinguish images
of cats and dogs are non-trivial. However, much in the way a neural network can learn
correlation features that distinguish cats from dogs by seeing examples, a training procedure
for materials might be able to learn and respond to high-dimensional correlation features
that distinguish force patterns in the sets S Aand §B. Crucially, the trained material could
distinguish novel patterns in SA, SB that were not used as part of the training. Finally, even
when distinguishing features are known a priori, learning offers a natural way for materials
to arrive at the right design parameters themselves, without need for a complex optimization

algorithm on a computer.
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Figure 3.1: Training thin sheets to classify spatial force patterns. a) We consider thin
stiff sheets with creases whose stiffnesses (indicated by thickness of green segments) can be
changed by repeated folding. b) Such sheets can fold in response to a discrete spatial force
pattern F applied on the sheet. To emphasize the high dimensional nature of F, we draw
an analogy between F and an image where the gray-scale value of each pixel corresponds
to the force at a particular location on the sheet (see Supplementary Note 1). Particular
force patterns correspond to examples of different classes (e.g. cat F¢) and dog F?). ¢) An
untrained sheet with uniform stiffness shows random folded responses for different spatial
force patterns. d) By allowing crease stiffness to change in response to strain, we train
the sheet to learn correlation features that distinguish different classes of force patterns.
Consequently, the sheet classifies force patterns by showing one distinct folded response for
each class.

While naturally occurring systems like neural networks [30], slime molds [1], and plant
transport networks [99] use similar ideas to adapt their response to environmental inputs,
mechanical supervised learning has thus far not been used to obtain functional man-made
materials. Here we propose an approach for the supervised training of a mechanical material
through repeated physical actuation. We work with a model of creased thin sheets where
crease stiffnesses can change as a result of repeated folding. We assume a training set, that
is, a list of force patterns and desired responses. Each training example of force pattern
is applied to the sheet; if the response is the desired one, as determined by a ‘supervisor’,
folded creases are allowed to soften in proportion to their folding strain. If the response is
incorrect, creases stiffen instead. We then test the trained sheet by applying unseen force
patterns (test examples) drawn from the same underlying distribution as the training data.
We study test and training errors and thus the sheet’s ability to generalize to novel patterns

as a function of its size.
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Our proposal here relies on a plastic element, namely crease stiffness. Materials that
stiffen or soften with strain have been demonstrated in several contexts [73, 88, 64, 2],
including recently in the training of mechanical metamaterials [81]. We discuss how learning
performance may be affected by limitations on the dynamic range of stiffness and other
practical constraints in such materials. We hope our results here will provoke further work
on how the frameworks of learning theory could inform the creation of new classes of designer

materials.

3.2 Results

We demonstrate our results with a creased thin self-folding sheet (Fig. 3.1a), which is natu-
rally multi-stable. Our analysis can be generalized to other disordered mechanical systems,
such as elastic networks [81], that are also generically multi-stable. It was previously shown
that creased sheets, such as those of self-folding origami, can be folded into exponentially
many discrete folded structures from the flat, unfolded state [109, 14]. Such exponential
multi-stability can be a problem [109, 108] from an engineering standpoint, as precise con-
trolled folding is required to obtain the desired folded structure.

Here we exploit such multi-stability to train a classifier of input force patterns. If we
apply a spatial force pattern F' on the flat sheet (see Fig. 3.1a-b), the sheet will fold into
a particular folded structure p(F), e.g., described by dihedral folding angles at each crease
p;- To emphasize the high dimensional nature of space of force patterns, in Fig. 3.1b-d, we
represent each force with a gray-scale image where pixels values are an analogy to forces
at designated points on the sheet. In practice, we apply these forces as torques directly
on creases (see Supplementary Note 1). The set of all force patterns {F'} that lead to one
particular folded structure p"*, due to the dynamics of folding, is defined as the ‘attractor’
of folded structure m in the space of force patterns (color coded regions in Fig. 3.2b). The

complex attractor structure of force-response for a thin sheet naturally serves as a classifier
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of force patterns, albeit a random classifier (Fig. 3.1c). The goal of the training protocol is
obtain a sheet with a specific desired mapping between force patterns and folded structures
(Fig. 3.1d).

The mapping between force and folded structure is controlled by local properties of the
system, such as thickness or stiffness [17, 46] (See Supplementary Note 1). Previously, we
found that the folded response to a given force pattern F' can be modified by changing the
stiffness k; of different creases i in the sheet [108]. Here, we employ a ‘supervised learning’
approach to naturally tune stiffness values k; so that the sheet classifies forces as desired.
Intuitively, this is done by applying examples of force patterns to the sheet and modifying
crease stiffness accordingly, in a way that reinforces the correct response and discourages
incorrect folding (Fig. 3.2a). Such training, carried out iteratively for different force pattern
examples, has the effect of morphing the attractor structure to better approximate the desired
response (Fig.3.2b).

Consider two distributions of force patterns, each designated as a particular class (e.g.
‘cats” and ‘dogs’). For example, Fig. 3.3a (top) shows two classes of forces defined by:
gdog — {F|F - Fyog > D, F-Fyog > F- Feat }, and similarly for St for a threshold D = 0.6.
(In Fig. 3.3a, 598 is blue and S is orange.)

Assume we are given two sets of labeled force patterns as training examples F dog — {F €
gdogy - Feat — fp ¢ geatl each with n training force patterns (in Fig. 3.3a (bottom) we
sample sets with n = 20). Together, Fdog and Fat are defined as the training set. We
desire all forces in S9°% to result in one common folded structure, while all forces in St
fold the sheet to a distinct but common folded structure. While S48, 5@t are separable
in some 2d projection of force space, learning is non-trivial since the sheet must learn the 2

dimensions in which these distributions are separable.

36



Apply force I’

folded structure 0

_ dk; —ap?, if p(F') is correct
Learning rule: gt~ \+ap?, otherwise
(b)  Untrained response Trained response

Figure 3.2: Supervised training of thin sheets. a) A sheet with random crease geometry is
folded with a training force pattern F'®, resulting in a folded structure p. The stiffness k; of
each crease ¢ is modified according to a local learning rule; if the folded structure p is the
desired response for F'* as determined by a supervisor, creases soften in proportion to their
folding strain p;. Otherwise, creases stiffen. b) This rule trains the sheet to perform the
desired classification of force patterns. The untrained sheet shows multiple folded structures
in response to force patterns (2d cross-section of force pattern space shown, with Fy, Fy, F3
three particular directions in force space, see Supplementary note 1). The trained sheet
shows only two folded responses that mimic the desired mapping of force patterns to folded

structures.
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A mechanical supervised training protocol

We pick 40 forces (20 blue, 20 orange) from the dog and cat distributions to serve as the
training set, and apply our training algorithm described below to a thin sheet with uniformly
stiff creases. In our training protocol, each of the training force patterns F' is applied to the
sheet in sequence, to obtain a folded structure p(F'). A supervisor determines whether the
resulting folded state p(F) is correct or incorrect by comparing the 3-dimensional geometry
to that of a reference folded state pyof for that class. (The reference state can be selected in
several ways. Here, we average the response of the untrained sheet on training examples in
each class; see Supplementary Note 2.)

We then apply the following learning rule that stiffens or softens each crease in proportion
to folding in that crease,

dk; —apy, if p(F) is correct

— = (3.1)
dt r .
+ ap;, otherwise

for the stiffness k; of each crease i. « is a learning rate, setting how fast stiffness values k; are
updated due to training examples (Here we use o = 10*4). r models non-linearities in strain-
based softening or stiffening of materials; we use r = 2. Such plasticity is experimentally seen
in several materials [21, 39, 32]; we discuss other learning rules and experimental constraints
later. As we employ a physical model of origami sheets, we note that any rule that changes
the stiffness of a crease has to be local, i.e. the stiffness of a crease ¢ may not change due
to the folding angle of a different crease j (which crease ¢ has no information of). This is
a major departure from learning rules in machine learning algorithms, which are typically
non-local [4, 91]. For further information about this learning rule and its generalization to
multi-class classification, see Supplementary Note 2.

After each round of training the pattern is unfolded back to the flat state. The same

supervised learning step is then repeated in sequence for all training force patterns. A
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training epoch is defined as one pass through the entire training set.

We find that as training proceeds, the number of observed folded structures decreases
(fewer colors), and nearly all training force patterns fold the sheet into the ‘blue’ or the
‘orange’ labeled structures after epoch 40 (diamonds in Fig. 3.3b). The fraction of training
force patterns that fold the sheet into the correct structure is defined as the training accu-
racy. This measure is an unbiased estimator of classification performance, as we choose the
number of training forces to be the same in every class. Note that the different folded states
of disordered sheets are typically highly distinct, even at the level of mountain-valley pat-
terns [14, 109]; hence no special clustering algorithm is required to identify distinct structures
and assign them distinct colors in Fig. 3.3.

However, a successfully trained sheet should correctly classify previously unseen ‘test
force patterns, sampled from the same distributions. We tested the trained sheet by applying
such test examples drawn from the distributions .S dog, S and recording the resulting folded
structure (800 test force patterns for every class). In analogy to the training sets, the fraction
of test examples yielding the correct folded structure is defined as the test accuracy. High
test accuracy is observed (Fig. 3.3c,d) (~ 80% of the test examples classified correctly);
thus the sheet generalizes and is able to have the right response to novel test force patterns

through the changes induced by training examples.

Heterogeneous crease stiffness

Our learning rule facilitates classification by creating heterogeneous crease stiffness across
the sheet (Fig. 3.4a). Indeed, as training proceeds, we find that the variance Ak? of stiffness
grows (Fig. 3.4b, depicting the evolution of the stiffness profile for the learning process
shown in Fig. 3.3). If the sheet is trained beyond the optimal point, the stiffness variance
still grows, but the classifier eventually fails, as seen in Fig. 3.3b-c. The failure mode of

over-training is typically that all forces fold the sheet into a single folded structure, resulting
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Figure 3.3: Supervised learning of cap-like force distributions. a) We define distributions
Gdog (blue) and Gdog (orange) of force patterns in the space of applied forces (2d projec-
tion shown). 20 training examples (diamonds) are drawn from both distributions. b) An
untrained sheet folds into many distinct folded structures (different colors) in response to
applied force patterns. As training progresses, most force patterns are classified as either
blue or orange according to the cap they belong to. When over-trained, all force patterns
result in only one folded structure (orange). ¢) The trained sheet reaches peak performance
after ~ 40 epochs of supervised training (i.e., passes through the training examples). The
trained sheet not only classifies the training set correctly (training accuracy), but generalizes
to unseen test force patterns (test accuracy). d) The trained sheet is highly accurate when
classifying force patterns near the center of the distributions, but less accurate close to the
true decision boundary between the distributions.
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Figure 3.4: Training increases the variance of crease stiffness across the sheet. a) Untrained
sheets have a homogeneous distribution of crease stiffnesses, while trained sheets have het-
erogeneous stiffness profiles (width of green lines). b) As the sheet is trained, the stiffness of
different creases changes to different extents, such that the variance in stiffness values grows
over training time (envelope shows the least and most stiff creases). c) Larger sheets with
more creases require smaller variance in their stiffness values for optimal training. d) An
untrained sheet starts with exponentially many available folded structures. During training,
the number of available folded structures decreases exponentially with increasing stiffness
variance Ak2, allowing the sheet to classify a few distinct classes.
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in no classification. This overtraining failure is associated with a large stiffness dynamic
range, rather than with too small stiffness values.

We can understand this relationship between heterogeneous stiffness (Ak) and training
using a simple model. A heterogeneous crease stiffness profile &k with high stiffness k; in
crease ¢ but no stiffness elsewhere, will lift the energy of structures p with small folding p;
in crease ¢ less than structures with large p;. Hence heterogeneous k can raise the energy of
select structures, reducing their attractor size, while other structures remain low in energy
and grow in attractor size. If we assume that folding angles p® of structure a are randomly
distributed (verified earlier in [86]) and assume a random stiffness pattern with standard
deviation Ak, the energies > kipzz of different structures will be distributed as a Gaussian
with mean p = vk and standard deviation o = 3Ak where k is the mean stiffness, and v, 3
some numerical parameters.

If structures above energy Er are inaccessible to folding, the number of accessible folded
structures is,

vk — Ep

#(Ak, N) ~ 281 = ()]

(3.2)

Hence the number of surviving folded structures should decrease fast with Ak. This effect
is indeed observed for trained origami sheets of different sizes (Fig. 3.4d). From numerical
exploration of the energy distributions in this model, we find that v is a constant regardless
of sheet size, while § ~ N7 shrinks with sheet size (central limit theorem). Using this
form of 8 in Eq. 3.2 predicts that the elimination of structures happens at a lower Ak for
larger sheets, consistent with our results in Fig. 3.4c-d.

We conclude that as the training protocol proceeds, the stiffness variance Ak? grows,
and the number of available folded structures decreases. The last surviving folded structures,
reinforced by the learning rule of Eq (3.1), classify the force distributions correctly. Thus, the

learning process merges attractors of the untrained sheet such that the surviving attractors
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Figure 3.5: Effect of training set size and sheet size on test accuracy. a) With fewer distinct
training examples, training accuracy is high but test accuracy is low (overfitting). Increasing
the number of training examples improves test accuracy, at the expense of training accuracy.
b) Sheets with more creases show larger improvements in test accuracy with increasing
number training examples, as expected of complex models with more fitting parameters. c)
A small untrained sheet (13 creases) shows ~ 10 folded structures (color coded) in response
to different force patterns. A larger sheet (49 creases) sheet shows ~ 400 folded structures
instead, each with smaller attractor regions in the space of force patterns. Consequently,
larger sheets can create more flexible classification surfaces by combining smaller attractor
regions; such complex models with more fitting parameters require more training examples
to avoid overfitting.
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Figure 3.6: Training sheets to classify Iris specimens. a) We train a sheet to classify individual
Iris specimens as one of two species based on petal and sepal lengths and widths [25]. We
translate these four measurements into a spatial pattern of forces applied to the sheet. b)
Folding response of an untrained (28 crease) sheet due to force patterns derived from the
Iris data (shown in every cross section). ¢) The sheet is trained using 10 random examples
(diamonds) of each species from the database [25] and then tested on 80 unseen test examples
(circles). Matrix shows the classification of Iris flowers at optimal training of the sheet (91%
test accuracy; mistakes denoted by x).

recapitulate features of the desired force-fold mapping.

Generalization and sheet size

Statistical learning theory [117] suggests that two critical parameters set the quality of
learning: (1) the number of training examples seen, (2) complexity of the learning model.
An increased number of training examples usually decreases training accuracy. However,
test accuracy - i.e., the response to novel examples or the ability to generalize - improves.
Furthermore, the improvement of test accuracy is larger for complex models with more fitting
parameters. Intuitively, complex models ‘overfit’ details of small training sets, and thus show
low test accuracy even if training accuracy is high.

Our sheets exhibit signatures of these learning theory results, with the size of the sheet
(number of creases) playing the role of model complexity. For a sheet of fixed size, trained
on the distributions of Fig. 3.3, we observe that increasing the number of training examples

increases test accuracy and decreases training accuracy (Fig. 3.5a). In Fig. 3.5b, we find the
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test accuracy of larger sheets with more creases improves more dramatically with the size of
the training set, compared to smaller sheets.

These results suggest that sheets with more creases correspond to more complex clas-
sification models (e.g., a deeper neural network). For example, crease stiffnesses are the
learnable parameters in our approach; hence increasing their number amounts to using a
training model with more parameters. Further, untrained sheets with more creases support
exponentially more folded structures [109, 14] as shown by the color coded force-to-folded-
structure relationship in Fig. 3.5c. The training protocol achieves correct classification by
merging different colored regions. Thus, larger sheets can approximate more complex deci-
sion boundaries by combining the smaller regions (Fig. 3.5¢), and thus act as more complex
models to be favored when the amount of training data is large. In the Discussion, we use

these results to contrast memory and learning in mechanical systems.

Real-world classification problems

We have shown how disordered thin sheets can classify force distributions described by one
feature (Fig. 3.3); one may ask whether these sheets can classify data described by multiple
features.

We tested our learning protocol on the classic Iris data set [43], used extensively in
the past to benchmark classification algorithms. This data set reports four measurements
- length and width of petals and sepals - for individual specimens of different Iris species.
While different Iris species cannot be distinguished by any one of these properties, we wanted
to test if our sheet can learn the combination of features needed to distinguish species.

We picked the two most similar species in this data set, Iris Versicolor and Iris Virginica
(Fig. 3.6a). We translated the four flower measurements to four force components applied to
a sheet (see Supplementary Note 4). We then applied our training algorithm with a training

set consisting of 10 examples of I. Versicolor and I. Virginica (diamonds in Fig. 3.6¢). The
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Figure 3.7: Learning is successful even with simplified training rules and experimentally
realizable stiffness. a) A sheet (13 crease) trained on the classification problem of Fig. 3.3,
with a simplified, experimentally viable learning rule shown in (¢). b) At peak training, the
dynamic range of crease stiffness values is ~ 2, well within the ranges supported by existing
shape memory polymers (red region) [68]. ¢) Trained sheet reaches peak accuracy of 80%
on test force examples (circles).

resulting trained sheet was tested on 80 unseen examples of these species; the trained sheet
was able to identify the species of 91% of previously unseen specimens correctly.

We have tested our training protocol on more complex, higher dimensional distributions
(Supplementary Note 3). For example, we used the folding behavior of one thin sheet (the
master) as the target behavior for another thin sheet with a distinct crease geometry. We
find that the trained sheet is able to correctly predict the response of the master sheet to

forces not seen during training. Thus, using our training protocol, sheets can learn and

generalize complex force-to-folded-response maps from examples.
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Ezxperimental considerations

Our learning framework requires materials that can plastically stiffen or soften when strained
repeatedly [54]. Several such materials and structures are known, including shape memory
polymers [68, 66], shape memory alloys (Nitinol) [19], and fluidic flexible matrix compos-
ites [85]. These systems have the advantage of truly variable, user controlled stiffness, and
are used for various medical applications [9]. Poly-carbonate multi-layer sheets have been
shown to produce controlled bending stiffness by more than an order of magnitude [36].
Other materials can show a plastic change in stiffness in response to aging under strain, such
as Ethylene Vinyl Acetate (EVA) foam [44] and thermoplastic Polyurethane [12]. EVA was
used recently [81] to show such behavior in a mechanical system trained for auxetic response.
Another possible method, explored specifically for origami creases [46], controls the crease
width (and hence stiffness) using photolitography [125]. We conclude that several available
materials and experimental methods could implement our learning rule in an experimental
setting.

The specific learning rule used in the paper requires the ability to soften or stiffen de-
pending on the supervisor’s judgement of outcome. Such a learning rule can be implemented
by materials that stiffen under strain in one condition (say, high temperature, low pH) but
soften under strain in another condition.

However, the results here also hold for simpler learning rules, e.g., that only require

plastic softening under strain. For example, we can modify the learning rule (Eq. 3.1) to :

dk; - Oép,Z, if p(F) is correct

= (3.3)

0, otherwise

Such a rule is easily implemented with a strain-softening material with no stiffening
needed. For example, if the folded outcome p(F) is judged correct, we hold the sheet in

the folded state p(F') for a longer length of time (allowing significant softening) than when
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the outcome is judged incorrect (no softening). We tested this simplified learning rule for
the classification problem in Fig. 3.3; we find similar accuracy as earlier (see Fig. 3.7a). As
discussed in supplementary note 2, the softening modification itself. e.g. the specific p?
form, is not essential as well. Many similar monotonic & ~ f(p) would support learning in
sheets.

Another significant experimental constraint is the dynamic range of crease stiffnesses k;
achievable in real materials without fracture at the creases. Fortunately, we find that for
well trained sheets, the difference in crease stiffness is moderate (Fig. 3.4c), and does not
exceed 30% of the mean stiffness value for a medium sized (28 crease) sheet. Fig. 3.7b shows
that our required dynamic range in stiffness is ~ 2, well within the range for experimentally
available materials such as shape memory polymers [68, 57]. Other materials like hydrogels
and poly-carbonates exhibit bending stiffness that can easily adapt in a significantly larger
range [36, 125], up to an order of magnitude.

Finally, another failure mode for our training protocol is overtraining. While the variance
in crease stiffness Ak? is critical to eliminate attractors, overtraining can result in a sheet
with only one folded state. Our analysis, presented in Fig. 3.4, suggests that large sheets
should be easier to train experimentally since the stiffness variance needed is more moderate,

while the transition to overtraining does not become much more rapid.

3.3 Discussion

In this work, we have demonstrated the supervised training of a mechanical system, a thin
creased sheet, to classify input force patterns. As required for learning, the trained sheet
not only shows the correct response for training forces, but can generalize and show the
correct response to unseen test examples of forces. We studied the relationship between
training error, test error, and the size of the sheet which plays the role of model complexity

in supervised learning [117].
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We can understand the promises and limitations of our physical learning approach better
by considering similarities and differences with machine learning performed on computers,
including for materials design [65, 103, 31, 33].

Generalizing by learning features: The core similarity is that both methods are pred-
icated on learning ‘features’ from training examples (e.g., in Fig. 3.1d, something common
to cats, yet not found in dogs) and thus classifying never-before-seen examples correctly.

In our context, ‘features’ are spatial correlations in forces applied to different locations
on the sheet. For example, say, force patterns in class S A might exert anti-correlated forces
at sheet sites x and y while the force patterns in SB show positive correlation at those
sites. Meanwhile, all force patterns in 54, 55 might exert forces at site z but those forces
do not help distinguish S4 from SP. The sheet must learn which combinations of forces at
different locations to physically respond to (e.g., at = and y since they distinguish 5S4 vs
SB ); and which combinations to ignore (e.g., at z). By learning such ‘features’, the sheet
can generalize, i.e., respond correctly to unseen patterns with the same correlations.

In this way, learning can be contrasted with memory in mechanics [47]. A robust trained
memory shows the correct response for all training examples (i.e., low training error), with
no consideration of response to novel inputs. In contrast, we seek correct responses to
unseen examples (i.e., low test error), even at some expense of training error. In this view,
large sheets trained with limited training examples memorize while smaller sheets with more
training examples generalize.

In spite of this similarity of our learning model to computational machine learning, it
also differs significantly from machine learning algorithms in important ways:

Physical in situ training: The most significant difference is that our learning is not
carried out on a computer but rather is the result of a natural physical process that changes
crease stiffness in response to crease strain. That is, our sheet changes autonomously (adapts)

to physical examples of desired behaviors, and consequently exhibits desired behaviors.
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Materials with such intrinsic mechanical learning can be trained by an end-user, in situ,
using examples of real forces relevant to the task at hand, rather than by a designer with a
theoretical specification of use cases; such behaviors are sought e.g. in adaptive robotics [79].
Thus, we envision such physical learning as offering significant benefits compared to tradi-
tional machine learning and computational design in general.

Physical plausible local training: Physical plausibility of learning rules also constrain
what can be learned; e.g., to maintain physical plausibility, we only explored a ‘local’ learning
rule where stiffness of crease ¢ is changed only by strain in crease ¢« and not creases far
away. Learning models in neuroscience are often restricted to be similarly local for biological
plausibility (e.g., Hebb’s rule). In contrast, artificial neural networks, trained on computers,
face no such constraint; e.g., weights can be updated through back propagation to minimize
a loss function, a highly non-local operation.

Our reliance on a physically plausible local process, instead of minimizing a loss function,
might limit our capabilities compared to artificial neural networks. However, experience in
neuroscience suggests that these limitations might be weaker than naively expected [60, 102].
For e.g., our local learning rules can still learn non-local correlations in input forces since
the sheet’s folding response to input forces is non-local, a property exploited by biological
neural networks as well [4, 91].

Finally, unlike typical machine learning methods, our restriction to physically plausible
learning rules that soften creases in proportion to strain allows for some interpretation for
‘weights’ (i.e., crease stiffnesses) learned. For example, if a force pattern results in an incor-
rectly folded structure, strongly folded creases due to this force will be stiffer than average
after training. A more systematic understanding of the trade-offs between physical plausi-
bility, interpretability and computational power of learning rules is critical to understand

the limits of learned behavior in matter.
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3.4 Supplementary Note

3.4.1 Supplementary Note 1 - Folding origami sheets

Energy of folded structures

The origami sheets used in this work are based on a self-folding origami energy model
developed and validated in previous studies [5, 113, 86]. The effects of stiff creases are
modeled by using torsional spring elements on each crease [109, 108]. Here we discuss in
detail how the energy of a folded structure is computed.

For thin origami sheets with free-folding creases, the primary contribution to the energy
of a folded structure is due to bending of the sheet faces. Instead of modelling the faces
directly, we look at the mechanical constraints inherent to the geometry of the vertices. An
origami vertex is known to apply 3 constraints on the dihedral folding angles of the creases
connected to it (due to to embedding of the sheet in 3d-space). The constraints can be
derived by noting that the vertex must not tear open when folded. Thus, starting from any
crease, alternating rotations about the dihedral and sector angles around the vertex have to
result in an identity operation [113, 109, 108].

Suppose there are N creases denoted by an index i, each forded to an angle p;, and N
sectors with angles §; around the vertex. Rotations about one dihedral angle and one sector

would combine to form a rotation matrix

1 0 0 cosf; —sind; 0
Ri =10 cosp; —sinp; sinf; cost; O] - (3.4)
0 sinp; cosp; 0 0 1

For the vertex to be closed (i.e. not torn open) in a folded structure, the combination of

rotation about all crease dihedral angles and sector angles must be the identity:
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A=]]RrRi=1 (3.5)

1=1

A folded structure with values p; that do not satisfy Eq. 3.5 must cause the sheet faces
to bend. Mathematically, this effect will manifest in finite off-diagonal values in the matrix
A= sz\il R;. As there are 3 independent non-diagonal elements, we say that the vertex
imparts 3 mechanical constrains on the dihedral angles p; around it.

At the flat state all p; = 0 all constraints are trivially satisfied, so we can write down an
expansion for the 3 off-diagonal terms of A (17 = Aj9,Th = Ay3, 13 = Aog) in powers of the
folding angles:

Ta(pi) = Cipi + D pipj + ... (3.6)

Then, the energy of breaking these constraints is taken as the sum of squares of the
residues Tj, of the constraint equations Evepgex ~ Yo Ta(p;)?. Summing this vertex energy
over all the vertices of the sheet gives rise to the total face bending energy. The energy due
to folding of a stiff crease (modeled as a torsional spring with modulus ;) is quadratic in
the folding angle Ecreasei = %l{:ng The total energy of a folded sheet with stiff creases is

thus computed as

3
1
Egheet(P) = EFace T ECrease = K Z Z Tva(pv)2 T 2 Z kip?, (3.7)

vewvertices a=1 1Ecreases

With « the face bending stiffness scale (chosen as x = 1 in this work), and k; the creases
stiffness values. The scale of creases stiffness is denoted by k. The choice of stiffness energy
scale plays an important role in our learning protocol. We have previously shown how the
face bending energy scales like p* [108], while the crease stiffness energy scales like kp2. In

turn, this gives rise to a transition folding angle scale in our model p. = Vk. For large folding
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angles p > p., sheet bending energy dominates, and the folding landscape is controlled solely
by the sheet geometry. At small folding angles p < p. (close to the flat state), crease stiffness
dominates, and it is possible to reshape the force-folding map. The goal of training is to
reshape this map close to the flat state, such that the applied forces fold the sheet into
desired folded states. Throughout this work, we choose an initial uniform crease stiffness
k; = 0.02. We find that trained sheets, though having heterogeneous stiffness profiles, still
maintain a dominant stiffness scale at & ~ 0.02. In our sheets the transition scale is thus
given by pe ~ v/0.02 ~ 0.14rad, a reasonable angle scale close to the flat state. To make
learning in sheets feasible, we conclude that a stiffness scale k& ~ 1072 should be chosen.
The idea that heterogeneous stiffness at creases modifies the folding response of sheets
is at the heart of our learning model. This approach was experimentally studied in lat-
tice metamaterials, where stiffness heterogeneities in the form of negative stiffness cells are
used to tune the material elastic properties [52, 29]. More recently, experimental studies
have shown that heterogeneous stiffness can be used to avoid erroneous actuation pathways
in metamaterials. Coulais et. al. have shown that a homogeneous stiffness hierarchical
structure usually responds to actuation forces in disordered, undesired ways [17]. However,
when the hierarchical metamaterial is designed rationally such that mechanical elements
have different bending stiffness (different thickness), the structure is compactified in steps
to obtain the desired final state. It is similarly known that self-folding with homogeneous
crease stiffness usually folds incorrectly in response to folding forces [14, 109]. Biasing the
creases to facilitate the correct folding can remove such undesired folding pathways so that
the sheet folds correctly. Zhou et. al. considered designed heterogeneous thickness (and
hence stiffness) of hydrogels via photolitography to control the buckling of sheets [125]. This
method was used to remove unwanted pathways in origami, enabling robust folding of sheets

into desired states [46].
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Folding protocol

Now that the energy of every folded structure p; of a specific sheet is defined. We can use
this energy landscape to simulate the folding of the sheet. Experimentally there are multiple
different ways to fold origami sheets [83], and we have previously outlined how these methods
can be simulated numerically [108].

One way that an origami sheet can be folded is by applying torques directly to the
different creases. Suppose a crease ¢ of a flat sheet is subjected to an external torque F Z-ext.
Such a torque will induce folding in the crease, but the sheet generally resists folding due
to the extra energy that might be associated with a folded structure. Assuming that the

folding process is over-damped, we may write a dynamical folding equation

dp; OEgheet (p)
P Zsheet\lP) | pext
Trelax dt 50@ + i

(3.8)

where p is the current folded structure, and 7.4, a time scale of the over-damped dy-
namics. In this work we utilize a specific way of folding the origami sheets. Suppose a set
of external torques F¢* is given (this could be a training or a test example as described in
the main text). First, the sheet is folded very fast with a strong external torque F!, until

a certain folding magnitude p = ||p|| is reached. For fast folding we can initially disregard

the sheet energy and thus get to a state

Fe:vt
Pfast = Pm-

Then the sheet is relaxed subject to the constraint that the overall folding magnitude is fixed

(i.e. finding an energy minimum on a hyper-sphere of radius p in p-space):
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minimize  Fgheet (1)
ir (3.9)
subject to ||p|| = p.

Finding a local minimum on the hyper-sphere guarantees that this folded structure would
naturally occur if the sheet is folded with appropriate torques, as any neighboring config-
uration costs more energy, and the local minimum will attract the folding process. This
algorithm is used to mimic experimental fast folding of origami sheets, followed by clamping
of a crease at a specific folded dihedral angle. Here we also adjust the clamped angle such
that the overall magnitude of folding p remains fixed and different (discrete) folded structures
may be compared more easily. Such fast folding was tested extensively [108], and found to

obtain the same results as numerically solving the ODE of Eq. 3.8.

Origami sheets and applied force patterns

In this project we use specific self-folding origami sheets. These are triangulated thin sheets,
chosen to have the property of self-foldability. As discussed above, a single vertex induces
3 mechanical constrains on the angles of creases surrounding it. Thus each vertex has to
connect at least 4 creases or it would be locally rigid. On top of that, for a sheet to self-fold,
it needs to have one global degree of freedom, so that the number of creases needs to be one
more than the number of constraints.

A simple way of generating patterns meeting these requirements is shown in Supplemen-
tary Fig. 3.8. These are 4 specific geometries used throughout this work as the sheets to
be trained. Note that we label them according to their size, given by the number creases
in each sheet. The number of creases in these sheets are 13,19,28,49 and the numbers of
internal vertices are 4,6,9,16. Subtracting 3 times the number of vertices from the number

of creases leaves us with one global degree of freedom for each of these sheets, as required.
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13 creases 19 creases 28 creases 49 creases

Figure 3.8: Origami Sheets used for training. The size of each sheet is determined by the
number creases.

The number of supported folded structures for these sheets grows exponentially with the
number of internal vertices, such that these sheets can fold in approximately 24 96 29 916
distinct ways [109, 14]. In fact, any sheet with these topologies (yet different geometries)
will have a similar number of distinct folded structures. The exact details of the supported
folded structures is dependent on the specific geometry, but we only require the existence of
many distinct folded structures for the purpose of training.

These specific sheets, used for training classifiers throughout this work, are definitely
not special. We attempted training classifiers using sheets with different geometries and
obtained comparable results. In analogy to learning algorithms, the details of the sheet and
its supported folded structures correspond to the family of models that the training protocol
selects from. For origami, we believe the available classification models are given by merger of
attractors of folded structures, supported by the sheet. Since the number of available models
to choose from is exponentially large, we reason that the geometry of the sheet should play
little role in the success of classification. Therefore, any self-folding origami sheet could be
used for training classifiers.

The choice of force patterns applied to the sheets is constrained by the problem definition
as training and tests sets. Still, there is usually freedom in how these forces are applied. For
example, suppose we wish to train the 13 crease sheet of Supplementary Fig. 3.8 on 2d force

distributions, such as the spherical caps shown in Fig. 3 in the main text. The training and
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test sets could thus be supplied as pairs of numbers, together with a label (blue\orange). A
simple choice for training on such a data set is to pick two creases in the sheet and apply
torques directly to these creases, as in Eq. (3.8). Here we utilize a different approach.

For an untrained sheet with homogeneous stiffness, it is known that all folded structures
reside in the linear null space of the vertex constraint matrix C' at the flat state [109].
Thus, forces applied in a direction within this null space are more ‘natural’ for the sheet,
and in general cost much less energy due to face bending. We compute the span of the
null space for each one of these sheets, and find that the dimension of the null space is
dNS = Fereases — 2Fvertices- Lherefore the 13 crease sheet has a 5d null space, while the 49
crease sheets has 17d null space. Then, the training and test examples are mapped to forces
in the null space as follows. For a n —d data set, we choose n random orthonormal vectors in
the null space. Each training\test example is mapped to a force pattern by assigning every
component to one of the random orthonoraml vectors. Now these forces can be directly
applied to the sheet to facilitate the training protocol.

Before training, we choose the stiffness values to be uniform. This choice is deliberate,
as it allows the training protocol to access the entire set of supported folded structures. We
find that initializing the stiffness elements with a substantial poorly chosen heterogeneous
profile negatively affects learning. This is expected, as poor initialization can completely
eliminate good folded states which could be useful for classification. The training protocol
results in learned heterogeneous crease stiffness that facilitates the correct classification. We
observe that a heterogeneous stiffness changes the geometry of the folded structures, so that
they do not strictly reside in the null space of the untrained sheet. Still, for the moderate
heterogeneity developed during training, the folded structures are very close to the null space,

such that the described mapping is still useful and practical.

57



3.4.2  Supplementary Note 2 - Training origami sheets

Learning rule

As discussed in the main text, self-folding origami sheets naturally give rise to complex
mapping of force patterns to folded structures, with exponentially many structures supported
by the sheet. The learning rule developed in this work is meant to modify that map by
changing crease stiffness coefficients, such that only a small number of folded structures are
retained, corresponding to the desired classes. Here we will define precisely how the learning
rule is chosen and applied to the sheet in order to develop the desired mapping.

According to the specification of the classification problem, the trainer has no a-priori
knowledge of the true underlying force distributions. Instead they are supplied with a list of
labeled force patterns (‘cats’ and ‘dogs’). These training examples are used to find a reference
folded structure in the following way. We fold an untrained sheet with every ‘dog’ example
in the training set and record the folding angles of the obtained folded structures. Then,
a reference ‘dog’ structure pgoe is defined as the average of all of these folded structures

(normalized appropriately)

Piow = ZFG}‘dogPU(F>
% X peydog pU(F)II

(3.10)

with F998 the set of ‘dog’ training force patterns and prr(F) the folded response of the
untrained sheet to force pattern F. A similar reference state peat is obtained for the ‘cat’
training examples. Crucially, once the reference structures are set for the untrained sheet,
they are kept fixed throughout the training process. These reference structures are used
to define the learning rule discussed in the main text. Suppose that during the training
protocol, we choose a random ‘dog’ example Fdo8 and apply it to the sheet. The normalized

resulting folded structure is written as p(F dog). The learning rule then compares this folded
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structure to the reference structures defined above and the stiffness coefficients are modified

as follows:

) . ) dk;
if p(FdOg) " Pdog = P(Fdog) " Peat d_tZ = _O‘p;(Fdog)
dk;
else : d_tl = +apf(Fd0g), (3.11)

k; > 0, 7 € creases

where we choose r = 2. In essence, the learning rule checks whether the observed folded
structure is closer to the ‘dog’ reference then to the ‘cat’ reference. If it does, the stiffness of
creases that fold considerably in that structure is reduced, effectively reinforcing this force-
fold mapping. An opposite modification occurs if the folded structure is far away from the
‘dog’ reference. A similar training rule is used when ‘cat’ forces patterns are applied, with
the understanding that we wish to compare the resulting folded structure p(F°) to the
‘cat’ reference peat. The intuition for this learning rule is that the softer a crease is, the
more it will tend to fold. Thus if the sheet responds to a force in a desired way, making the
creases that fold more softer will increase the likelihood that it will continue acting in the
right way when subject to that force. Conversely, if the sheet does not respond correctly,
stiffening reduces the likelihood it will respond incorrectly to that force in the future. This
intuition sheds light on the question of inseparability in our model, as creases that correlate
with certain features in the classified data will tend to be softer after training.

As discussed in the main text, our learning modifies stiffness according to the strain
energy at each crease Ak ~ p", with r = 2. We have considered training sheets with other
values of r in the range 1 — 5, as seen in Supplementary Figure 3.9. These trials gave rise to
qualitatively similar results. We thus elected to use r = 2 for our classification problems.

Note that while our learning rule is local in the space of creases, it can still learn non-

local correlations in the space of input forces. It is believed that biological systems use local
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Figure 3.9: Training sheets to fold as desired with different values of the power parameter r
in Eq. 3.11. We observe small differences in the accuracy obtained using different values of
r. Throughout this work we use r = 2, an experimentally viable choice.

learning rule [91], an idea often stated as ‘Hebbian learning’ [35]. Though such local learning
rules are in principle less powerful than arbitrary non-local rules, they can indeed facilitate
learning in complex data sets [72, 4].

This learning rule can naturally be generalized to more than two classes. If ¢ classes
are to be classified, one could define ¢ reference folded states. Then Eq. 3.11 could be used
for learning from given training examples, with a simple modification; Crease ¢ should be
softened in proportion to the folding angle p% if the folded state is closer to the appropriate

reference state. Otherwise, the crease should be stiffened.

Assigning labels to folded structures

To begin with, we are given labeled force patterns, and an untrained sheet with many
available folded structures. It is important to note that these folded structures are equivalent
and not intrinsically labeled. Thus, as part of the learning protocol we must specify how
to label these folded structures, and in particular which of them to call ‘dog’ and ‘cat’ (or

‘blue’ and ‘orange’). A simple solution would be to choose 2 of the folded structures in
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advance and assign the classification labels to them. Unfortunately, this turns out to be too
restrictive for a couple of reasons. First, the choice may be far from ideal in the sense that
these labeled folded structures are very different than the actual folded response of the sheet
to the labeled force patterns. Furthermore, as the training process modifies the stiffness
of different creases, the folded structures supported by the sheet change as well, either by
moving around or disappearing altogether in saddle-node bifurcations [108]. We thus take a
different approach to labeling folded structures, as detailed below.

Suppose we have trained a sheet for some time, and it now has a particular stiffness
profile on its creases k;. To find a folded structure of this sheet to be labeled ‘dog’, we apply
each of the ‘dog’ training examples once, and record the discrete resulting folded structures
due to all of them {p(F € ]:dog)}. We then count the training force patterns that folded
into each one of the structures in this set. The folded structure that resulted from the largest
number of training force patterns is chosen to be labeled as ‘dog’. In case of a tie, e.g. two
or more folded structures folding as a result of the same number of force patterns, one of
these structures is randomly chosen to serve as the label. Thus, the labels for ‘dog’ and ‘cat’
are decided through simple plurality rules every time we compute the classification accuracy
of the sheet. Note that force patterns may also fold the sheet into structures not labeled as
either ‘cat’ or ‘dog’, in which case they count as failed classification. If both ‘dog’ and ‘cat’
labels are chosen to be associated with the same folded structure, a plurality rule between
the two classes decides which class is labeled with that structure (i.e. whether more ‘cat’ or
‘dog’ force patterns folded into that structure), while the other is assigned with the runner
up structure of that labels’ plurality vote. Finally, if the sheet is over-trained to the point
where only one folded structure remains, that structure is labeled as both ‘cat’ and ‘dog’,

such that classification fails completely, by definition.
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Effective cost function

In this work we have defined our learning rule as a supervised physical process modifying
the stiffness coefficients of an origami sheet. It is interesting to compare this kind of learning
protocol to more established learning algorithms originating in computer science and statis-
tics. An important difference is that traditional learning algorithms are usually defined as an
optimization problem, where the function to be optimized (often called cost or loss function)
incorporates the training data.

A simple example of a learning algorithm is linear regression, where the cost function is
usually chosen as a least squares form, with differences taken between a linear model h(z)

and the observations y:

Cost = Z (h(zg) — yd)2

dedata . (3.12)

h(z) = ag + a1z

The regression (or learning algorithm) then optimizes the cost function with respect to

the model parameters a = (ag, ay)
minimize Cost({z}, {y};a).
a

This optimization can be performed in any number of ways, but a practically favored
method (at least for more advanced algorithms like deep learning) is mini-batch stochastic
gradient descent (SGD) [99]. In an extreme case, when the mini-batches are chosen to be of
size 1, a single training example (x,y) is chosen at random in each step, and one computes
the gradient (with respect to parameters a) of the cost function defined with this example
alone G = V4 (h(x)—y)?. Now, training proceeds by modifying the parameters in proportion

to the the gradient of this single example cost function
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a— a—aG, (3.13)

where « is a scalar known as the learning rate. We may compare this single example
SGD with our origami training protocol. It is relatively easy to see that our training rule
(Eq. 3.11), once a standard wait time is chosen at the folded state, has the form of SGD,
making it similar in essence to other learning algorithms. To find out what effective cost
function gives rise to the origami learning rule, we integrate Eq. 3.11 with respect to the

stiffness coefficients

costmap (p(F1°8)) = f > kipf (F9°8)

1Ecreases

if p(FdOg) * Pdog > p(FdOg) * Peat f=+1 (3.14)

else : f=-1

Similarly to the linear regression example, our origami training protocol attempts to
minimize this derived cost function, one training example at a time. Inspecting this function,
note that it is very similar to the energy of the torsional springs in the folded structure
Ecrease(P) ~ D ; kzp? The difference is in the ‘supervising factor’ f that can be +1 whether
the folded structure is accepted or not. We conclude that our origami training protocol
is attempting to minimize the energy of accepted folded structures, while maximizing the
energy of rejected structures. It is however important to note that the origami model does
not have a fundamental cost function to optimize, but instead a local learning rule, from

which a cost function emerges.
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Complexity of origami classification

Self folding origami is often associated with difficult (NP-complete) computational problems.
The Classic work of Bern and Hayes has shown that determining whether a sheet is rigidly
foldable is NP-complete [6]. More recently, it was shown that even folding a given sheet to
a desired folded state is NP-complete [109]. These NP results apply to a sheet with soft
creases; consequently there are many ways (e.g., MV assignments) of incorrectly folding the
sheet. In fact, the result can be intuitively understood by a mapping from folding origami
to a satisfiability (SAT) problem of a set of equations (one for each vertex) with boolean
variables representing the M or V state of each crease at that vertex. Such a SAT problem
can also be visualized as a spin glass Hamiltonian with many local minima [3].

Thus, we expect that no efficient (polynomial time) algorithm can modify all origami
sheets in a way that makes them easy to fold. Fortunately, computational complexity is a
statement about the most difficult instances of a particular problem. It is certainly possible
that an efficient algorithm can fold a typical sheet in a desired way. We have previously
described such an algorithm [108], based on linear or quadratic programming, that selects
the correct crease stiffness on creases to support easy folding of the sheet. It was shown
that this algorithm can facilitate easy folding of many sheets, which would otherwise require
great care to fold correctly. This idea, that the right crease stiffness heterogeneity can
be used to make a typical sheet fold in desired ways, is used as the basis of our learning
algorithm presented in this work. When crease stiffnesses are introduced, many or all of
these incorrect ways of folding can be made energetically unfavorable. In the SAT or spin
glass analogy, stiffnesses can be viewed as fields or biases for the variables that lift many of
the minima. Thus, the stiffnesses found by our algorithm modify the relevant SAT problem
until it is easily solvable. Finally, we must note that results about NP-hardness are worst
case results; i.e., there exists at least one sub-class of problems that are exponential time to

solve. The supervised learning framework here works with reasonable consistency but any
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such statistical approach that typically works cannot contradict any NP-hardness results,
since it fails on some problems.

Supervised learning, and supervised classification specifically, are NP-complete problems
as well [11]. Given a large set of constraints (data points) and a certain family of models,
we do not know of an efficient algorithm guaranteeing a set accuracy of classification. In
this way, machine learning is similar to problems in physics such as spin glasses [3], and self
folding origami. With regards to complexity, the learning protocol suggested in this work is
similar to machine learning algorithms. Neither our learning rule nor traditional algorithms
guarantee an accurate classification for a specific data set and model (in our case, specific
sheet). However, it is known experimentally that an accurate solution to a classification
problem can be found by using more expressive models (e.g. a deeper neural network).
Similarly, we find that larger sheets with more stiff creases provide better classification

results, as shown in the main text.

Example classification problem

In this section we provide further detail about the example classification problem discussed
at length in the main text, and shown in Figure 3. While it is not a standard benchmark
classification problem, we wish to include this extra information here for the sake of future
reproduction of these results by other physically motivated learning models. The full data set,
including the training forces and the progress of the training protocol, as well as MATLAB
codes for training the sheet, are included as supplementary files.

As described in the main text, we use a 13 crease sheet to classify forces drawn from
two classes (Figure 3a). The initial sheet has uniform stiffness on all creases (k; = 0.02, in
the units where bending stiffness is chosen as 1). We consider the 5d null-space of the sheet
and classify forces in that space, Force directions Fj and Fb, defining the distribution to be

classified, are two random orthonormal directions in this null-space. We draw 20 training

65



forces from each class, dog and cat, given according to the distribution $9°8 = { F|F - Faog =
D,F-Fy > F - Fy}, and similarly for S for a threshold D = 0.6. The forces we pick are
normalized, so that they live on the surface of a 5d sphere, but only 2 of these dimensions
are relevant for classification. Therefore, if we sampled forces with small component in the
F — F5 plane, they would be extremely hard to classify. For this reason we choose the cutoff
D = 0.6, ensuring the sampled forces have a significant component in the relevant space.
Once the training forces are picked, we also sample 800 test forces for each class from
the same distribution. The training and test forces are randomly ordered. We note that
while the order of training examples affects learning, these effects do not change results
qualitatively, as long as all training examples are shown. To train the sheet, we go through
the training examples, alternating the class at every iteration. We fold the sheet with these
training forces and apply the update rule of Eq. 3.11 given the obtained folded state. We
choose the learning rate a = 10~%. After exhausting all of the training examples, we say
the training has advanced by one epoch. Then, we continue training on the same training
set for as long as necessary. Data for this simulation, as well as MATLAB codes for training

the sheet, are available as supplements.

3.4.3  Supplementary Note 3 - Using origami sheets to define classification

problems

The force distributions classified in the main text are relatively simple. Both the spherical cap
and the Iris data distributions can be well separated by a hyper-plane, a very simple decision
boundary. It is interesting to study the type of decision boundaries naturally trainable in
origami sheets — and whether they can be used to classify intrinsically high dimensional data.

There are many ways to obtain high dimensional distributions. Here we choose to study
distributions derived from the folding maps of origami sheets. Consider a relatively simple

sheet with 2 internal vertices (Supplementary Fig. 3.10a). It is known that such sheets sup-
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Figure 3.10: Defining force distributions using the force-fold mapping of an origami sheet.
a) Origami sheets with 2 internal vertices support 4 discrete folded structures. b) Sample
force patterns on a 2-sphere show the force-fold mapping (4 color coded regions). ¢) When
some attractor regions are merged (here, blue, yellow and purple are merged), we obtain an
intrinsically 2-dimensional separator surface between two classes of force patterns.

port 4 discrete folded structures, and that the linearized null space in which they reside is
3-dimensional. Therefore, if we sample random force patterns within this null space, we ex-
pect to see the sheet folding into 4 distinct structures (color coded regions in Supplementary
Fig. 3.10b). The forces FY, Fy, F3 are assigned by randomly choosing Euler angles on the
2-sphere, and 3000 data points are sampled on the positive octant. Note that we sample
normalized forces on the surface of a 2 — sphere, such that the distribution of force patterns
is actually 2-dimensional.

Now, suppose we wish to classify forces to 2 classes (‘blue’\‘orange’). A simple way to
create 2 neighboring sets of points is to take the data of Supplementary Fig. 3.10b and merge
some attractor regions to create larger groups of points. In Supplementary Fig. 3.10c, we
merge the ‘blue’; ‘yellow’, and ‘purple’ folded structures to create one region we define as
‘blue’. This process yields two distributions that are intrinsically 2-dimensional, and not
naturally separable by a hyper-plane. Larger sheets can be similarly used to create force
distributions in higher dimensional space.

With this process, we have access to a new variety of 2-way classification problems, on

which we can try to train origami sheets using the training protocol described in the main
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Figure 3.11: Training a sheet on a force distribution derived from a different sheet. a)
Target classification, a sample distribution derived from a small, 2-vertex origami sheet.
b) The force-fold map of an untrained 13 crease sheet is very different from the desired
mapping. ¢) With training, the accuracy of classification improves and peaks at 82%. d)
The optimally trained sheet has a complex decision boundary that resembles (but different
than) the desired boundary.

text. Crucially, the sheet used to classify such distributions is different than the sheet used
to derive the distribution. In other words, we ask if our training protocol can induce an
origami sheet to mimic the force-fold mapping of another sheet.

Suppose we want to classify the distribution seen in Supplementary Fig. 3.11a, derived
form a 2-vertex sheet as described above. We wish to train a 13 crease sheet to classify this
force pattern data. The untrained sheet has 2% discrete folded structures that do not align
with the target distribution in any representation that we tested (Supplementary Fig. 3.11b).
The problem of classification here is to train this sheet to have just 2 folded structures with
the right force-fold mapping as in the target distribution.

The target distribution is mapped to applied force patterns on the 13 crease sheet by
the construction describe in Supplementary Note 1: choosing random orthonormal vectors
in the null space of the 13 crease sheet and mapping the distribution as components of
these vectors. We then randomly sample 20 ‘blue’ and 20 ‘orange’ force patterns, marked as
diamonds in Supplementary Fig. 3.11, to serve as the training set. As we train the sheet, the
classification accuracy improves dramatically and reaches a maximum of 82% (test accuracy)

after 23 epochs (Supplementary Fig. 3.11c). To qualify the classification better, we look at

the classification results corresponding to the maximal accuracy at epoch 23 (Supplementary

68



Fig. 3.11d). We observe that the trained decision boundary resembles the desired boundary,
so that the training protocol indeed produced a reasonable classification.

Note a few artifacts that still remain in the trained map: 1) there are 3 folded structures
left, rather than 2 (a small third color coded region exists, labeled yellow), 2) a second
orange region appeared inside the bulk blue region, emphasizing that the decision boundaries
between folded structures in sheets are generally not hyper-planes. We conclude that origami
sheets can be trained to classify distributions derived from other sheets, that are intrinsically
higher dimensional than the problems discussed in the main text. Moreover, the decision
boundaries are non-linear, so that in principal sheets can classify data that is not linearly
separable. We leave questions of the sheet size and the complexity of decision boundaries to

future studies.

3.4.4 Supplementary Note 4 - Transforming Iris data to applied forces on

sheets

The Iris data set [25] classified in the main text is a classical problem for classification.
In this work we are able train an origami sheet to correctly classify two species of Iris (I.
Versicolor, 1. Virginica) at an accuracy of 91%. Here we discuss how the Iris data is used to
generate training and test sets of applied force patterns to be used on origami sheets.

Each Iris example in the data set is given as a vector with 4 features (components): sepal
length, sepal width, petal length, petal width. These length measurements are all given
in cm. In addition to these measurements, each Iris is labeled as one of the Iris species
in the study. To generate force pattern sets from this data, we would like the different
measurements for each Iris example to be components of force vectors in the null space of
the origami sheet, as described in Supplementary Note 1. However, the raw Iris data is not
suited for this purpose due to two reasons. The dimensionful measurements of Iris lengths,

if directly translated to forces, would be far too great for our sheets and will cause it to
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fold too much and cause the sheet faces to collide. More crucially, sepal and petal lengths
tend to be considerably larger than their widths, and the same goes for the variance of
these variables. This will causes the width variables to be perceived as less important in the
training protocol, and have a negative effect on the classification results.

Fortunately, diverse data like this is an issue regularly faced by learning algorithms, and
it is generically solved by applying an invertible transformation to the data. The transformed
data is then better suited for the learning algorithm in use. A typical example of such a
transformation in data sets is to normalize each feature (divide by the mean of that feature)
and translate it such that the mean of the transformed data is 0. This transformation
is especially useful for classification algorithms like logistic regression, where the different
features have different dimensional units.

In our case however, the standard transformation above is not useful, due to a particular
property of origami sheets, namely their Z9 symmetry. If forces F' are applied to the sheet
and it folds into a state p, then folding the same sheet with forces —F" will result in a state —p.
This is true for any self-folding origami sheet, regardless of the stiffness profile on its creases.
This property cannot be changed by training the sheet. Thus, force patterns of opposite
sign and different labels cannot be correctly classified. A simple way to avoid this issue is to
limit the force patterns to reside in a restricted part of force space. We choose to limit the
distributions such that the transformed Iris data will all be in the positive 4-hyperoctant.

In addition, we want the data to span as much as possible of the positive hyperoctant.
This will increase the expressive of our training protocol, as more discrete folded structures
would become available if the applied force patterns are more diverse. We thus need to
transform the Iris data to be all positive, and stretch it such that all features have similar
variance.

To achieve these goals we apply the following linear (invertible) transformation to the

Iris data of the Versicolor and Virginica species. Suppose an Iris example is given as a vector
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x (where the components are sepal length, sepal width, petal length, petal width in this

order). The vector is transformed by

¥ =Ax+b
0.264 0 0 0
0 0.580 0 0

A= , b= —0.880. (3.15)
0 0 0303 0

0 0 0 0.836

Then the transformed vector is used to define the force patterns applied to the origami
sheet, as described in Supplementary Note 1. After training is concluded, the transformation

can be inverted to relate the origami classification results with the original Iris data, as shown

in the main text.
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