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In this work, we investigate a largely unexplored nongeometric corner of the string landscape: the
quasicrystalline orbifolds. These exist at special points of the Narain moduli, leading to frozen moduli and
large quantum symmetries. Here, we complete the classification and construction of quasicrystalline Narain
lattices and use this to explore supersymmetric compactifications in 4 ≤ D ≤ 6 and with 4 ≤ Q ≤ 16

supercharges, leading to novel theories, including theories with large quantum symmetries at all points in
the moduli space. We anticipate that these constructions will have many applications, and in subsequent
work, we apply these techniques to construct new nonsupersymmetric tachyon-free models. Similarly,
these constructions can lead to constructing exotic matter representations in the string landscape.
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I. INTRODUCTION

Investigation of the string theory landscape has proven to
be a fruitful endeavour, both for understanding the possible
string theory vacua, and hence connecting to phenomenol-
ogy, but also for understanding fundamental principles of
quantum gravity as characterized by the Swampland pro-
gram [1]. Since string theory models seem to carry much of
the workload, having a clear picture of the possible land-
scape seems crucial. A special focus on exotic construc-
tions seems natural in order to find the “boundaries” of the
string landscape. For example, the largest class of super-
symmetric compactifications we know are provided by
Calabi-Yau manifolds, but such theories usually come with
a large number of massless moduli and a “universal
hypermultiplet” as a consequence of their geometric nature.
However, nongeometric constructions, and in particular
asymmetric orbifold models [2], have proven to be valuable
allies in the investigation of finding counterexamples to such
naive expectations based on geometric string landscape.
In particular, in [3], various string islands were engi-

neered with 16 supercharges, and in [4], it was demon-
strated that new nongeometric theories can be constructed
using these methods, which showed that the expectation of
geometric string constructions does not hold: The “univer-
sal hypermultiplet” ended up being not so universal after all

and does not exist in some of these constructions. Another
example is that the celebrated Kodaira condition, familiar in
the context of F-theory constructions, was shown not to be
valid in some classes of asymmetric orbifolds.
Moreover, an interesting observation of [5] was that

nongeometric models may be connected to geometric
models by utilizing transitions that are beyond the super-
gravity regime of the geometric model. For example, in [4]
it was demonstrated that there could be small volume
transition in F-theory that freezes the base moduli.
In this work, we continue these investigations by

considering the most extreme case of nongeometric asym-
metric orbifolds called quasicrystalline orbifolds, first intro-
duced in [6]. Such orbifolds are characterized by symmetries
of the Narain lattice that do not descend from discrete
symmetries of some bulk torus in the traditional way but
correspond only to symmetries of the momentum/winding
Narain lattice, where the left- and right-momentum lattices
are quasicrystals. Necessary features for the existence of
Narain lattices with such symmetries were pointed out in [6]
and used to construct some new orbifold models. In this
paper, we also show the sufficiency of these conditions by
actually constructing the quasicrystalline Narain lattice.
Quasicrystalline symmetries are well studied in the

context of crystallography and have various applications
in phases of matter [7]. In string theory, lattices and
crystallography show up in the context of compactification,
characterizing the physical charges and spectrum. As usual,
they can be thought of as compactifications on some geo-
metric torus with some Kalb-Ramond B-field turned on. In
this work, we employ their useful orbifold symmetries to
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construct new supersymmetric models with a small number
of moduli and exotic representations of matter fields.
Interestingly, in theories with 16 supercharges, we find

that all quasicrystalline compactifications in 6D are part of
the geometric K3 moduli space. The K3 automorphisms
were classified in [8], which we use to identify with some
of these quasicrystalline points. These orbifolds were also
constructed in [9]. Additionally, some of these orbifolds
will provide evidence for the existence of more 6D string
islands [3] as predicted in [10], which will be constructed
in [11]. The heterotic island is expected to appear in [12].
Similarly, we consider compactifications to dimensions

3 ≤ d ≤ 6 and with 4 ≤ Q ≤ 16 supercharges, and we
identify the interesting features and connections to geo-
metric models when applicable. One particularly interest-
ing observation in quasicrystalline compactifications is that
we have large discrete symmetries which we identify as the
quantum symmetries of the orbifold.
The organization of the paper is as follows: In Sec. II, we

review basic properties of Narain compactifications and
lattices with a focus on identifying all the possible Abelian
automorphisms corresponding to irreducible crystalline
and quasicrystalline symmetries. We also provide a proof
that for any given choice of such symmetry, it will be
possible to construct an even unimodular lattice, and hence
provide a consistent string theory. In Sec. III, we review
basic properties of orbifolds that will be used in all the
constructions. Finally, in Sec. IV, we study particular
examples of quasicrystalline orbifolds, and hence produce
new lower-dimensional theories with Q ¼ 4, 8, 16 super-
charges in dimensions d ¼ 4, 5, 6.

II. LATTICES AND SYMMETRIES

In this section, we review string compactifications on tori
Td and their symmetries, with a focus on the exotic class of
quasicrystalline compactifications. Torus compactifications
are characterized by an even unimodular lattice Γ of
dimension 2d for type-II strings and 2dþ 16 for heterotic
strings, whose symmetries lift to symmetries of the com-
pactification. Quasicrystalline compactifications use the
fact that the lattice Γ can have a higher-dimensional sym-
metry that cannot be accommodated in d dimensions. In
other words, these symmetries cannot be realized crystallo-
graphically on Td.
This section is an overview of the more mathematical

material in Appendix B, where proofs for the claims made
in this section can be found. More generally, readers who
would like to gain familiarity with lattice theory methods
will find the appendix useful.
In Sec. II A, we review compactifications of string theory

on tori Td and their equivalent characterizations by Narain
lattices Γ. In Sec. II B, we explain the correspondence
between the symmetries of the lattice Γ, T-dualities, and
symmetries of string theory. Lastly, in Sec. II C, we review
and extend the quasicrystalline compactifications [6].

A. Narain lattices

String theory compactified on a d-dimensional torus Td

has ground-state momenta taking values in the compact
dimensions in an embedded, even self-dual lattice
Γdþx;d ⊂ Rdþx;d, where x ¼ 16 for heterotic strings and x ¼
0 for type II strings. The embedded lattice Γdþx;d is called the
Narain lattice [13,14]. Torus compactifications are com-
pletely characterized by the choice of the Narain lattice.
We emphasize that the Narain lattice is not only a lattice,

but a choice of polarization—i.e., how it splits to left and
right momenta. There is a unique even unimodular lattice
IIdþx;d up to isomorphism (Proposition 1). Therefore, all
Narain lattices are lattice-isomorphic. What actually deter-
mines the physics of the compactification is the choice of
embedding, IIdþx;d ↪ Γdþx;d ⊂ Rdþx;d.
We denote the ground-state left- and right-moving

momenta on the torus as ðpL;pRÞ∈Γdþx;d ⊂ Rdþx;d. The
Narain lattice determines the mass spectrum and the choice
of background fields on the torus Td for type-II and
heterotic strings as follows.

1. Type II

The mass spectrum is given by

M2
L ¼ NL þ p2

L

2
−
1

2
; ð1Þ

M2
R ¼ NR þ p2

R

2
−
1

2
; ð2Þ

where NL, NR are left- and right-moving oscillator num-
bers, and ðpL;pRÞ∈Γd;d are the left and right ground-state
momenta.
The correspondence between the Narain lattice and the

background fields is [15]

ðpIÞL;R ¼
ffiffiffiffi
α0

2

r �
πI �

1

α0
ðGIJ ∓ BIJÞLJ

�
: ð3Þ

Here, GIJ; BIJ are the background fields on Td, πI is the
center-of-mass momentum along the compact dimensions,
and LI is the winding length

XIðσ þ 2π; τÞ ¼ XIðσ; τÞ þ 2πLI; ð4Þ
with I ¼ 1;…; d.

2. Heterotic

The mass spectrum is given by

M2
L ¼ NL þ p2

L

2
− 1; ð5Þ

M2
R ¼ NR þ p2

R

2
−
1

2
; ð6Þ
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where NL, NR are left- and right-moving oscillator num-
bers, and ðpL;pRÞ∈Γdþ16;d are the left and right ground-
state momenta.
The correspondence between the Narain lattice and the

background fields is [15]

ðpIÞL;R ¼
ffiffiffiffi
α0

2

r �
π̃I −

1

α0
ðBIJ ∓ GIJÞLJ

− πAAA
I −

1

2
AIAAA

JL
J

�
; ð7Þ

ðpAÞL ¼ πA þ AIALI: ð8Þ

Here, I ¼ 1;…; d ranges over the Td coordinates, and A ¼
dþ 1;…; dþ 16 ranges over the 16 internal left-moving
bosonic coordinates. In addition, π̃I is the center-of-mass
momentum in the Td directions, LJ is the winding length,
and GIJ; BIJ; AIA are the background metric, antisymmet-
ric, and gauge fields. Lastly, πA is the momentum in the 16
internal left-moving bosonic coordinates.

B. Lattice automorphisms

In this section, we describe the correspondence between
lattice automorphisms of the Narain lattice Γdþx;d and
dualities and symmetries of string theory.
The automorphism group of the unique even unimodular

lattice AutðIIdþx;dÞ [which is the same as that of the Narain
lattice AutðΓdþx;dÞ] is called the T-duality group. The
T-duality group includes the familiar T-dualities sending
the radii to their inverses

R ↦
α0

R
; ð9Þ

as well as more complicated T-duality actions, together
with discrete isometries of Td. Note that the T-duality group
is independent of the specific choice of the Narain lattice.
Some T-duality group elements can also be symmetries

of the theory depending on the choice of Narain lattice—
i.e., the embedding IIdþx;d ↪ Γdþx;d ⊂ Rdþx;d. In particu-
lar, if an automorphism θ∈AutðΓdþx;dÞ ⊂ Oðdþ x; d;RÞ
decomposes (by virtue of the embedding) into left and right
rotations as θ ¼ ðθL; θRÞ, then it acts as a symmetry on the
worldsheet CFT. We call the group of such automorphisms
the Narain symmetry group:

SymðΓdþx;dÞ ≔ AutðΓdþx;dÞ ∩ ðOðdþ x;RÞ × Oðd;RÞÞ:
ð10Þ

These are the T-dualities that act as symmetries on the
worldsheet. An example is T-duality at the self-dual radius.
Note that θ∈AutðΓdþx;dÞ must be similar to an integer

matrix

SθS−1 ∈Oðdþ x; d;ZÞ; ð11Þ

with S being a real matrix. This is because the symmetry θ
is an automorphism of a lattice; therefore, its action in the
basis given by the generators of the lattice must be an
integer matrix. Integrality ensures that lattice elements map
to lattice elements. The necessary and sufficient condition
for a symmetry θ to be similar to an integer matrix is given
in Theorem 1. It is equivalently stated as the following:
Suppose N is the smallest integer such that θN ¼ 1. If we
fix an integer p that divides N, and consider all integers
r < p that are coprime with p as gcdðr; pÞ ¼ 1 [16], then
all phases e2πir=p must appear with the same multiplicity as
eigenvalues of θ.
If the symmetry θ acts on the left and right movers on the

worldsheet in the same way as θL ¼ θR, then it is called
a symmetric action, and it corresponds to a geometric
rotation of the target-space torus Td. If the actions on the
left and right are unequal, θL ≠ θR, then it is called an
asymmetric action, and there is no corresponding action on
the target-space coordinates.
We give an example for each. For a symmetric action

example, consider a string compactification on T2 with
complex modulus at τ ¼ e2πi=3. There is a geometric Z3

symmetry of the target-space torus that lifts to a Z3 action
on the worldsheet with θL ¼ θR ¼ Rð2π=3Þ in an appro-
priate basis, where R is a rotation matrix. As an asymmetric
action example, T-duality [Eq. (9)] at the self-dual radius
becomes a symmetry of the worldsheet. It is an asymmetric
action, for which θR ¼ 1; θL ¼ −1, with no corresponding
action on the target space coordinates.

C. Quasicrystalline compactifications

Another useful classification for Narain symmetries θ
that we now describe is whether they are crystallographic or
quasicrystallographic.
A symmetry θ is a crystallographic symmetry if its action

can be written as an integer matrix on the left and right
separately up to conjugation as

θ ¼ ðθL; θRÞ; QθLQ−1 ∈Oðdþ x;ZÞ;
PθRP−1 ∈Oðd;ZÞ; ð12Þ

where Q, P are real matrices. A crystallographic symmetry
can be either a symmetric or an asymmetric action.
A symmetry θ is a quasicrystallographic symmetry if it is

similar to an integer matrix, but not separately on the left
and right:

SθS−1 ∈Oðdþ x; d;ZÞ; QθLQ−1 ∉ Oðdþ x;ZÞ;
PθRP−1 ∉ Oðd;ZÞ; ð13Þ

for any Q, P real matrices. This reflects the fact that the
combination of the left and right actions together is
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irreducible; it is not possible to consider one side without
the other. A quasicrystallographic symmetry is always an
asymmetric action. A string theory compactification with a
quasicrystallographic symmetry acting on its Narain lattice
is called a quasicrystalline compactification and was first
introduced in [6].
We now give an example for each case. For a crystallo-

graphic symmetry example, we can construct a Narain
lattice using the weight ΛWðgÞ and root ΛRðgÞ lattices of a
simply laced Lie algebra g as

Γd;dðgÞ ¼ fpL; pR ∈ΛWðgÞjpL − pR ∈ΛRðgÞg: ð14Þ

This is the usual construction for heterotic compactifica-
tions with g gauge enhancement. For concreteness, we can
choose g ¼ A2 and construct Γ2;2 explicitly using the
gluing construction of Appendix C:

Γ2;2ðA2Þ ¼ ðA2;A2Þ ∪ ðA2;A2Þ þ
�
1

3
;
2

3
;
1

3
;
2

3

�

∪ ðA2;A2Þ þ 2

�
1

3
;
2

3
;
1

3
;
2

3

�
: ð15Þ

There are both symmetric and asymmetric crystallo-
graphic actions on the lattice. For example, the asymmetric
action ðRð2π=3Þ; IÞ, which acts with a Z3 on the left A2

and identity on the right A2, is a symmetry of the Narain
lattice (15). It is asymmetric and crystallographic. As
another example, ðRð2π=3Þ;Rð2π=3ÞÞ is a symmetric and
crystallographic action.
For a quasicrystalline symmetry example, we define a

Narain lattice Γ2;2 basis as embedded in R2;2 as

v1 ¼
1ffiffiffi
34

p ð1; 0; 1; 0Þ;

v2 ¼
1ffiffiffi
34

p
� ffiffiffi

3
p

2
;
1

2
;−

ffiffiffi
3

p

2
;
1

2

�
;

v3 ¼
1ffiffiffi
34

p
�
1

2
;

ffiffiffi
3

p

2
;
1

2
;−

ffiffiffi
3

p

2

�
;

v4 ¼
1ffiffiffi
34

p ð0; 1; 0; 1Þ: ð16Þ

It can be checked that the lattice generated by v1;…; v4 is
unimodular. This lattice is constructed by choosing θ ¼
ðRð2π=12Þ;Rð2π5=12ÞÞ and taking vn ≔ θn−1 · v1. The
Narain lattice has a quasicrystallographic symmetry θ
by construction. Note that θ satisfies the integer matrix
condition: the totatives of 12 are 1, 5, 7, and 11, with all of
them appearing with the same multiplicity of 1 as eigen-
values of θ. In particular, 1 and 11 appear once and
correspond to eigenvalues e2πi=12; e2πi11=12 of θ on the left;
5 and 7 also appear once and correspond to eigenvalues
e2πi5=12; e2πi7=12 on the right.

An action θ is irreducible if it satisfies the integer matrix
condition (11) minimally: the only eigenvalues of θ are
e2πir=N , each with multiplicity 1 where r < N are totatives
of N, gcdðr; NÞ ¼ 1. An irreducible quasicrystal is a
Narain lattice with a quasicrystalline action that is irreduc-
ible. We give a list of all possible irreducible unimodular
quasicrystals in Table I.
To construct irreducible unimodular quasicrystals, we fix

the order m of the quasicrystalline symmetry and count the
number of its totatives given by the Euler totient function
ϕðmÞ (which counts the number of integers less thanm that
are prime to m), which gives the dimension of the Narain
lattice Γr;s

m to be constructed as ϕðmÞ ¼ rþ s. For the
unimodularity and existence of Γr;s

m , Corollary 1 provides
three necessary and sufficient conditions to check:
(1) r≡ s mod 8.
(2) r≡ s≡ 0 mod 2.
(3) m is not a prime power, m ≠ pa, or two times a

prime power, m ≠ 2pa, for some integer a.
Then, one can construct Γr;s

m by choosing a starting
vector v∈Rr;s and taking the span of vn ≔ θn−1 · v for
0 ≤ n < ϕðnÞ. This construction is along the same lines as
Eq. (16) and is also described in great detail in Appendix D.
In addition, one can construct unimodular quasicrystals

that are not irreducible by gluing nonunimodular quasi-
crystals together, as explained in Appendix D. For example,
the Z5 quasicrystal Γ2;2

5 in 2D is not unimodular, but gluing
two copies together produces a 4D unimodular quasicrys-
tal Γ2;2

5 Γ2;2
5 ½11�.

We now make contact with the usual notion of quasi-
crystals. Crystals are structures with translation invariance
and possibly rotational symmetries. Quasicrystals do not
have translation invariance but still have rotational sym-
metries. They can be constructed by projecting down a
higher-dimensional crystal to a subspace at an irrational
angle [17]. In our context, the higher-dimensional crystal is
the Narain lattice Γdþx;d, and the quasicrystal is obtained by
projecting to the left or right movers. In Fig. 1, we show the

TABLE I. Irreducible unimodular quasicrystals for each rank
and signature. For each symmetry order m and signature ðr; sÞ
listed, there exists a unimodular quasicrystal Γr;s

m with Zm
symmetry. The relevant ones are constructed explicitly in
Appendix D.

Lattice
rank Signature Symmetry order

4 (2; 2) 12
8 (4; 4) 15, 20, 24, 30
12 (6; 6), (10; 2) 21, 28, 36, 42
16 (8; 8), (12; 4) 40, 48, 60
20 (14; 6), (18; 2) 33, 44, 66
24 (16; 8), (20; 4) 35, 39, 45, 52, 56, 70, 72, 78, 84, 90
28 (22; 6) ∅
32 (24; 8) 51, 68, 80, 96, 102, 120
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quasicrystal structure in the ðp1
L; p

2
LÞ plane, which is

obtained by projecting the Narain lattice Γ2;2
12 to the sub-

space of left movers, as shown in Fig. 2.
Narain lattice data are equivalent to the background field

data of the compactification. Therefore, we can identify the
values of the background fields corresponding to the
quasicrystalline compactifications. We use the technique
explained in Appendix A. The Z12 quasicrystalline Narain
lattice is spanned by Eq. (16). Therefore, the lattice
corresponding to the spacetime torus

Td ¼ Rd=2πΛd ð17Þ

is spanned by

Λd ¼
� ffiffiffiffi

α0

2

r
½ðviÞL − ðviÞR�

�
ð18Þ

¼
ffiffiffiffi
α0

p �� ffiffiffi
34

pffiffiffi
2

p ; 0

�
;

�
0;

ffiffiffi
34

pffiffiffi
2

p
��

≕ he1; e2i: ð19Þ

The metric is then

½Gij� ¼ α0
 ffiffi

3
p
2

0

0
ffiffi
3

p
2

!
: ð20Þ

To find the B-field, we solve

1

α0
½Bij�Z2 ¼ Z2 ∪ ½Gij�Λkk: ð21Þ

The KK momentum lattice is

ΛKK ¼
� ffiffiffiffiffiffiffi

1

2α0

r
½ðviÞL þ ðviÞR�

�
ð22Þ

¼ 1ffiffiffiffi
α0

p
��

1ffiffiffi
2

p ffiffiffi
34

p ; 0

�
;

�
0;

1ffiffiffi
2

p ffiffiffi
34

p
��

ð23Þ

¼ 1

α0
ffiffiffi
3

p he1; e2i: ð24Þ

Therefore, in lattice basis,

Λkk ¼
1

α0
ffiffiffi
3

p hð1; 0Þ; ð0; 1Þi: ð25Þ

We see that

½Gij�Λkk ¼
1

2
hð1; 0Þ; ð0; 1Þi; ð26Þ

FIG. 1. We give a presentation of the Narain lattice
ðp1

L; p
2
L;p

1
R; p

2
RÞ∈Γ2;2

12 with quasicrystalline symmetry Z12.
The centers of the ellipses correspond to ðp1

L; p
2
LÞ, and the

orientation and length of the ellipses correspond to ðp1
R; p

2
RÞ. We

observe that there is no translational symmetry in the ðp1
L; p

2
LÞ

plane, but there is an overall rotational symmetry. To realize the
rotational symmetry, a 2π

12
rotation in the ðp1

L; p
2
LÞ plane must be

accompanied by a 10π
12

rotation in the ðp1
R; p

2
RÞ plane that acts on

each ellipse around its center.

FIG. 2. Quasicrystals are obtained by projecting a lattice to a
subspace at special irrational angles. The figure shows the 4D
unimodular lattice Γ2;2

12 in the ðp1
L;p

1
RÞ plane. The 2D ðp1

L; p
2
LÞ

subspace is represented here as a line that cuts the lattice at an
irrational angle. Projection of the 4D lattice onto the 2D subspace
produces Fig. 1.
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therefore, the B-field is given as

½Bij� ¼ α0
�

0 1
2

− 1
2

0

�
: ð27Þ

III. ORBIFOLDS

This section reviews the orbifolding methods in string
theory. We emphasize asymmetric orbifolds, in which the
left and right movers on the worldsheet are orbifolded
by asymmetric actions. Their orbifolded spectrum usually
have interesting nongeometric features. Asymmetric orbi-
folds of quasicrystalline compactifications provide an even
more unconventional arena to search for such features.
Before approaching this arena, we equip the reader with the
details of orbifold techniques.
In Sec. III A, we describe in detail how symmetries of the

Narain lattice lift to actions on the string worldsheet.
In Sec. III B, we describe how to compute the orbifold
spectrum.

A. Action of Narain symmetries on the worldsheet

The Narain lattice consists of left- and right-moving
momenta ðpL;pRÞ of the string on Td. By complexifying
the torus coordinates according to the planes of rotation
of θL, θR, we can assume that they are diagonal matrices.
For θR,

θR ¼ diag
�
e2πiϕ

R
1 ; e−2πiϕ

R
1 ;…; e

−2πiϕR
bd
2
c
�

ð28Þ

in even d, and

θR ¼ diag
�
e2πiϕ

R
1 ; e−2πiϕ

R
1 ;…; e

−2πiϕR
bd
2
c ;�1

�
ð29Þ

in odd d. The diagonal form of θL takes a similar form with
d replaced by dþ x and ϕL replaced by ϕR. The action of
θR on the rotation planes is characterized by the twist vector

ϕR ¼
�
ϕR
1 ;…;ϕR

bd
2
c
�
; ð30Þ

where entries take values 0 ≤ ϕR
i < 2. The mod 2 value of

the entry facilitates the spin uplift. Similarly, θL is char-
acterized by ϕL.
We also define the invariant sublattice under gm as

IðgmÞ ≔ FixgmðΓdþx;dÞ ¼ fp∈Γdþx;djgm · p ¼ pg: ð31Þ

We let I ≔ IðgÞ.
One can also use shifts v ¼ ðvL; vRÞ∈Q ⊗ Γdþx;d

together with the rotations and get left-right asymmetric
actions

g ¼ ðθL; vL; θR; vRÞ∈ ðOðdþ xÞ×OðdÞÞ ⋉ ðQ⊗ Γdþx;dÞ:
ð32Þ

We denote the projection of v onto I as v�.
The action g can be uplifted to the worldsheet CFT as ĝ,

acting on the complexified oscillators as

ĝ · αin ¼ e2πiϕ
L
i αin; ð33Þ

where i corresponds to a complexified torus coordinate (or
possibly a real coordinate if d is odd). The action on the
right movers is similar. The action on the lattice modes is
given as

ĝ · jpL;pRi ¼ e2πið−pL·vLþpR·vRÞjθL · pL; θR · pRi: ð34Þ

The action of ĝ on the Ramond ground state jsi ¼
js1; s2; s3; s4i; si ¼ � 1

2
involves two points. First, an odd

number of −1 eigenvalues are not allowed, since such an
action would flip the chirality. This restricts the discussion
to SOðdÞ. Second, the Ramond ground state is a spacetime
spinor, so rotations must be uplifted from SO to Spin
groups. The uplift choice is encoded by the modulo 2 value
of the twist vector entries as

ĝ · jsL;Ri ¼ e2πiϕ
L;R·sL;R jsL;Ri: ð35Þ

It follows that the condition for supersymmetry to be
preserved is

�ϕL;R
1 � ϕL;R

2 � ϕL;R
3 � ϕL;R

4 ≡ 0 mod 2 ð36Þ

for some choice of signs [18].

B. Orbifolding procedure

String theory on orbifold backgrounds was introduced
in [19]. Geometrically, orbifolds can be constructed from
a torus Td by quotienting by a cyclic group ZN ¼ hgi
generated by isometry g as Td=Zn. On the worldsheet, the
orbifolding procedure amounts to relaxing the boundary
conditions of the string

Xiðτ; σ þ 2πÞ ¼ gn · Xiðτ; σÞ; ð37Þ

and then projecting to the invariant subspace of ĝ,

ĝ · jψi ¼ jψi: ð38Þ

The states with gn-twisted boundary conditions make up
the ĝn-twisted sector. The n ¼ 0 sector corresponds to the
untwisted sector.
For geometric orbifolds, the action of g on the Narain

lattice is left-right symmetric as θL ¼ θR and vL ¼ vR.
Since the left and right degrees of freedom of strings are
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decoupled, one can generalize the orbifolding procedure to
left-right-asymmetric actions g with θL ≠ θR or vL ≠ vR.
The procedure is carried out on the worldsheet CFT in a
similar fashion by relaxing the left and right boundary
conditions and projecting to the invariant subspace of ĝ.
Such orbifolds have no target-space interpretation and are
called asymmetric orbifolds [2,20].
Level matching is necessary and sufficient to ensure the

consistency of the orbifolding procedure [21]. In particular,
for a ZN orbifold, the energy levels on the left EL and right
ER must only differ by an integer multiple of 1

N:

ER − EL ∈
Z
N
: ð39Þ

It is enough to check level matching for the ĝ-twisted
sector ground state. The ground-state energy in a sector
twisted by twist vector ϕ is

ðE0ÞL ¼ 1

2

X
i

fϕigð1 − fϕigÞ − 1 ð40Þ

for bosonic, and

ðE0ÞL;R ¼ 1

2

X
i

fϕig −
1

2
ð41Þ

for supersymmetric strings, where 0 ≤ fag < 1 is the
fractional part. Additionally, if the twist is accompanied
by a shift ðvL; vRÞ, it contributes to the ground-state energy
on the left as ðv�LÞ2=2, and similarly on the right [22]. Their
difference is given by the indefinite norm

ðv�Þ2 ¼ −ðv�LÞ2 þ ðv�RÞ2: ð42Þ

Therefore, the level-matching condition is

1

2

�X
i

fϕR
i g −

X
i

fϕL
i g
�
þ ðv�Þ2

2
∈

Z
N

ð43Þ

for type II, and

1

2

�X
i

fϕR
i g −

X
i

fϕL
i gð1 − fϕL

i gÞ
�
þ ðv�Þ2

2
þ 1

2
∈

Z
N

ð44Þ

for heterotic strings.
More generally, the mass in the mth twisted sector is

given by

EL;R ¼ NB þ ðrL;R þmϕL;RÞ2
2

þ ðpL;R þmvL;RÞ2
2

þ ðE0ÞL;R −
1

2
ð45Þ

for the supersymmetric sides, and

EL ¼ NB þ ðpL þmvLÞ2
2

þ ðE0ÞL − 1 ð46Þ

for the bosonic side. Here, rL;R is an SO(8) weight, and NB

is the bosonic oscillator level.
For gN ¼ 1 with even N, an additional condition is

pgN=2p ¼ 0 mod 2 ð47Þ

for all p∈Γdþx;d. This condition can be relaxed by
doubling the order of the group [20,23].
The number of ground states in the twisted sectors is

given by

χðθÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð1 − θÞ
jI�=Ij

s
; ð48Þ

where I corresponds to the invariant lattice under θ and I�
its dual. Note that as described in Ref. [2], χðθÞ∈Z for
even self-dual lattices.
To compute the spectrum of the orbifolded theory, we

use the partition function. The partition function in the
untwisted sector is constructed using ĝ insertions in the
trace

Z

	
n

0



ðτ; τ̄Þ ≔ TrðĝnqL0−c=24q̄L̄0−c̄=24Þ ð49Þ

and projecting to ĝ invariant states

Z½0�ðτ; τ̄Þ ¼ Tr

 
1

N

XN−1

n¼0

ĝnqL0−c=24q̄L̄0−c̄=24

!

¼ 1

N

XN−1

n¼0

Z

	
n

0



: ð50Þ

To construct the twisted sectors, one uses modular
covariance

Z

	
n

m


�
aτ þ b
cτ þ d

;
aτ̄ þ b
cτ̄ þ d

�
¼ Z

	
dn − bm

am − cn



ðτ; τ̄Þ;

�
a b

c d

�
∈SLð2;ZÞ: ð51Þ

The partial trace Z½nm� corresponds to an insertion of ĝn in
the ĝm-twisted sector

Z

	
n

m



¼ TrĝmðĝnqL0−c=24q̄L̄0−c̄=24Þ: ð52Þ

The ĝm-twisted sector is then constructed as
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Z½m�ðτ; τ̄Þ ¼ 1

N

XN−1

n¼0

Z

	
n

m



: ð53Þ

When the orbifold order N is prime, computations are
substantially simplified. This is because the ĝm-twisted
sector partition function can be constructed by summing the
orbit of Z½0m� under T, which corresponds to simply imposing
level matching. Therefore, for prime orbifolds, the twisted-
sector spectrum is simply given by all level-matching states.
For nonprime orbifolds of orderN, one needs to compute the
nontrivial projections in addition to level matching, since not
all Z½nm� are in the modular orbit of Z½0m�.
As explained in Sec. II C, quasicrystalline compactifi-

cations have symmetries that act asymmetrically on the
left and the right, so they adopt the asymmetric orbifold
machinery we have just introduced. Orbifolding by such
symmetries, we obtain quasicrystalline orbifolds. The
focus of this paper is to explore the various nongeometric
features of the quasicrystalline orbifold landscape.

IV. SUPERSYMMETRIC MODELS

Most of the supersymmetric string constructions known
involve geometric orbifolds and Calabi-Yau manifolds.
However, as demonstrated in [4,24], it is crucial to study
other corners of the string landscape, as more exotic
constructions could be possible that provide a more
complete view of the possible landscape. For instance, in
Ref. [4], supersymmetric examples with eight supercharges
were constructed that have no hypermultiplets, contrary to
the ordinary geometric models that always lead to at least
one free hypermultiplet controlling the string coupling.
Additionally, for elliptic Calabi-Yau threefolds, it is
known that string charges need to satisfy the Kodaira
condition [25], and no example outside of Calabi-Yau
models was known to violate this. However, in Ref. [4],
asymmetric orbifolds were shown to be powerful tools to
find examples that in fact violate this condition, hence
taking us away from the geometric lamppost.
As was shown in the previous section, quasicrystalline

orbifolds go a step further than usual asymmetric models,
where the orbifold symmetries are symmetries of the string
lattice and not of the geometric target-space torus. This
leads to CFTs with no clear target-space interpretation.
In this section, we build such models with Q ¼ 4, 8, 16
supercharges in various dimensions. Additionally, orbifold
quantum symmetries will be used to identify large discrete
gauge groups in our theories.

A. Q= 16 supercharges

The string landscape with 16 supercharges is very well
studied. A large class of such compactifications was studied
in Refs. [26–28], isolated string islands were studied in [3],
and in particular in [29], it was shown that the compacti-
fication of IIB strings with (2, 0) supersymmetry to 6D is

unique and corresponds to type-IIB strings on K3. The
chiral 6D (2, 0) theory is unique, as the number of tensor
multiplets is fixed to 21 by anomalies. The 6D (1, 1)
landscape has been studied in Ref. [10] with possible gauge
group enhancements corresponding to lattice embeddings
in some K3 lattice. It is also well known that the K3 sigma
model has well-studied orbifold limits given by T4=Z2;3;4;6

[29] plus non-Abelian orbifold limits [30]. In this section,
we would like to study quasicrystalline orbifolds with 16
supercharges and show that in six dimensions, they are dual
to special limits of type II with K3 compactification which
we identify. A similar observation was made in [31].
As far as quasicrystalline orbifolds are concerned,

we have been able to identify four such classes of theories
with Q ¼ 16 in 6D. The reasoning is as follows: We are
considering asymmetric actions that act nontrivially both in
the right and left sectors, and hence only the type-II string
can give Q ¼ 16, since any such action will at least break
some supersymmetry. For the orbifolding action to preserve
half the supersymmetries of type II, the two eigenvalues
should be equal both on the left and right, so the action is
given by two blocks of the same quasicrystalline action
θ ∼ CðΦmÞ ⊕ CðΦmÞ, where CðΦmÞ is a 4 × 4 matrix,
described in Sec. 3 of Appendix B. Since we are consid-
ering compactifications to 6D, m satisfies ϕðmÞ ¼ 4, and
hence there are only four such quasicrystalline actions, as
summarized in Table XI, given by Z5, Z8, Z10, Z12.
Note that the only ð2; 2Þ quasicrystal that is unimodular

by itself is Γ2;2
12 . The others can be glued with another

copy of themselves to give a unimodular lattice—e.g.,
Γ2;2
5 Γ2;2

5 ½11� constructed in Appendix D using gluing rules
summarized in Appendix C. We can also consider a
compactification of these models to 5D with a free action
which will lift the twisted sectors, as described in
Appendix E. All these models give the same massless
spectrum respectively in 6D and 5D, as shown in Table II,
but twisted fields carry a different discrete gauge group
given by the corresponding quantum symmetry.
An interesting observation of Table II is that the IIA

compactification has only one tensor multiplet in the
gravity multiplet, and hence only one string. There are two
limits of this theory: the strong and weak coupling limits.
We know that there is a unique type-IIA weakly coupled
string theory given by the K3 sigma model. Therefore, this
orbifold is a point in the K3 CFT. Additionally, due to
heterotic/type-II duality, we expect this theory to be the
strong coupling limit of some perturbative heterotic model
which we would like to identify.
In particular, everyN ¼ ð2; 2Þ SCFTwith central charge

c ¼ c̄ ¼ 6 has a CFTelliptic genus agreeing with that of T4

or K3 [29]. Those with the same elliptic genus as K3 are
defined to be K3 SCFTs.
Now we determine the exact point in the K3 SCFT

moduli space that corresponds to our models. The moduli
space of the (4, 4) nonlinear sigma model is given by
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MK3 ¼ OðΓ4;20ÞnOð4; 20Þ=Oð4Þ ×Oð20Þ: ð54Þ

The Γ4;20 is the integral cohomology of K3, which
corresponds to the RR charge lattice, and OðΓ4;20Þ is the
automorphism group of the lattice. The Oð4; 20Þ=Oð4Þ ×
Oð20Þ component specifies the choice of the NSNS fields
corresponding to the metric and B-field, which parametr-
izes the choice of a positive-definite four-dimensional
subspace in R4;20 determining the four left- and right-
moving supercharges. The supersymmetry-preserving
automorphisms of the nonlinear sigma model consist of
those elements of OðΓ4;20Þ that leave the four-dimensional
subspace fixed. In Ref. [8], for a nonsingular K3 SCFT,
these automorphisms are identified with subgroups of the
Conway Group Co1 that fix a rank 4 sublattice of the Leech
lattice. In particular, the quantum symmetryQ of orbifolds,
reviewed in Appendix F, is such an automorphism.
In Ref. [32], the conjugacy classes in Co1 that can be

quantum symmetries of torus orbifolds were determined.
There is only one such conjugacy class in orders 5, 8, 10,
and 12, and all of them fix a rank 4 sublattice. Therefore,
these K3 theories can be determined by constructing the
cohomology lattice Γ4;20 using the rank 20 sublattice of the
Leech lattice. Such unimodular lattices were constructed
in [33] using the fixed-sublattice list of [34]. The fixed
sublattices of the Leech lattices are denoted as HM,

following the notation of Ref. [34]. All relevant data
is provided in Table III [35]. These orbifolds were
also constructed in [9], with the Z5 making its first
appearance in [32].
There are also points in the K3 moduli space that are not

quasicrystalline orbifold points, but are dual to heterotic
quasicrystalline compactifications under the Type-IIA
K3/Heterotic T4 duality. In particular, the K3 model [37]
obtained by the orbifold of the LG model

W ¼ z31 þ z72 þ z423 ð55Þ

corresponds to a Z42 quasicrystal 2Γ2;10
42 on the heterotic

side. To see this, we point out two disjoint Z42 symmetries
of the theory. The first is the Z42 orbifold quantum
symmetry in the twisted sectors. The second is a Z42

acting on the untwisted sector, corresponding to monomials
that survive the orbifolding action with

za1z
b
2z

c
3;

a
3
þ b

7
þ c
42

¼ 1; ð56Þ

where a∈Z2; b∈Z6; c∈Z41. There are 10 such deforma-
tions. The Z42 action is given by e2πic=42 on these mono-
mials, which are exactly the phases of the moduli of Γ2;10

42 .

TABLE II. Quasicrystalline orbifolds with 16 supercharges in 6D and 5D. The 5D theories are coupled with a shift
in the extra Γ1;1, which lifts the twisted sectors, given that the circle corresponding to Γ1;1 is large enough.

Q ¼ 16 quasicrystalline orbifolds

Dimension Lattice Twist IIA IIB

6 Γ2;2
5 Γ2;2

5 ½11� Z5∶ ð1; 1; 2; 2Þ=5
Γ2;2
8 Γ2;2

8 ½11� Z8∶ ð1; 1; 3; 3Þ=8 N ¼ ð1; 1Þ N ¼ ð2; 0Þ
Γ2;2
10 Γ

2;2
10 ½11� Z10∶ ð1; 1; 3; 3Þ=10 Gþ 20V Gþ 21T

2Γ2;2
12

Z12∶ ð1; 1; 5; 5Þ=12
5 Γ2;2

5 Γ2;2
5 ½11� þ Γ1;1 Z5∶ ð1; 1; 2; 2Þ=5

Γ2;2
8 Γ2;2

8 ½11� þ Γ1;1 Z8∶ ð1; 1; 3; 3Þ=8 N ¼ 2

Γ2;2
10 Γ

2;2
10 ½11� þ Γ1;1 Z10∶ ð1; 1; 3; 3Þ=10 Gþ 1V

2Γ2;2
12 þ Γ1;1 Z12∶ ð1; 1; 5; 5Þ=12

TABLE III. Quasicrystalline orbifolds and the corresponding K3 surfaces. TheQ charges correspond to quantum
symmetry charges of the scalars. We omitted the conjugate charges for brevity. The quantum symmetry is given by a
unique Co0 class, which constructs the cohomology lattice of the K3. Lastly, we list the full N ¼ ð4; 4Þ symmetry-
preserving automorphism group.

Quasicrystalline orbifold Q charges Co0 class Γ4;20 Symmetries

Z5 ð15; 25Þ=5 5C HM122 51þ2∶ Z4

Z8 ð12; 23; 32; 43Þ=8 8H HM143 Z8:Z3
2

Z10 ð1; 23; 31; 43; 52Þ=10 10F HM159 D20

Z12 ð1; 2; 32; 43; 5; 62Þ=12 12N HM157 D24
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Next, we consider the 5D theories in Table II. These
theories are obtained as Z5, Z8, Z10, Z12 freely acting
orbifolds, corresponding to the 6D theories on a circle with
an appropriate shift, such that the twisted sectors are lifted.
These models have only two moduli and in particular, only
one vector multiplet. A similar expectation was discussed
in Ref. [38]. If one of the directions in the 2D moduli space
decompactifies on a circle, then these theories would
correspond to 6D string islands with no other moduli than
the dilaton. Such a string island for the Z5 symmetry is
known and constructed in Ref. [3]. According to Ref. [39],
we expect that the Z8, Z10, Z12 orbifolds should also
correspond to 6D string islands, and hence have such a
decompactification limit [40]. The exact 6D string islands
will be constructed in Ref. [11].

1. 4D

We can also consider a combination of quasicrystalline
and crystalline symmetries to construct theories with 16
supercharges in 4D.
Note that since quasicrystalline symmetries always act

on both the left and right, a 4D quasicrystalline orbifold can
have at most eight supercharges from the untwisted sector.
For more than eight supercharges, one must build a model
with eight more supercharges in the twisted sectors. An
example is given in Table IV which has maximal rank 22.
The extra gravitini are found in the fifth and tenth twisted
sectors.
One could also consider the same theory on a circle with

a freely acting shift that projects out the twisted sectors.
One then gets a 3D theory with Q ¼ 8 and massless
spectrum Gþ 2V.

B. Q= 8 supercharges

This amount of supercharges first appears in six dimen-
sions, and therefore we study models inD ¼ 6, 5, 4, 3. The
largest class of these models is provided by Calabi-Yau
manifolds starting from IIA/IIB, M-theory, or F-theory.
However, such constructions have the drawback of keeping
us in the geometric lamppost. To avoid such effects, we
consider compactifications in nongeometric backgrounds,
as described in Sec. III, focused on orbifolding by quasi-
crystalline symmetries similar to examples demonstrated in
the previous section. The nongeometric nature of these
models is manifest by the lack of neutral hypers in the
untwisted sector with the exception of the dilaton, which is
dictated by the fact that we are constructing these models in

the perturbative string theory. As seen in Eqs. (27) and (20),
quasicrystalline symmetries exist at special points with
a fixed background metric and B-field making manifest
the nongeometric nature of the compactifications. We will
study various such heterotic and type-II models. The
interesting features we find are the generic lack of neutral
scalars in most models, the violation of the Kodaira
condition in various examples [4], and the large generic
discrete symmetries. We also comment on the connected-
ness of such configurations to known geometric models.

1. 6D

The largest known class of 6D compactifications corre-
spond to F-theory models on elliptic Calabi-Yau threefolds
[41,42]. However, from the bottom-up perspective, there
are many more theories expected to potentially exist that
satisfy anomaly conditions [25] and pass Swampland
tests [43]—for example, models with no neutral hypers
or those that violate the Kodaira condition. In Ref. [4], it
was shown that asymmetric orbifolds provide examples
that go beyond such constructions, as they are naturally
nongeometric and in fact do provide examples of theories
that have no neutral hypers and violate the Kodaira
condition. They also provide examples of 6D theories with
exotic matter that are not realizable in the geometric regime
of F-theory models [44]. However, it is believed that such
theories correspond to stringy regions of the geometric
moduli space—as, for example, when the F-theory base
is of stringy volume, and hence, they are connected to
F-theory models through nongeometric transitions.
For the chiral 6D N ¼ ð1; 0Þ supergravity, there are

various anomaly cancellation conditions, as imposed by the
generalized Green-Schwarz mechanism. The cancellation
of the gravitational anomaly condition is given by

273 − 29T ¼ H0 þHc − V; ð57Þ

where H0; Hc are the number of neutral and charged
hypers, respectively, V is the number of vector multiplets,
and T is the number of tensor multiplets. For perturbative
heterotic theories, there is always only one tensor T ¼ 1
due to the absence of RR fields. There are also various
gauge and mixed anomaly conditions summarized in
Eq. (57). In all the theories we consider, there are quantum
symmetries emanating from the orbifold action, as we saw
in the previous section, and therefore every field from the
twisted sector carries some nontrivial charge under this

TABLE IV. Quasicrystalline orbifolds with 16 supercharges in 4D.

4D Type IIB N ¼ 4 Quasicrystalline Orbifolds

Γ6;6 Twist Gauge group Spectrum

Γ2;2
5 Γ2;2

5 ½11� þ ΓðA2Þ (4/5, 4/5, 0; 2/5, 2/5, 2/3) Uð1Þ22 Gþ 22V
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discrete symmetry. This implies that all H0 fields corre-
sponding to neutral hypers may carry discrete gauge charge
if they arise from twisted sectors.
In Tables V and VI, we list a collection of Q ¼ 8

quasicrystalline orbifolds in 6D arising either from the
type-II or the heterotic string. In fact, there are four type-II
quasicrystalline models with the same massless spectrum of
Gþ 9T þ 8V þ 20H0, corresponding to the Z5, Z8, Z10,
and Z12 quasicrystals of the previous section with an
additional ð−1ÞFL twist. Similarly to the previous section,
the massless spectrum can be distinguished by the discrete
gauge charge that they carry from the corresponding
quantum symmetry, as shown in Table III. For brevity,
we have only listed the Z12 model, while the rest follow
from Table II. From the geometric point of view, there is an
F-theory elliptic Calabi-Yau threefold with base dP9 with
the same low-energy matter spectrum. One could suspect
that the orbifold theories we are considering here and the
Higgsed phase of Theory 1 in Ref. [4] are special points of
this Calabi-Yau moduli space.

The next class of examples we consider all correspond to
heterotic orbifolds which have nontrivial gauge groups and
matter [45]. In this case, we consider orbifolds of orders
N ¼ 5, 8, 12, 20, 30 and with appropriate shifts, which
result in nongeometric models where no neutral hyper-
multiplets are present, similarly to Ref. [4]. As discussed in
[4], we can consider the maximally Higgsed phases of these
models and compare the spectrum to known geometric
models. Since these are all perturbative heterotic models,
there will always be exactly one tensor multiplet, and hence
it will potentially correspond to an elliptic threefold with
base Fn for 0 ≤ n ≤ 12, which we identify using the non-
Higgsable clusters. The spectrum can be compared with the
geometry using the correspondence

h2;1ðCY3Þ ¼ H0 − 1;

h1;1ðCY3Þ ¼ rþ h1;1ðBÞ þ 2 ¼ rþ T þ 2; ð58Þ
where B stands for the base of the elliptic fibration. A parti-
cularly interesting observation is that, using quasicrystalline

TABLE V. Quasicrystalline orbifolds with eight supercharges in 6D. We provide the Narain lattice Γ4þx;4 where x ¼ 0 for type II or
x ¼ 16 for heterotic, the twist, the shift, information about the spectrum, the potential Higgsed phases of the models, and whether the

model satisfies the Kodaira condition. The notation ðR1; R2ÞðN1;N2Þ
ð½q1;q2�;½q3;q4�Þ denotes that we have N1 multiplets in the tensor product

representation R1 ⊗ R2 under two continuous gauge groupsG1 × G2 withUð1Þ1 × Uð1Þ2 charge ðq1; q2Þ andN2 multiplets in R1 ⊗ R2

with Abelian charges ðq3; q4Þ.
6D N ¼ ð1; 0Þ quasicrystalline orbifolds

Type IIA/B Het Het

Γ4þx;4 2Γ2;2
12 2Γ2;2

12 þ 2ΓðE8Þ 2Γ2;2
12 þ 2ΓðE8Þ

Symmetry Z2 × Z12 Z12 Z12

Twist ð−1ÞFL ð1; 1; 5; 5Þ=12 (1,1;5,5)/12 (1,1;5,5)/12

Shift 0 ð1;−1; 06; 08Þ=12 ð013; 1=2; 0; 7=12Þ
Gauge group Uð1Þ8 E8 × E7 ×Uð1Þ E8 × SOð12Þ × SUð2Þ × Uð1Þ
Matter 20ð18Þ ð1; 56Þð1;1;2;3;1;2Þð5;4;3;2;1;0Þ þ ð1; 1Þð1;1;2;3;1;2Þð5;4;3;2;1;0Þ ð1; 32; 1Þð6;2;0Þð1;2;1Þ þ ð1; 32; 1Þð1;2;1Þð5;3;1Þ þ ð1; 12; 2Þð1;3;2Þð4;2;0Þ

þð1; 1; 2Þð5;7;1;3Þð7;5;9;3Þ þ ð1; 1; 1Þð2;2;12;6;12Þð2;10;4;8;6Þ
Spectrum Gþ 9T þ 8V þ 20H0 Gþ T þ 382V þ 626Hc Gþ T þ 318V þ 562Hc

Higgsed phase dP9 F12 F 12

Kodaira Yes Yes No

6D N ¼ ð1; 0Þ quasicrystalline orbifolds

Type Het Het Het

Γ4þx;4 Γ2;2
5 Γ2;2

5 ½11� þ ΓðE8Þ Γ6;2
8 Γ6;2

8 ½11� þ ΓðE8Þ Γ6;2
12 Γ

6;2
12 ½11� þ ΓðE8Þ

Symmetry Z5 Z8 Z12

Twist ð1; 1; 2; 2Þ=5 ð1; 1; 3; 3Þ=8 ð5; 5; 1; 1Þ=12
Shift ð012; 2; 3; 2; 4Þ=5 ð010; 6; 3; 2; 6; 0; 2Þ=8 ð8; 20; 0; 8; 12; 40; 36; 20; 18; 15; 6; 24; 24; 12; 3; 15Þ=12
Gauge group E8 × SOð10Þ × SUð3Þ ×Uð1Þ E8 × SUð4Þ2 × SUð2Þ ×Uð1Þ SUð9Þ × SOð12Þ × SUð2Þ ×Uð1Þ
Matter ð1; 16; 1Þð1;10;5Þð15;3;−9Þ þ ð1; 10; 3Þð1;5Þð−10;2Þ ð1; 6; 1; 2Þð1;3Þð4;0Þ þ ð1; 6; 1; 1Þð6Þð2Þ ð9; 1; 2Þð1;3Þð1;1Þ þ ð9; 1; 1Þð2;6Þð2;0Þ þ ð1; 1; 2Þð1;6Þð3;1Þ þ ð1; 32; 1Þð1;1Þð1;0Þ

þð1; 1; 3Þð15;5;10Þð8;−16;−4Þ þ ð1; 1; 1Þð20Þð12Þ þð1; 4; 4̄; 1Þð6Þð4Þ þð1; 12; 2Þð2Þð0Þ þ ð1; 12; 1Þð4Þð1Þ þ ð1; 1; 2Þð3Þð1Þ þ ð36; 1; 1Þð2Þð0Þ þ ð1; 1; 1Þð10Þð2Þ
Spectrum Gþ T þ 302V þ 546Hc Gþ T þ 18V þ 262Hc Gþ T þ 150V þ 394Hc

Higgsed phase F 12 F 0 F 0

Kodaira No Yes Yes
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symmetries, it is simple to construct examples with large
discrete symmetries corresponding to the quantum sym-
metries of the orbifolds. Additionally, for each theory, we
check whether the Kodaira condition is satisfied, as is done
in Ref. [4].
Since all the heterotic models seem to correspond to

threefolds with base Fn which all have heterotic duals, it
would be interesting to identify the location of these
theories via the F-theory/heterotic duality.

2. 5D

Quasicrystalline compactifications are possible in even
dimensions, as reviewed in Appendix B 2, but one can
consider the 6D theories on a circle with a free action along
the circle corresponding to shifting. Since a shift direction
opens up with the extra circle, theories that might not have
satisfied level matching in 6D can get cured with a shift.
Such an example is demonstrated in Table VII, correspond-
ing to a Z42 orbifold. Additionally, all heterotic theories of
Table V will have an 18-dimensional Coulomb branch as
the first example of Table VII. The type-II theory will have
a 10-dimensional Coulomb branch similar to the second
example. This is because the gauge symmetry came from

the untwisted sector in all these examples, and hence
remains after the shift.
In particular, the Z42 example has a minimal number of

vector multiplets and a very large discrete gauge symmetry
group: Z2:Z42, generated by the quantum symmetryQ and
reflection −1. This is an isolated branch in the moduli space
with a Z42 discrete gauge symmetry at all points in the
moduli space. Because of the free action, generically only
massive states carry charge under this symmetry. The usual
geometric intuition tells us that Calabi-Yau moduli spaces
in general do not have generic discrete symmetries, but at
special points, they do. (For example, the moduli space of
the quintic has points with Z41 symmetry [46]). From the
example with generic discrete gauge symmetries, the order
of the symmetry group is much smaller. Therefore, both the
lack of a universal hyper and the large generic discrete sym-
metries make these models nongeometric. But as discussed
earlier, we generically expect that the nongeometric models
are connected to the geometric ones at some special points.
Lastly, we mention that, just as was noticed in

Refs. [4,24], all examples without hypers have even and
bounded rank in 5D. It would be interesting to investigate
noncyclic orbifold constructions, which may be more
promising to provide the odd rank cases, if they exist.

TABLE VI. Quasicrystalline orbifolds with eight supercharges in 6D. We provide the Narain lattice Γ4þx;4 where
x ¼ 0 for type II or x ¼ 16 for heterotic, the twist, the shift, information about the spectrum, and the potential
Higgsed phases of the models. The notation is as explained in Table V.

6D N ¼ ð1; 0Þ quasicrystalline orbifolds

Type Het Het

Γ4þx;4 Γ6;2
30 Γ

6;2
30 ½11� þ ΓðE8Þ Γ6;2

30 Γ
6;2
30 ½11� þ ΓðE8Þ

Symmetry Z30 Z20

Twist ð13; 7; 11; 13; 7; 11; 1; 1Þ=30 ð3; 7; 9; 3; 7; 9; 1; 1Þ=20
Shift ð05; 9; 02Þ=10 ð05; 10; 7; 0Þ=20
Gauge group E7 × Uð1Þ E6 × Uð1Þ2
Matter ð1Þð82;64;42;28;12;4Þð2;3;4;5;6;7Þ ð1Þð1;9;14;6;20;67;72;27Þð½7;0�;½3;0�;½4;0�;½6;0�;½0;3�;½1;0�;½2;0�;½5;0�Þ

×ð1Þð6;5;3;4;24;18;34;12;2Þð½2;−3�;½−3;3�;½5;3�;½5;−3�;½2;3�;½3;3�;½1;−3�;½−4;3�;½6;3�Þ
Spectrum Gþ T þ 134V þ 378Hc Gþ T þ 80V þ 324Hc

Higgsed phase F8 F6

TABLE VII. Freely acting quasicrystalline orbifolds with eight supercharges in 5D. By doing a shift on Γ1;1 with a circle of radius
large enough, we lift the twisted sectors. The 5D spectrum is then given by the untwisted sector of the 6D orbifold and KK modes.

5D N ¼ 1 quasicrystalline freely acting orbifolds

Type Γ21;5 Twist I Gauge group Spectrum

Het 2Γ2;2
12 þ 2ΓðE8Þ þ Γ1;1 Z12∶ ð1; 1; 5; 5Þ=12 2ΓðE8Þ þ Γ1;1 Uð1Þ18 Gþ 18V

Het Γ2;6
20 Γ

2;2
20 ½11� þ ΓðE8Þ þ Γ1;1 Z20∶ ð3; 7; 9; 3; 7; 9; 1; 1Þ=20 ΓðE8Þ þ Γ1;1 Uð1Þ10 Gþ 10V

Het 2Γ2;10
42 þ Γ1;1 Z42∶ ð5; 11; 13; 17; 19; 5; 11; 13; 17; 19; 1; 1Þ=42 Γ1;1 Uð1Þ2 Gþ 2V
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3. 4D

In Table VIII, we list quasicrystalline orbifolds in 4Dwith
Q ¼ 8. Given that quasicrystals act on both the left and right,
only type II can be used to give this amount of supercharges.
We list only IIB, since the spectrum of IIA can be found by
exchanging the correspondingHodge numbers. In particular,
the number of vector multiplets is given by h2;1, and the
number of hypermultiplets is given by h1;1 þ 1.
The first Z12 quasicrystalline orbifold has the same

spectrum whether considered from IIA or IIB, similarly to
the self-mirror Calabi-Yau that has the sameHodge numbers.

4. 3D

In Table IX, we list the quasicrystalline orbifolds in 3D
withQ ¼ 4. In 3D, there is only one kind of supermultiplet
—the vector and matter multiplets are indistinguishable.
Additionally, since it is an odd dimension, we get an extra
circle that we can shift on and lift the twisted sectors.

C. Q= 4 supercharges

Here, we consider some examples of theories with
N ¼ 4 supercharges similar to F-theory on an elliptic
Calabi-Yau fourfold. One could consider also evaluating
the superpotential and Kähler potential for such theories,
which is left for future work.

1. 4D

In Table X, we list some Q ¼ 4 quasicrystalline orbi-
folds of potential interest with a minimal amount of matter.
We provide the charged spectra in Appendix I.
The heterotic Z24 quasicrystalline orbifold only has one

neutral complex matter multiplet, while the other matter
multiplets are charged. This is theminimal number of neutral
matter one could get, because the complex axiodilaton is
always neutral and cannot be projected out in a perturbative

TABLE VIII. Quasicrystalline orbifolds with Q ¼ 8 supercharges in 4D. We provide the spectrum for type-IIB
theories. The spectrum for IIA theories can be obtained by considering the mirror h1;1 ↔ h2;1. In IIB, we have
h1;1 þ 1 hyper multiplets and h1;2 vectors. The Calabi-Yau references correspond to existing Calabi-Yau manifolds
or their mirrors known in the literature that would correspond to the same low-energy spectrum.

4D Type IIB N ¼ 2 quasicrystalline orbifolds

Γ6;6 Twist Gauge group Spectrum ðh2;1; h1;1Þ
3Γ2;2

12
ð1; 1; 2; 5; 5; 10Þ=12 Uð1Þ11 Gþ 11V þ 12H0 (11, 11), [47]

3Γ2;2
12

ð1; 2; 3; 5; 10; 15Þ=12 Uð1Þ22 Gþ 22V þ 11H0 (22, 10), [48]

3Γ2;2
12

ð1; 3; 4; 5; 15; 20Þ=12 Uð1Þ14 Gþ 14V þ 27H0 (14, 26), [48]

3Γ2;2
12

ð1; 4; 5; 5; 20; 1Þ=12 Uð1Þ29 Gþ 29V þ 6H0 (29, 5), [48]

Γ4;4
24 þ Γ2;2

12
ð1; 7; 8; 5; 11; 16Þ=24 Uð1Þ8 Gþ 8V þ 21H0 (8, 20)

Γ4;4
24 þ Γ2;2

12
ð1; 11; 10; 5; 7; 2Þ=24 Uð1Þ13 Gþ 4V þ 17H0 (4, 16), [47]

TABLE IX. Freely acting quasicrystalline orbifolds withQ ¼ 4
supercharges. We denote the 4D uplift of these models if they
were to exist in order to be more descriptive about the spectrum.

3D N ¼ 2 freely acting quasicrystalline orbifolds

Γ7;7 Twist Spectrum

2Γ2;2
12 þ Γ2;2ðA2

1Þ þ Γ1;1 ð1; 1; 0; 5; 5; 6Þ=12 Gþ 2V

Γ2;2
12 þ Γ4;4

24 þ Γ1;1 ð1; 10; 11; 2; 5; 7Þ=24 Gþ V þH

2Γ2;2
12 þ Γ2;2 ð1; 1; 12; 5; 5; 0Þ=12 Gþ 6V

Γ6;6
21 þ Γ1;1 ð1; 4; 5; 2; 8; 10Þ=21 Gþ V þH

TABLE X. Quasicrystalline orbifolds with Q ¼ 4 supercharges in 4D. A matter multiplet consists of a complex scalar and a Weyl
fermion; M0 and Mc correspond to neutral and charged matter, respectively. The 3D spectrum has one extra vector.

4D N ¼ 1 quasicrystalline orbifolds

Type Twist I Shift Gauge group 4D Spectrum

IIA ð−1ÞFLð2; 5; 7; 1; 10; 11Þ=24 0 0 Uð1Þ3 Gþ 3V þ 35M0

IIB ð−1ÞFLð2; 5; 7; 1; 10; 11Þ=24 0 0 Uð1Þ15 Gþ 15V þ 23M0

Het ð1; 1; 2; 5; 5; 10Þ=12 2ΓðE8Þ ð7; 1; 8; 11; 8; 9; 0; 8;
5; 10; 10; 5; 1; 8; 9; 3Þ=12

SUð4Þ2 × SUð2Þ3 × Uð1Þ7 Gþ 46V þ 459Mc þ 2M0

Het ð2; 5; 7; 1; 10; 11Þ=24 2ΓðE8Þ ð19; 20; 6; 0; 10; 18; 17; 6;
20; 14; 14; 21; 23; 5; 21; 4Þ=24

SUð2Þ5 ×Uð1Þ11 Gþ 26V þ 277Mc þM0
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string theory. In this sense, this model is minimal in the
perturbative string corner.

V. CONCLUSION AND FUTURE DIRECTIONS

In this work, we have studied a special type of asym-
metric orbifolds called quasicrystalline orbifolds that are
specified by some quasiperiodicity of the Narain lattices.
They correspond to irrational 2D CFT, and this irrationality
helps to lift massless states. We have identified all such
irreducible Abelian quasicrystals in 6D with 16 super-
charges and have given various examples in lower dimen-
sions and with lower amounts of supersymmetry. We
expect that such symmetries may arise at special strong
coupling points in geometric models, and hence, in a sense,
many of these orbifolds may be deformable to geometric
models. We have also identified large quantum symmetries
which correspond to large discrete symmetries of the bulk
theory. Additionally, we identified four more potential
string islands in 6D with 16 supercharges by constructing
their circle compactification to 5D. Their explicit con-
struction in 6D is in progress in Ref. [11].
In a accompanying work [49], we study also applications

of quasicrystalline compactifications to nonsupersymmet-
ric strings and identify such models which are tachyon free
and rigid in the sense of having only one neutral modulus
given by the dilaton. These theories are similar but corres-
pond to a separate class from the Oð16Þ ×Oð16Þ non-susy
string theories [50,51] and their compactification [52,53],
but they could be related in some web of dualities.
It would be interesting to classify large classes of exotic

orbifold models and understand their exotic features like
the violation of the Kodaira condition, no neutral hyper
models, etc. Such an analysis would give a more complete
idea of the consistent string landscape and potentially avoid
geometric lamppost effects. Additionally, it would be
interesting to continue the search for non-susy orbifold
models with no tachyon that may have potential phenom-
enological implications.
Other interesting features of orbifolds that are of par-

ticular interest include constructions of nonperturbative
orbifolds and their generic consistency. This work and
similar works point toward a more complete picture of the
boundaries of consistent quantum gravity vacua and allow
us to sharpen the Swampland criteria.
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APPENDIX A: NARAIN LATTICE TO
BACKGROUND CONVERSION

The correspondence between the Narain lattice and the
KK momenta and winding is [[15], Eq. (10.37)]

pI
L;R ¼ 1ffiffiffi

2
p
� ffiffiffiffi

α0
p

pI � 1ffiffiffiffi
α0

p LI

�
; ðA1Þ

where pI is the KK momentum and LI is the winding
length:

XIðσ þ 2π; τÞ ¼ XIðσ; τÞ þ 2πLI: ðA2Þ

Equivalently, the KK momenta and winding length in
terms of pL, pR are given by

LI ¼
ffiffiffiffi
α0

2

r
ðpI

L − pI
RÞ; ðA3Þ

pI ¼ 1ffiffiffiffiffiffiffi
2α0

p ðpI
L þ pI

RÞ: ðA4Þ

From the winding length data, it is easy to read off the
metric. The lattice of winding lengths,

Λd ¼ fLjXðσ þ 2π; τÞ ¼ Xðσ; τÞ þ 2πLg ðA5Þ

¼
� ffiffiffiffi

α0

2

r
ðpL − pRÞjðpL;pRÞ∈Γd;d

�
; ðA6Þ

is precisely the lattice corresponding to the spacetime torus

Td ¼ Rd=2πΛd: ðA7Þ

Therefore, choosing a basis ei for Λd, the background
metric can be written asGij ¼ ei · ej in the lattice basis. We
use capital letters I, J to denote Cartesian coordinate
indices and lowercase i, j to denote lattice coordinate
indices. One can convert back to Cartesian coordinates
by GIJ ¼ e�iI Gije

�j
J , where e�i forms a basis for the dual

lattice Λ�
d.

Determining the B-field is more subtle. This is because
KK momentum pI actually does not generate center-of-
mass translations when there is a nontrivial B-field.
Intuitively, the B-field assigns a phase to the worldsheet.
If a string with winding LI is translated, it will pick up
a phase like eiBIJLIxI corresponding to the worldsheet
swept by that translation, independent of the phase eixIp

I

due to KK momentum. Therefore, the actual generator
of translations depends one both the KK momentum
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and the winding

πI ¼ GIJpJ þ 1

α0
BIJLJ: ðA8Þ

Since πI generates translations on Td, periodicity
requires

πI ∈Λ�
d: ðA9Þ

We define the KK momentum lattice as

ΛKK ¼
�
pI ¼ 1ffiffiffiffiffiffiffi

2α0
p ðpI

L þ pI
RÞjðpL;pRÞ∈Γd;d

�
; ðA10Þ

and in terms of the lattice basis as

Λkk ¼ fpi ¼ pIe�iI jpI ∈ΛKKg: ðA11Þ

We can solve for the B-field by writing Eq. (A8) in lattice
basis:

1

α0
e�iI Bije

�j
J L

J ¼ πI − e�iI Gije
�j
J p

J ðA12Þ

1

α0
BijLj ¼ πIeIi −Gijpj: ðA13Þ

Note that Lj is an integer because LJ spans the lattice Λd.
Similarly, πIeIi is an integer because πI is in the dual lattice.
Writing the above in terms of lattices, we get

1

α0
½Bij�Zd ¼ Zd ∪ ½Gij�Λkk: ðA14Þ

In practice, one chooses a basis fi for the right-hand side,
then solves for an antisymmetric B-field by

fi ¼
1

α0
X
j

Bij: ðA15Þ

APPENDIX B: CLASSIFICATION OF NARAIN
LATTICE SYMMETRIES

In this appendix, we classify all possible finite-order
symmetries of Narain lattices. Section I sets the definitions.
We first define and differentiate between three concepts that
progressively build on each other: free Z-modules (struc-
tures isomorphic to Zn), lattices, and Narain lattices. In
Sec. II, we classify the symmetries of the structures defined.
In particular, we classify symmetries of free Z-modules,
and determine the conditions for such symmetries to act on
lattices. We also show that any symmetry that is a sym-
metry of a unimodular lattice is also a symmetry of a Narain
lattice. Finally, in Sec. III, we reintroduce quasicrystalline
compactifications in terms of the mathematical language
developed.

We mention the main results here to make navigation
easier. Theorem 1 is a classification of automorphisms of
free Z-modules—in other words, finite-order elements
θ∈GLðn;ZÞ. Corollary 1 is the sufficient (and necessary
[6]) condition for the existence of a symmetry θ to act on a
unimodular lattice. Corollary 2 states that any θ∈GLðn;ZÞ
can be used to construct an even lattice, possibly nonun-
imodular. In Sec. II C, we give an argument that any finite-
order symmetry of a unimodular lattice is also the sym-
metry of a Narain lattice.

1. Lattice theory review

a. Abstract lattices

Definition 1. A lattice ðΛ; qÞ is a free Z-module Λ
equipped with a quadratic form q

qðnvÞ ¼ n2qðvÞ; n∈Z; v∈Λ: ðB1Þ

One can use a bilinear form h−;−i (also denoted by a
dot − · −) interchangeably with the quadratic form q. The
conversion between the two is given by the polarization
identity

hv; wi ¼ 1

2
ðqðvþ wÞ − qðvÞ − qðwÞÞ; ðB2Þ

qðvÞ ¼ hv; vi: ðB3Þ

The lattice is even if qðvÞ is even for all v∈Λ and integral
if hv; wi∈Z for all v; w∈Λ. Note that evenness implies
integrality. The signature ðr; sÞ of the lattice denotes the
negative-r and positive-s indices of inertia of the quadratic
form q. Lattices with r ¼ 0 (and respectively s ¼ 0) are
called positive (and respectively negative) definite. If r,
s ≠ 0, the lattice is indefinite. We denote the lattice ðΛ; qÞ
with signature ðr; sÞ as Λr;s, whereas when we refer to the
underlying free Z-module we use Λ.
The minimal number n of generators of Λ is called its

rank. Without the quadratic form,Λ of rank n is isomorphic
to the integer lattice Λ ≅ Zn. With the quadratic form, the
right equivalence morphisms are isometries. An isometry
between two lattices Λr;s and Λ0r;s is a module isomor-
phism ψ that preserves the quadratic form

ψ∶Λ → Λ0; ðB4Þ

qðvÞ ¼ q0ðψðvÞÞ: ðB5Þ

Isometric lattices are denoted as Λr;s ≅ Λ0r;s. An isometric
automorphism of a lattice Λr;s is an automorphism ofΛ that
is an isometry. The group of isometric automorphisms of a
lattice are denoted as

AutðΛr;sÞ: ðB6Þ
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Definition 2. The dual lattice of Λr;s is defined by

Λ� ≔ fw∈Q ⊗ Λjhw; vi∈Z for all v∈Λg; ðB7Þ

endowed with the Q-linear extension of the bilinear
form h−;−i.
The lattice is called unimodular if it is dual to itself. An

important result in lattice theory is that indefinite even
unimodular lattices are unique.
Proposition 1. If Λr;s is an indefinite even unimodular

lattice, then r≡ s mod 8 and it is unique up to isometry

Λr;s ≅ E8ð�Þ⊕jr−sj
8 ⊕ U⊕minðr;sÞ ≕ IIr;s; ðB8Þ

whereU is the hyperbolic lattice and E8ð�Þ is the E8 lattice
with positive (þ) or negative (−) definite quadratic form.

b. Narain lattice

String theory compactified on a d-dimensional torus Td

is characterized by the embedding of the even unimodular
lattice IIdþx;d ↪ Γdþx;d ⊂ Rdþx;d, where x ¼ 16 for heter-
otic strings and x ¼ 0 otherwise [13,14]. The embedded
lattice Γdþx;d is called the Narain lattice.
The T-duality group is given by AutðIIdþx;dÞ ≅

AutðΓdþx;dÞ. Depending on the lattice embedding, some
combination of T-dualities can become symmetries. In
particular, an isometric automorphism θ∈AutðΓdþx;dÞ that
decomposes into left and right parts as θ ¼ ðθL; θRÞ acts as
a symmetry on the worldsheet CFT. We call the group of
such isometric automorphisms the Narain symmetry group:

SymðΓdþx;dÞ ≔ AutðΓdþx;dÞ ∩ ðOðdþ xÞ × OðdÞÞ: ðB9Þ

2. Classification of symmetries

Our goal is to classify the symmetries that can occur in
SymðΓr;sÞ. We will not limit our discussion to unimodular
lattices, as the gluing construction in Appendix C can be
used to obtain unimodular lattices from nonunimodular
ones. However, we limit our discussion to even lattices.
Consider the structures we have reviewed: freeZ-modules

Λ, lattices Λr;s, embedded lattices Λr;s ↪ Γr;s ⊂ Rr;s, and
the automorphism structures of each:

Our procedure will be to start with an element θ∈AutðΛÞ,
and then to construct a quadratic form q and an embedding
Λr;s ↪ Γr;s compatible with θ, so that we can pull it back
to SymðΓr;sÞ.

a. Free Z-module automorphisms

The automorphism group of a freeZ-module Λ of rank n
is isomorphic to the group of invertible integer matrices
AutðΛÞ ≅ GLðn;ZÞ, so we use them interchangeably.
The invertible integral matrices have determinant �1. In
this subsection, we will determine what finite orders are
possible in this group. For an exposition on integral
matrices, see Refs. [54,55].
We will characterize matrices θ∈GLðn;ZÞ using their

associated polynomials.
Definition 3. The characteristic polynomial of a square

matrix θ is

χθðxÞ ¼ detðxI − θÞ: ðB10Þ

Definition 4. The minimal polynomial of a square matrix
θ is the monic polynomial μθðxÞ of smallest degree,
such that

μθðθÞ ¼ 0: ðB11Þ

The roots of the characteristic polynomial χθðxÞ are the
eigenvalues of θ with multiplicity. The roots of the minimal
polynomial μθðxÞ are the eigenvalues of θ, each with
multiplicity 1. Note that χθðθÞ ¼ μθðθÞ ¼ 0, and μθðxÞ
divides χθðxÞ.
Conversely, one can also define a matrix starting with a

polynomial.
Definition 5. Given a monic irreducible polynomial

pðxÞ ¼ xn þ an−1xn−1 þ � � � þ a1xþ a0; ðB12Þ

the companion matrix CðpÞ is defined as

CðpÞ ≔

0
BBBBBBB@

0 0 0 � � � −a0
1 0 0 � � � −a1
0 1 0 � � � −a2

..

. ..
.

0 0 0 � � � −an−1

1
CCCCCCCA
: ðB13Þ

By construction, the characteristic polynomial of the
companion matrix CðpÞ is

χCðpÞðxÞ ¼ pðxÞ: ðB14Þ

To construct elements of order m in GLðn;RÞ, it is
enough to consider one rotation plane and rotate by 2πr=m,
where r is coprime withm. However, such a matrix may not
be integral.
Instead, we construct an element of order m in GLðn;ZÞ

with multiple rotation planes, each with a different rotation
phase 2πr=m, where 0 < r < m is coprime with m. Such
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integers r are called totatives of m, and the number of
totatives of m is given by Euler’s totient function ϕðmÞ.
Definition 6. The mth cyclotomic polynomial is

ΦmðxÞ ≔
Y

gcdðr;mÞ¼1
0<r<m

ðx − e2πir=mÞ: ðB15Þ

Some important properties of cyclotomic polynomials
are as follows:
Lemma 1. Cyclotomic polynomials have the following

properties:
(1) ΦmðxÞ is a monic polynomial of degree ϕðmÞ.
(2) ΦmðxÞ is an irreducible polynomial over the integers.
(3) The irreducible decomposition of xm − 1 is

xm − 1 ¼
Y
djm

ΦdðxÞ: ðB16Þ

Proof. Property 1 follows from the definition of cyclo-
tomic polynomials. For proof of Property 2; see Ref. [[56],
p. 554]. Property 3 follows from 2. ▪
Given the coefficients of themth cyclotomic polynomial,

ΦmðxÞ ¼ xϕðmÞ þ aϕðmÞ−1xϕðmÞ−1 þ � � � þ a1xþ a0; ðB17Þ

we define the companion matrix

CðΦmÞ ¼

0
BBBBBBBB@

0 0 0 � � � −a0
1 0 0 � � � −a1
0 1 0 � � � −a2

..

. ..
.

0 0 0 � � � −aϕðmÞ−1

1
CCCCCCCCA
: ðB18Þ

Since each eigenvalue is distinct, both the characteristic and
minimal polynomials of CðΦmÞ are given by the mth
cyclotomic polynomial χCðΦmÞ ¼ μCðΦmÞ ¼ Φm.
Now, we show that CðΦmÞ are the building blocks of

invertible integral matrices with finite order.
Theorem 1. An element θ∈GLðn;ZÞ of order m ¼

pe1
1 p

e2
2 …pet

t with prime p1 < p2 < … < pt exists if and
only if θ is similar over Q to a block matrix

QθQ−1 ¼ ⨁
k

j¼1

CðΦdjÞ⊕lj ; with lj ∈N;

Q∈GLðn;QÞ; ðB19Þ

where each dj divides m and lcmðd1;…; dkÞ ¼ m, with n

satisfying

Xt
i¼1

ðpi − 1Þpei−1
i − 1 ≤ n for pe1

1 ¼ 2;

Xt
i¼1

ðpi − 1Þpei−1
i ≤ n otherwise: ðB20Þ

Proof. We only present the decomposition part of the
theorem. For the rest of the proof, see Ref. [[55],
Theorem 2.7]. To denote two matrices A, B that are similar
over Q, we write A ∼ B.
Suppose that θ∈GLðn;ZÞ has order m ¼ pe1

1 p
e2
2 …pet

t .
Let μθðxÞ be the minimal polynomial of θ. Then,
μθðxÞ divides xm − 1. Let the irreducible decomposition
of μθðxÞ be

μθðxÞ ¼ p1ðxÞf1p2ðxÞf2…pkðxÞfk : ðB21Þ

We also know the irreducible decomposition of xm − 1
from Lemma 1:

xm − 1 ¼
Y
djm

ΦdðxÞ: ðB22Þ

Therefore, pjðxÞ ¼ ΦdjðxÞ for some djjm with each dj
distinct and fj ¼ 1:

μθðxÞ ¼
Yk
j¼1

ΦdjðxÞ: ðB23Þ

By primary decomposition, we get that θ is similar over Q
to a block matrix

θ ∼

0
BBBBB@

θd1 0 � � � 0

0 θd2 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � θdk

1
CCCCCA; ðB24Þ

with θdi having the minimal polynomial ΦdiðxÞ. This
means that the eigenvalues of θdi are totatives of di,
possibly with multiplicity. Since θdi is an integral matrix,
its characteristic polynomial must be

χθdi ðxÞ ¼ ΦdiðxÞli ðB25Þ

for some li ∈N. This means that it is similar over Q to a
block matrix of li companion matrices:

θdi ∼ CðΦdiÞ⊕li : ðB26Þ

. ▪
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Note that the similarity statement is over Q and not
necessarily over Z. However, similarity over Z can also be
determined for certain cases. The Latimer-MacDuffee
theorem [57] states that the number of similarity classes
of integral matrices with the irreducible minimal polyno-
mial μðxÞ is given by the class number of Z½x�=ðμðxÞÞ [58].
For μðxÞ ¼ ΦmðxÞ, the class number is 1 for ϕðmÞ < 22.
This means that for θ∈GLðn;ZÞ of order m with μθ ¼ Φm
and ϕðmÞ < 22, the automorphism θ is unique up to
conjugacy. In physical terms, this means that quasicrystal-
line symmetries are unique up to integral transformations
for Γr;s with rþ s < 22.

b. Lattice automorphisms

Given a θ∈GLðn;ZÞ, we now determine if there is a
quadratic form q that it fixes as qðθðvÞÞ ¼ qðvÞ for all
v∈Λ. This determines if a lattice Λr;s with θ∈AutðΛr;sÞ
exists.
We start with the case of unimodular lattices, where there

are stringent conditions. Given a polynomial qðxÞ, we
define the number of eigenvalues λ of the companion
matrix CðqÞ with jλj > 1 by mðqÞ.
Theorem 2. Let r, s be non-negative integers with

r≡ s mod 8 [59–61]. Let pðxÞ be a monic irreducible
polynomial and qðxÞ ¼ pðxÞn for n a non-negative integer.
Assume qðxÞ has degree rþ s. If
(1) qðxÞ is reciprocal—i.e., xrþsqð1=xÞ ¼ qðxÞ.
(2) mðqÞ ≤ minðr; sÞ and mðqÞ≡ r≡ s mod 2.
(3) jqð1Þj; jqð−1Þj; ð−1Þrþs

2 qð1Þqð−1Þ are squares.
Then there exists an even unimodular lattice Λr;s and
θ∈SOðΛr;sÞ with characteristic polynomial χθðxÞ ¼ qðxÞ.
The irreducible polynomials we deal with are cyclotomic
polynomials. Specializing to our case, we have
Corollary 1. Let r≡ s≡ 0 mod 2. If
(1) n is even, or
(2) n ¼ 1 and m is neither a prime power pr nor 2 times

a prime power 2pr,
then there is an even unimodular latticeΛr;s of rank rþ s ¼
nϕðmÞ and θ∈SOðΛr;sÞ of order m with characteristic
polynomial χθðxÞ ¼ ΦmðxÞn.
Proof. Cyclotomic polynomials form ≥ 2 are reciprocal,

so Property 1 of the theorem is satisfied. Property 2 is
satisfied by assumptions. To show the hypotheses satisfy
Property 3, we use some identities of ΦmðxÞ. In particular,

Φmð1Þ ¼
�
p if m ¼ prwithp prime;

1 otherwise:
ðB27Þ

Now, we consider Φmð−1Þ. Suppose m is not a prime
power. If m is odd, then the identity

Φmð−xÞ ¼ Φ2mðxÞ ðB28Þ

holds. Therefore for odd m, Φmð−1Þ ¼ Φ2mð1Þ ¼ 1.

For evenm ¼ 2kt with t odd, if k > 1 we use the identity

ΦmðxÞ ¼ Φ2tðx2k−1Þ; ðB29Þ

and if k ¼ 1 we use Eq. (B28). We get

Φ2ktð−1Þ ¼
�
1; k > 1

Φtð1Þ otherwise:
ðB30Þ

We see that for m ¼ 2kt with k > 1, the condition is
satisfied. For m ¼ 2t, Φmð−1Þ ¼ 1 if and only if t is not
a prime power. ▪
Note that this is a sufficient condition for a quasicrys-

talline symmetry θ to act on a unimodular lattice. This
condition is exactly what was found in Ref. [6] to be a
necessary condition. Together, we conclude that condition
2 of Corollary 1 is necessary and sufficient for an
irreducible quasicrystal to exist.
More generally, we can always construct an even lattice

not necessarily unimodular with the desired automorphism.
Since θ∈GLðn;ZÞ decomposes into blocks of CðΦmÞ for
various m, it is enough to consider only one such block.
Proposition 2. Let r≡ s≡ 0 mod 2. Let m > 1 be

an integer. Then there exists an even lattice Λr;s of rank
rþ s ¼ ϕðmÞ with isometric automorphism CðΦmÞ ∈
AutðΛr;sÞ of order m.
Proof. Finding a quadratic form q fixed by CðΦmÞ is

equivalent to finding a ϕðmÞ × ϕðmÞ Gram matrix G with

CðΦmÞTGCðΦmÞ ¼ G: ðB31Þ

This is a linear system of equations for the entries of G.
We first solve it over the reals, then rationals, and finally
integers.
We solve the linear equation in reals. Note that vTi ⊗ vj

for vi eigenbasis vectors of CðΦmÞ forms a basis for the
space of all matrices. Since the Gram matrix is symmetric,
the basis elements are also symmetrized: vTi ⊗ vj þ
vTj ⊗ vi. Let the eigenvalue of vi be λi. Then we have
an eigenbasis

CðΦmÞTðvTi ⊗ vj þ vTj ⊗ viÞCðΦmÞ
¼ λiλjðvTi ⊗ vj þ vTj ⊗ viÞ: ðB32Þ

The eigenspace we seek, λiλj ¼ 1, corresponds to λj ¼ λ−1i .
Recall that eigenvalues of CðΦmÞ are e2πir=m, with r

ranging over totatives of m. Denote the list of the smaller
half of the totatives of m by ri. Let the eigenvectors
corresponding to e2πiri=m and e−2πiri=m be vi; v�i . Then
the solution space to Eq. (B31) is spanned by

αi ≔ vTi ⊗ v�i þ vT�i ⊗ vi ¼ 2ℜðvTi ⊗ v�i Þ: ðB33Þ

Note that the basis consists of real matrices.
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The index ðr; sÞ of an arbitrary solution

G ¼
X
i

ciαi ðB34Þ

is given by the number r of negative coefficients ci < 0 and
the number s of positive coefficients ci > 0, since the set of
vi are an eigenbasis for G.
Under field extensions, the dimension of the space of

solutions does not change. Therefore, the solution space in
Q has the same dimension as that in R (B34), and is
spanned by some linear combinations of elements

βi ¼
X
j

cijαj; ðB35Þ

G ¼
X
i

diβi; ðB36Þ

with cij real, di ∈Q, and βi ∈QϕðmÞ×ϕðmÞ. Since any
consistent signature ðr; sÞ is possible with reals, it is also
possible for rationals by using rational approximation
to reals.
Finally, for any rational solution G ¼Pi diβi to (B31)

with desired signature ðr; sÞ, we can obtain an integer
matrix without changing the signature by multiplying by
the common denominator of all entries of G. ▪
Putting blocks of CðΦmÞ together, we see that any

θ∈GLðn;ZÞ can be used to construct an even lattice of
any signature ðr; sÞ.
Corollary 2. Let n ¼ rþ s and θ∈GLðn;ZÞ with order

m. If n satisfies Eq. (B20), then there exists an even lattice
Λr;s with isometric automorphism θ∈AutðΛr;sÞ.

c. Symmetries of the embedding

Given θ∈AutðΛr;sÞ, we aim to choose an embedding
Λr;s ↪ Γr;s ⊂ Rr;s, such that the isometric automorphism is
preserved: θ∈SymðΓr;sÞ.
To choose an embedding that manifestly respects θ,

choose orthonormal vectors from the rotation planes of the
θ, normalize them, and send them to the standard basis in
Rr;s. This way, θ decomposes to left and right components
manifestly as

θ ¼ ðθL; θRÞ∈OðrÞ × OðsÞ: ðB37Þ

3. Quasicrystalline compactifications

Recall that compactification on a d-dimensional torus Td

is described by the Narain lattice Γdþx;d, where x ¼ 16 for
heterotic and x ¼ 0 otherwise.
Any symmetry θ ¼ SymðΓdþx;dÞ can be written by

Theorem 1 as a block matrix

0
BBBBB@

CðΦd1Þ 0 � � � 0

0 CðΦd2Þ � � � 0

..

. ..
. . .

. ..
.

0 0 � � � CðΦdkÞ

1
CCCCCA; ðB38Þ

where CðΦdiÞ are companion matrices to cyclotomic
polynomials ΦdiðxÞ, with eigenvalues e2πir=di , where 0 <
r < di and gcdðr; diÞ ¼ 1. We see that if the rotation planes
of any of the CðΦdiÞ are not all on the left or right, θ is a
quasicrystalline symmetry.
We now consider quasicrystalline compactifications

corresponding to a single block CðΦmÞ. These are called
irreducible quasicrystals. We denote such a unimodular
irreducible quasicrystal as Γr;s

m . The possibilities for m are
given in Corollary 1 for n ¼ 1. As deduced from the
corollary, all such irreducible quasicrystals exist. We give a
list of them in Table I.
Multiblock (reducible) quasicrystals can be constructed

by using multiple irreducible quasicrystals, gluing various
even lattices Λr;s of Corollary 2, or by explicit construction
as in Appendix D.

APPENDIX C: GLUING CONSTRUCTION

Given a lattice Λr;s and choosing a minimal number of
generators

Λ ¼ hv1; v2;…; vdi; ðC1Þ

one can define the Gram matrix of the lattice as

GΛr;s;v ≔

0
BBBBB@

v1 · v1 v1 · v2 � � � v1 · vd

v2 · v1
. .
.

..

. ..
.

vd · v1 � � � vd · vd

1
CCCCCA: ðC2Þ

The Gram matrix is symmetric. The Gram matrix of the
dual lattice with the basis hwi; vji ¼ δij is the inverse of the
original lattice

GΛr;s�;w ¼ G−1
Λr;s;v: ðC3Þ

It follows that if Λr;s is a unimodular lattice, then the
determinant of its Gram matrix is 1:

detGΛr;s;v ¼ 1: ðC4Þ

The failure of an integral lattice to be unimodular is
measured by the discriminant group

DðΛÞ ¼ Λ�=Λ: ðC5Þ
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It is also called the GLUE group, because the dual lattice can
be constructed by gluing copies of Λ along representatives
of elements of DðΛÞ:

Λ� ¼ ∐
½ri�∈DðΛÞ

ri þ Λ; ðC6Þ

where ½ri� ≠ ½rj� for i ≠ j, and then using the Q-linear
extension of the bilinear form.
The discriminant group inherits the quadratic form of the

lattice as

q̄∶DðΛÞ → Q=2Z; ðC7Þ

q̄ð½v�Þ ≔ qðvÞ mod 2: ðC8Þ

If the glue group of two lattices are isometric—i.e., there
exists

ψ̄∶DðΛ1Þ → DðΛ2Þ; ðC9Þ

q̄1ð½v�Þ ¼ q̄2ðψ̄ð½v�ÞÞ; ðC10Þ

then one can glue the two lattices along their glue groups
and obtain a unimodular lattice.
Lemma 2 (Gluing Lemma). If ðΛ1; q1Þ and ðΛ2; q2Þ are

even lattices with isometry

ψ̄∶DðΛ1Þ → DðΛ2Þ; ðC11Þ

then

Γ ≔ fðv; wÞ∈Λ�
1 ⊕ Λ�

2jψ̄ð½v�Þ ¼ ½w�g; ðC12Þ

equipped with

qðv; wÞ ≔ −q1ðvÞ þ q2ðwÞ; ðC13Þ

is an even unimodular lattice.
If the discriminant group is a cyclic group DðΛÞ ≅ ZN ,

we can label representatives vi from each element ½vi� using
a label i∈ZN by choosing the generator ½v1� to be the
shortest vector in DðΛÞ. This labeling can be used to write
the GLUE code for a gluing construction as

Λ1Λ2½ij� ≔ ∐
n∈ZN

ðΛ1;Λ2Þ þ nðvi; wjÞ; ðC14Þ

where ½vi�∈DðΛ1Þ and ½wj�∈DðΛ2Þ.

APPENDIX D: CONSTRUCTION
OF QUASICRYSTALS

In this appendix, we describe our method to explicitly
construct quasicrystals of any signature, and not necessarily
unimodular.
Lattice automorphisms can be decomposed to blocks, as

in Theorem 1. We first show the construction of irreducible
quasicrystals, which correspond to only one block.
We choose the order m of the quasicrystalline action

θ ¼ CðΦmÞ. Choosing the signature ðr; sÞ such that r, s are
even and rþ s ¼ ϕðmÞ, we choose the twist vector

ðk1;…; kr=2; kr=2þ1;…; kðrþsÞ=2Þ=m; ðD1Þ

with 0 < ki < bm
2
c, gcdðki; mÞ ¼ 1, and each ki distinct.

Taking the starting vector v∈Rr;s

v¼ ðv1;0; v2;0;…; vr=2;0;vr=2þ1;0;…; vðrþsÞ=2;0Þ; ðD2Þ

we will generate a set of generators by repeated application
of the action in a suitable basis:

B−1θB−1 ¼

0
BBBBB@

Rð2πk1=mÞ 0 � � � 0

0 Rð2πk2=mÞ � � � 0

..

. ..
. . .

. ..
.

0 0 � � � Rð2πkðrþsÞ=2=mÞ

1
CCCCCA; ðD3Þ

where RðφÞ is the 2 × 2 rotation matrix by φ radians. Since
θ satisfies

θϕðmÞ ¼ −aϕðmÞ−1θϕðmÞ−1 − � � � − a1θ − a0; ðD4Þ

the generators of the lattice are

v; θv; θ2v;…; θϕðmÞ−1v: ðD5Þ

The lattice Γr;s is characterized by its Gram matrix. Let

ak ¼ v · θkv: ðD6Þ
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Then, the Gram matrix is

GΓr;s;v ¼

0
BBBBBBB@

v · v v · θv v · θ2v … v · θϕðmÞ−1v

v · θv v · v v · θv

v · θ2v v · θv v · v

..

. . .
.

v · θϕðmÞ−1v v · v

1
CCCCCCCA

¼

0
BBBBBB@

a0 a1 � � � aϕðmÞ−1

a1 a0 � � � ..
.

..

. . .
.

aϕðmÞ−1 � � � a0

1
CCCCCCA
: ðD7Þ

For the lattice to be even, we need a0 ∈ 2Z and ai ∈Z
for i > 0.
There are rþs

2
many unknowns in v [Eq. (D2)], and

ϕðmÞ ¼ rþ s number of ak variables (D7). Therefore, ak
are linearly dependent on each other. We choose ðrþ sÞ=2
independent ak’s and write the other ai and vi variables as
in terms of them.
As the last step, we try with a computer various a0 ∈ 2Z

values, and for i > 0 various ai ∈Z values, until we get a
solution for which all vi values are real. If there is a desired
value for detGΓr;s;v as well (for unimodular lattices, we
want a determinant of one for example), we keep con-
structing quasicrystals until we find it.
All possibilities for m listed by lattice rank are given in

Table XI. For unimodular quasicrystals, the explicit Gram
matrix entries ai are provided in Table XII. The Gram
matrix entries ai of some nonunimodular quasicrystals are
provided in Table XIII.
Now, we construct a reducible unimodular quasicrystal. A

straightforward construction is to just take two unimodular
irreducible quasicrystals together as Γr;s

m þ Γr0;s0
m0 . However, it

is also possible to construct unimodular quasicrystals by
gluing together two nonunimodular quasicrystals.

As an example, take Γ2;2
5 [62]. The basis is given by

v1 ¼
ffiffiffi
2

pffiffiffi
54

p ð1; 0; 1; 0Þ; ðD8Þ

v2 ¼
ffiffiffi
2

pffiffiffi
54

p
� ffiffiffi

5
p

− 1

4
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5þ ffiffiffi

5
pp

2
ffiffiffi
2

p ;
−
ffiffiffi
5

p
− 1

4
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5 −

ffiffiffi
5

pp
2
ffiffiffi
2

p
�
;

ðD9Þ

v3 ¼
ffiffiffi
2

pffiffiffi
54

p
�
−
ffiffiffi
5

p
− 1

4
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5 −

ffiffiffi
5

pp
2
ffiffiffi
2

p ;

ffiffiffi
5

p
− 1

4
;−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5þ ffiffiffi

5
pp

2
ffiffiffi
2

p
�
;

ðD10Þ

v4 ¼
ffiffiffi
2

pffiffiffi
54

p
�
−
ffiffiffi
5

p
− 1

4
;−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5 −

ffiffiffi
5

pp
2
ffiffiffi
2

p ;

ffiffiffi
5

p
− 1

4
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5þ ffiffiffi

5
pp

2
ffiffiffi
2

p
�
:

ðD11Þ

The determinant of the lattice is detGΓ2;2
5

¼ 5 with dis-

criminant group DðΓ2;2
5 Þ ¼ Z5.

As described in Appendix C, we can glue two copies of
Γ2;2
5 together along the generator w1 of its discriminant

group, so

Γ2;2
5 Γ2;2

5 ½11� ¼ ∐
5

n¼1



Γ2;2
5 ð−1Þ ⊕ Γ2;2

5

�þ nðw1; w1Þ: ðD12Þ

Note that the first copy has its quadratic form flipped as
prescribed in Lemma 2. To obtain the generator w1 of the
discriminant group, one chooses the shortest vector that is
in ðΓ2;2

5 Þ� but not in Γ2;2
5 :

w1 ¼ −
2

5
v1 þ

1

5
v2 −

1

5
v3 þ

2

5
v4; ðD13Þ

¼ 1ffiffiffiffiffi
204

p
�
−1;−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2ffiffiffi
5

p
s

;−1;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ffiffiffi

5
p

s �
; ðD14Þ

w2
1 ¼

2

5
: ðD15Þ

TABLE XI. All solutions to ϕðmÞ ¼ rþ s. The ones with
unimodular lattice realizations are in bold.

Lattice Γr;s rank
ϕðmÞ ¼ rþ s Symmetry order m

4 5, 8, 10, 12
6 7, 9, 14, 18
8 15, 16, 20, 24, 30
10 11, 22
12 13, 21, 26, 28, 36, 42
14 ∅
16 17, 32, 34, 40, 48, 60
18 19, 27, 38, 54
20 25, 33, 44, 50, 66
22 23,46
24 35, 39, 45, 52, 56, 70, 72, 78, 84, 90
26 ∅
28 26, 58
30 31,62
32 51, 64, 68, 80, 96, 102, 120
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We now check if the glue vectors are preserved under the
quasicrystalline action:

θw1 ¼ −
2

5
v2 þ

1

5
v3 −

1

5
v4 þ

2

5
ð−v1 − v2 − v3 − v4Þ

ðD16Þ

¼ −
2

5
v1 −

4

5
v2 −

1

5
v3 −

3

5
v4: ðD17Þ

We see that

θw1 ≡ w1 mod Γ2;2
5 : ðD18Þ

This means that the quasicrystalline action of each Γ2;2
5 is a

symmetry of the Narain lattice Γ2;2
5 Γ2;2

5 ½11�.
As a result, Γ2;2

5 Γ2;2
5 ½11� is a reducible unimodular

quasicrystalline lattice of signature ð4; 4Þ, whose quasi-
crystalline symmetries are generated by twist vectors

θ1 ¼ ð1; 0; 2; 0Þ=5; ðD19Þ

θ2 ¼ ð0; 1; 0; 2Þ=5: ðD20Þ

APPENDIX E: FREELY ACTING ORBIFOLDS

The orbifold obtained by a group G acting without fixed
points is termed a freely acting orbifold. The most useful

feature of these orbifolds is that their twisted sectors can be
massed up.
A cyclic orbifold action always has even number of

eigenvalues. Therefore, in odd dimensions, there is always
at least one real dimension that is fixed. We can shift along
the fixed real dimension together with the rotations to get a
freely acting orbifold.
More explicitly, the technique we use in odd dimensions

involves orbifolding on Td coupled with a shift on an
additional S1, compactifying overall to 9 − d dimensions.
The advantage of this construction is that, except at special
S1 radii, all twisted sectors become massive. Intuitively, as
the radius r increases, twisted sector strings become longer
and thus gain mass.
Since the S1 remains invariant under the overall orbi-

folding action, we have

I ⊃ Γ1;1 ¼
�
1

2
ðn=rþ wr; n=r − wrÞjn; w∈Z

�
: ðE1Þ

One can then choose a shift vector that satisfies level
matching and also r large enough to lift the twisted sectors.
Essentially, freely acting orbifolds enable us to project

out a significant portion of the massless spectrum in the
untwisted sector without introducing massless states in the
twisted sectors. For more details, we refer to Appendix A.3
of Ref. [4].

APPENDIX F: QUANTUM SYMMETRY
OF ORBIFOLDS

An interesting effect of orbifolding is that you have
a CFT C and orbifold by an Abelian g, the resulting
CFT C0 has the same symmetry g, now called “quantum
symmetry” [37]. In fact, gauging this symmetry again
corresponds to ungauging, and one ends up with the
original CFT C.
In particular, consider ZTn ½M;A� the partition function of

M on Tn with some background gauge field A of group G,
with A taking values in H1ðM;GÞ. Equivalently for the
orbifolded theory on Tn=G, consider the partition function
ZTn=G½M;A0�, with A0 being the gauge field of some group
G0 and taking values in H1ðM;G0Þ; then we know that

TABLE XII. The Gram matrix GΓr;s;v entries for irreducible unimodular quasicrystals. The ij-th entry of the Gram
matrix is aji−jj.

Signature Twist ai

ð2; 2Þ ð1; 5Þ=12 ð0;−1; 0; 0Þ
ð4; 4Þ ð1; 2; 4; 7Þ=15 ð0;−1; 0; 0; 1; 0; 0; 0Þ
ð4; 4Þ ð1; 3; 7; 9Þ=20 ð0;−1; 0; 0; 0; 0; 0; 0Þ
ð4; 4Þ ð1; 5; 7; 11Þ=24 ð0;−1;−1; 0; 0;−1; 0; 1Þ
ð4; 4Þ ð1; 7; 11; 13Þ=30 ð−2;−1; 1; 0;−2;−1; 1; 1Þ
ð6; 6Þ ð1; 4; 5; 2; 8; 10Þ=21 ð0;−1; 0; 1; 1;−1;−2; 0; 3; 1;−2;−2Þ
ð10; 2Þ ð5; 11; 13; 17; 19; 1Þ=42 ð−2; 0; 1; 0; 0; 1; 1;−1;−1; 0; 0; 0Þ

TABLE XIII. Explicit construction data for nonunimodular
quasicrystals. As before, aji−jj corresponds to the ij-th entry in
the Gram matrix GΛr;s;v. The last column gives the discriminant
group DðΛÞ of the lattice. Since the lattices are nonunimodular,
the discriminant group is nontrivial.

Signature Twist ai DðΛÞ
(2; 2) ð1; 3Þ=8 ð0;−1; 0; 1Þ Z2

2

(2; 2) ð1; 3Þ=10 ð0;−1;−1; 1Þ Z5

(4; 2) ð2; 3; 1Þ=7 ð0; 1; 0;−1;−1; 0Þ Z7

(6; 2) ð3; 7; 9; 1Þ=20 ð0; 1; 1; 1; 1; 0;−1;−1Þ Z4
2

(6; 2) ð5; 7; 11; 1Þ=24 (0, 1, 1, 1, 0, 0, 0, 0) Z2
2

(6; 2) ð7; 11; 13; 1Þ=30 ð−2; 1; 1; 0; 0;−1; 1; 1Þ Z2
5
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ZTn=G½M;A0� ∝
X
A

eiðA0;AÞZTn ½M;A�; ðF1Þ

with

eið ; Þ∶ H1ðM;G0Þ ×H1ðM;GÞ → H2ðM;Uð1ÞÞ≡Uð1Þ;
ðF2Þ

and we can invert this expression by thinking of M on
T=G=G0 as

ZTn ½M;A� ∝
X0
A

eiðA0;AÞZTn=G½M;A0�; ðF3Þ

being a version of a discrete Fourier transform.

APPENDIX G: NORMALIZATION OF U(1)’s

The OPE of a current algebra with generators Ja is
given by

JaðzÞJbðwÞ ∼ kδab

ðz − wÞ2 þ
ifabcJcðwÞ
ðz − wÞ : ðG1Þ

In the heterotic string, we have both levels equal to k ¼ 1,
such that the central charge of the Kac-Moody alegbra is
c ¼ 2k 248

kþ30
¼ 16, as expected.

In the Cartan basis, we can express them as

Ea ¼ eiPa·X; p2
a ¼ 2; ðG2Þ

Hi ¼ ihi · ∂X: ðG3Þ

Then the level of the current algebra [Eq. (G1)] can be
expressed as k → k̂ ¼ 2k

ψ2, where ψ2 is the length of the

highest root, which for the heterotic string is ψ2 ¼ 2, and
hence k̂ ¼ k. Therefore, when we consider compactifica-
tions that break the heterotic gauge groups, we still want to
normalize the level appropriately.
The U(1) factors that we consider in this work come from

the untwisted sector and hence from a Cartan element of
E8; therefore, it can be written as

J0 ¼ VQ · ∂X: ðG4Þ

The level of this U(1) is given by

kUð1Þ ¼ jVQj2α: ðG5Þ

In this work, we work in the α basis, and hence the norm is
taken with respect to the quadratic form of the lattice. A
state that is charged under the gauge group will carry a
momentum vector P that is in the charge lattice in the
untwisted sector or in the shifted lattice of the twisted
sectors, and hence have a vertex operator of the form eiP·X,

and hence for the U(1) generator J0 ¼ VQ · ∂X, the OPE
will be

J0ðzÞe−P·XðzÞ ∼
VQ · P
ðz − wÞ þ � � � : ðG6Þ

In other words, the U(1) charge is given by Q ¼ VQ · P,
which specifies also the conformal dimension of the state as

Δ ¼ Q2

2kUð1Þ
. If we want the level of the Abelian algebra to be

1, then we need to normalize the charges accordingly, by
dividing with the norm of the basis vector as Q → Q

jVQjα.

APPENDIX H: DETAILS ON 6D
CONSTRUCTIONS

A short review of the 6D minimal supergravity and chiral
anomalies can be found in Appendix B of Ref. [4].
Interestingly, in the case of a single tensor multiplet, the
anomaly polynomial factorizes. In this work, the 6D
theories we study mainly come from heterotic models,
and hence only one tensor multiplet will be present.

I8ðR; FÞ ¼
1

2
ΩαβXα

4X
β
4;

Xα
4 ¼

1

2
aαtrR2 þ

X
i

bαi
2

λi
trF2

i þ 2bαijFiFj; ðH1Þ

where aα; bαi are vectors in R1;T , Ωαβ is the metric on this
space, and λi’s are normalization factors of the gauge
groups Gi.
For T ¼ 1, the decomposition is given by

I8 ¼
1

16

�
trR2 −

X
k

αktrF2
k −
X
ij

αijFiFj

�

∧
�
trR2 −

X
k

α̃ktrF2
k −
X
ij

α̃ijFiFj

�
; ðH2Þ

in the basis that

Ω ¼
�
0 1

1 0

�
; a ¼

�−2
−2

�
; bk ¼

1

2
λk

�
αk

α̃k

�
;

bij ¼
1

2
λij

�
αij

α̃ij

�
; j ¼ 1ffiffiffi

2
p
�

eϕ

e−ϕ

�
: ðH3Þ

Let us consider all the anomaly conditions:
(1) R4∶ H − V ¼ 273 − 29T.
(2) trF4∶0 ¼ Bi

Adj −
P

niRB
i
R.

(3) ðR2Þ2∶a · a ¼ aαΩαβaβ ¼ 9 − T.
(4) trF2R2∶ − a · bi ¼ −aαΩαβb

β
i ¼ − 1

6
λiðAi

Adj
−
P

R niRA
i
RÞ ¼ αi þ α̃i.

(5) FiFjR2∶ − a · bij ¼ 1
6

P
I MIqI;iqI;j ¼ αij þ α̃ij.
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(6) ðtrF2Þ2∶bi ·bi¼bαiΩαβb
β
i ¼ 1

3
λ2i ð
P

Rn
i
RC

i
R−Ci

AdjÞ¼
1
2
αiα̃i.

(7) FiFjFkFl∶ bij · bkl þ bik · bjl þ bil · bkj ¼
P

I MI

×qI;iqI;jqI;kqI;l ¼ 1
2
ðαijα̃ik þ αikα̃jl þ αilα̃kjÞ.

(8) FiFjtrF2
k∶ bk · bij ¼

P
I M

k
IλkARqI;iqI;j.

(9) F3
i trFk∶ 0 ¼PI M

k
IE

I
kqI;i.

(10) trF2
i trF

2
j∶bi · bj ¼ bαiΩαβb

β
j ¼

P
R;S λiλjn

ij
RSA

i
RA

j
S ¼

1
4
ðαiα̃j þ αjα̃iÞi ≠ j,

where trRF3 ¼ ERtrF3.

1. Theory 1

E8 × E7 ×Uð1Þ: ðH4Þ

Untwisted sector: 1 Tensor.
Twisted sector:

ð1; 56Þð1;1;2;3;1;2Þð5;4;3;2;1;0Þ þ ð1; 1Þð1;1;2;3;1;2Þð5;4;3;2;1;0Þ: ðH5Þ

The total for E8 is 10ð56Þ and 66 charged under U(1),
only giving a total of Hc ¼ 626 which satisfies the
gravitational anomalies.
We have that

−6a · bUð1Þ ¼
X
i

niq2i ¼ 42; 3b2Uð1Þ ¼
X
i

niq4i ¼ 9;

bUð1Þ · bE7
¼
X
i

12n56;iq2i ¼ 6: ðH6Þ

Note that, in fact for T ¼ 1, these sums are fixed by
anomalies, and hence matching our expectations.

E7∶A56 ¼ 1; C56 ¼ 1=24; Aadj ¼ 3; Cadj ¼ 1=6;

ðH7Þ

E8∶Aadj ¼ 1; Cadj ¼ 1=100; ðH8Þ

with the anomaly lattice:

0
BBB@

8 −14 10 −14
−14 12 0 12

10 0 −12 0

−14 12 0 12

1
CCCA; ðH9Þ

a¼ ð−2;−2Þ; bE7
¼ ð1;6Þ ¼ bUð1Þ; bE8

¼ ð1;−6Þ;
ðH10Þ

such that the anomaly polynomial factorizes as

−1
16

�
trR2 −

1

6
trFE2

7
−

1

30
tr2E8

− 2tr2Uð1Þ

�

∧
�
trR2 − trFE2

7
þ 1

5
tr2E8

− 12tr2Uð1Þ

�
: ðH11Þ

The expectation is that this theory corresponds to an elliptic
threefold with the base F12, since it contains the non-Higgs-
able E8, and 10 × 56 can completely Higgs the E7.
Note that Refs. [31,63] are off by an order of 2 for the

values of the Abelian vectors of this model. Their error
traces back to the correct normalization of the currents, as
described in Appendix G. In our case, the U(1) basis is
V1
Q ¼ ð6; 016Þ, with ðV1

QÞ2 ¼ 72 (in α basis). Therefore, as
explained in Appendix G, the physical normalization for
the charges is Q0 ¼ Qffiffiffiffi

72
p .

Note that as one would expect, the untwisted sector has
no moduli other than the dilaton. This indicates that, as
described in Sec. II, the quasicrystalline action fixes the
Gij; Bij Narain moduli.

2. Theory 2

E8 × SOð12Þ × SUð2Þ ×Uð1Þ: ðH12Þ

Untwisted sector:

ð1; 32; 1Þð6;2;0Þð1;2;1Þ:

Twisted sectors:

ð1; 32; 1Þð2;0Þð2;1Þ þ ð1; 32; 1Þð1;2;1Þð5;3;1Þ þ ð1; 12; 2Þð1;3;2Þð4;2;0Þ

þ ð1; 1; 2Þð5;7;1;3Þð7;5;9;3Þ þ ð1; 1; 1Þð2;2;12;6;12Þð2;10;4;8;6Þ :

All anomaly cancellation conditions are satisfied, and the
anomaly coefficients are given by

b2SOð12Þ ¼ 12; a · bSOð12Þ ¼ −14; ðH13Þ

b2SUð2Þ ¼ 12; a · bSUð2Þ ¼ −14; ðH14Þ

b2Uð1Þ ¼ 12; a · bUð1Þ ¼ −14; ðH15Þ

b2E8
¼ −12; a · bE8

¼ 10; ðH16Þ

where solutions are given by

a ¼ ð−2;−2Þ; bSOð12Þ ¼ ð1; 6Þ ¼ bSUð2Þ ¼ bUð1Þ;

bE8
¼ ð1;−6Þ: ðH17Þ

The charges are expressed in the U(1) basis V1
Q ¼ ð015; 6Þ

with ðV1
QÞ2 ¼ 72 (in α basis). Therefore, as explained in
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Appendix G, the physical normalization for the charges
is Q0 ¼ Qffiffiffiffi

72
p .

3. Theory 3

E8 × SOð10Þ × SUð3Þ ×Uð1Þ: ðH18Þ

Untwisted sector:

ð1; 16; 1Þð1Þð15Þ þ ð1; 10; 3Þð1Þð−10Þ: ðH19Þ

Twisted sectors:

ð1; 16; 1Þð10;5Þð3;−9Þ þ ð1; 10; 3Þð5Þð2Þ þ ð1; 1; 1Þ20Þð12Þ: ðH20Þ

b2E8
¼ −12; a · bE8

¼ −10; ðH21Þ

b2SOð10Þ ¼ b2SUð3Þ ¼ b2Uð1Þ ¼ 12;

a · bSOð10Þ ¼ a · bUð1Þ ¼ 14; ðH22Þ

where solutions are given by

a ¼ ð−2;−2Þ; bSOð12Þ ¼ ð1; 6Þ ¼ bSUð2Þ ¼ bUð1Þ;

bE8
¼ ð1;−6Þ: ðH23Þ

The charges are expressed in the U(1) basis V1
Q ¼

ð012; 10; 15; 10;−5Þ, with ðV1
QÞ2 ¼ 300 (in α basis).

Therefore, as explained in Appendix G, the physical
normalization for the charges is Q0 ¼ Qffiffiffiffiffiffi

300
p .

4. Theory 4

E8 × SUð4Þ × SUð4Þ × SUð2Þ ×Uð1Þ; ðH24Þ

b2E8
¼ −12; a · bE8

¼ −10; ðH25Þ

b2SOð10Þ ¼ b2SUð3Þ ¼ b2Uð1Þ ¼ 12;

a · bSOð10Þ ¼ a · bUð1Þ ¼ 14; ðH26Þ

a ¼ ð−2;−2Þ; bSOð10Þ ¼ ð1; 6Þ ¼ bSUð3Þ ¼ bUð1Þ;

bE8
¼ ð1;−6Þ: ðH27Þ

The charges are expressed in the U(1) basis V1
Q ¼

ð011; 4; 04Þ, with ðV1
QÞ2 ¼ 32 (in α basis). Therefore, as

explained in Appendix G, the physical normalization for
the charges is Q0 ¼ Qffiffiffiffi

32
p .

5. Theory 5

SUð9Þ × SOð12Þ × SUð2Þ ×Uð1Þ: ðH28Þ

Untwisted sector: 0.
Twisted sector:

ð9; 1; 2Þð1;3Þð1;1Þ þ ð9; 1; 1Þð2;6Þð2;0Þ þ ð1; 1; 2Þð1;6Þð3;1Þ þ ð1; 32; 1Þð1;1Þð1;0Þ

þ ð1; 12; 2Þð2Þð0Þ þ ð1; 12; 1Þð4Þð1Þ þ ð1; 1; 2Þð3Þð1Þ

þ ð36; 1; 1Þð2Þð0Þ þ ð1; 1; 1Þð10Þð2Þ ðH29Þ

b2SUð9Þ ¼ b2SOð12Þ ¼ 0; a · bSUð9Þ ¼ a · bSOð12Þ ¼ −2;

ðH30Þ

b2SUð2Þ ¼ 8; a · bSOð10Þ ¼ −10; b2Uð1Þ ¼ 4;

a · bUð1Þ ¼ −6; ðH31Þ

a ¼ ð−2;−2Þ; bSUð9Þ ¼ ð0; 1Þ ¼ bSOð12Þ;

bSUð2Þ ¼ ð4; 1Þ; bUð1Þ ¼ ð2; 1Þ: ðH32Þ

The charges are expressed in the U(1) basis V1
Q ¼

ð09; 2; 4; 4; 4; 4; 2; 2Þ, with ðV1
QÞ2 ¼ 8 (in α basis).

Therefore, as explained in Appendix G, the physical
normalization for the charges is Q0 ¼ Qffiffi

8
p .

6. Theory 6

E7 ×Uð1Þ: ðH33Þ

Untwisted sector: 0.
Twisted sector:

ð1Þð82;64;42;28;12;4Þð2;3;4;5;6;7Þ ðH34Þ

b2E7
¼ −8; a · bE7

¼ 6; ðH35Þ

b2Uð1Þ ¼ 8; a · bUð1Þ ¼ −10: ðH36Þ

a¼ ð−2;−2Þ; bE7
¼ ð0;1Þ; bUð1Þ ¼ ð4;1Þ: ðH37Þ

The charges are expressed in the U(1) basis V1
Q ¼

ð05; 5; 02Þ, with ðV1
QÞ2 ¼ 50 (in α basis). Therefore, as

explained in Appendix G, the physical normalization for
the charges is Q0 ¼ Qffiffiffiffi

50
p .
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7. Theory 7

E6 ×Uð1Þ2: ðH38Þ

Untwisted sector: 0.
Twisted sector:

ð1Þð1;9;14;6;20;67;72;27Þð½7;0�;½3;0�;½4;0�;½6;0�;½0;3�;½1;0�;½2;0�;½5;0�Þ; ðH39Þ

ð1Þð6;5;3;4;24;18;34;12;2Þð½2;−3�;½−3;3�;½5;3�;½5;−3�;½2;3�;½3;3�;½1;−3�;½−4;3�;½6;3�Þ: ðH40Þ

b2E6
¼ −6; a · bE6

¼ 4; ðH41Þ

b2Uð1Þ1 ¼ b2Uð1Þ2 ¼ 6; a · bUð1Þ1 ¼ a · bUð1Þ2 ¼ −8;

ðH42Þ

bUð1Þ1 · bUð1Þ2 ¼ 6; ðH43Þ

a ¼ ð−2;−2Þ; bE6
¼ ð−3; 1Þ; bUð1Þ ¼ ð3; 1Þ:

ðH44Þ

The charges are expressed in the U(1) basis V1
Q ¼

ð06; 5; 0Þ; V2
Q ¼ ð05; 4; 2; 0Þ with ðV1

QÞ2 ¼ 50; ðV1
QÞ2 ¼ 24

(in α basis). Therefore, as explained in Appendix G, the
physical normalization for the charges is Q0

1 ¼ Q1ffiffiffiffi
50

p ;

Q0
2 ¼ Q2ffiffiffiffi

24
p .

APPENDIX I: 4D MATTER

Here, we present the representations of the charged
fermions for the models in Table X. In Table XIV, we
give the charges of the chiral matter for Model 3, and in
Table XV for Model 4. We only denote the left-handed
Weyl fermion charges.

TABLE XIV. Charged matter for Model 3.

4D N ¼ 1 Model no. 3 matter charges

7 × ð1; 1; 1; 1; 1Þ2;−2;−2;2;0;2;0 1 × ð1; 4; 2; 1; 1Þ−2;1;1;−1;2;−1;2 1 × ð1; 4; 1; 1; 1Þ0;2;1;0;0;1;0
1 × ð1; 6; 1; 1; 2Þ2;0;1;0;−2;0;−2 1 × ð1; 1; 1; 1; 2Þ−2;−2;−5;2;2;2;2 1 × ð4̄; 1; 1; 1; 1Þ−1;2;0;0;0;1;−1
1 × ð1; 1; 1; 2; 1Þ2;−3;0;1;−1;−3;1 1 × ð1; 1; 1; 2; 1Þ0;1;0;1;1;1;3 1 × ð1; 1; 1; 1; 2Þ0;−3;−2;1;2;0;2
1 × ð4̄; 1; 1; 1; 1Þ1;−2;0;0;2;1;1 2 × ð1; 4; 1; 1; 1Þ2;−2;1;0;0;−1;0 1 × ð4; 1; 1; 2; 1Þ−1;1;0;−1;−1;0;−2
2 × ð1; 1; 1; 1; 2Þ−2;1;−2;1;2;2;2 2 × ð1; 4; 1; 1; 2Þ1;−1;−2;1;−1;1;−1 2 × ð1; 1; 2; 1; 1Þ1;2;4;−2;−1;−2;−1
2 × ð1; 4; 1; 1; 1Þ−3;1;1;−1;3;−1;3 2 × ð1; 1; 1; 1; 1Þ−1;1;0;−1;3;4;−1 2 × ð4; 1; 1; 2; 1Þ0;0;0;0;0;0;−1
2 × ð1; 1; 1; 2; 1Þ−1;2;0;0;−2;−1;0 2 × ð4̄; 1; 1; 1; 1Þ0;−1;0;−1;−1;−1;−2 2 × ð6; 1; 1; 1; 1Þ1;−1;0;1;1;0;3
2 × ð1; 1; 2; 1; 2Þ1;0;1;0;−1;0;−1 1 × ð1; 4; 1; 1; 1Þ−1;0;0;−1;1;0;−1 1 × ð1; 1; 1; 2; 1Þ−1;−2;−2;1;1;−1;3
1 × ð1; 1; 2; 1; 2Þ1;0;−1;1;0;2;0 1 × ð4̄; 1; 1; 1; 1Þ0;2;3;−1;−1;−2;0 4 × ð1; 1; 1; 1; 2Þ1;−1;−1;0;−1;1;−3
4 × ð1; 1; 1; 1; 1Þ1;0;3;−1;−1;−3;1 2 × ð1; 1; 1; 2; 1Þ−2;−1;−2;0;2;1;0 2 × ð1; 1; 1; 1; 2Þ2;−2;−1;1;−2;−1;0
2 × ð1; 1; 2; 1; 1Þ0;2;3;−1;1;0;1 6 × ð1; 1; 1; 1; 1Þ0;1;3;−2;0;−1;−2 5 × ð1; 1; 1; 1; 1Þ−1;0;−1;1;1;−1;3
5 × ð1; 1; 1; 1; 1Þ−3;2;−1;−1;1;1;−1 5 × ð1; 1; 2; 1; 1Þ3;−1;1;0;−2;0;−2 5 × ð1; 1; 1; 1; 1Þ1;2;1;−1;−3;1;−5
6 × ð1; 1; 2; 1; 1Þ−1;−1;−1;0;2;0;2 6 × ð1; 1; 1; 1; 1Þ3;0;1;1;−3;−1;−1 1 × ð1; 1; 1; 1; 2Þ1;−1;1;0;−1;−3;1
1 × ð1; 1; 1; 1; 1Þ−1;−2;−3;1;3;3;1 2 × ð1; 1; 2; 1; 1Þ2;−1;0;1;−1;−1;1 2 × ð1; 1; 1; 1; 1Þ0;2;0;0;−2;0;−2
2 × ð1; 1; 2; 1; 1Þ0;1;0;−1;−1;1;−3 2 × ð1; 1; 1; 1; 1Þ2;−2;0;0;0;0;0 2 × ð1; 1; 1; 1; 1Þ0;−2;0;0;0;−2;0
2 × ð1; 1; 1; 1; 1Þ−2;2;0;0;2;2;2 2 × ð4̄; 1; 1; 1; 1Þ−1;0;0;0;2;1;1 2 × ð4; 1; 1; 1; 1Þ−1;0;0;0;0;−1;1
3 × ð1; 1; 1; 1; 1Þ2;−2;0;0;−2;−2;−2 3 × ð1; 1; 1; 1; 1Þ0;2;0;0;0;2;0 3 × ð4; 1; 1; 1; 1Þ1;0;0;0;−2;−1;−1
3 × ð1; 1; 1; 1; 1Þ−2;2;0;0;0;0;0 3 × ð1; 1; 2; 1; 1Þ−2;1;0;−1;1;1;−1 3 × ð1; 1; 1; 1; 1Þ0;−2;0;0;2;0;2
4 × ð4̄; 1; 1; 1; 1Þ1;0;0;0;0;1;−1 4 × ð1; 1; 2; 1; 1Þ0;−1;0;1;1;−1;3 8 × ð1; 1; 1; 2; 1Þ0;0;1;0;2;0;2
6 × ð1; 1; 1; 2; 1Þ−1;1;1;−1;−1;−2;−1 6 × ð1; 1; 1; 2; 1Þ−1;1;1;−1;1;0;1 6 × ð1; 1; 1; 1; 1Þ1;−1;−2;1;−3;0;−3
6 × ð1; 1; 1; 1; 1Þ1;−1;−2;1;−1;2;−1
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