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ABSTRACT: We consider the problem of charge correlations in self-
coacervate phases of polyampholytes and disordered proteins with
different monomer sequences. An analytical approach consistently
describing both weak and strong correlations is proposed, which is
based on the improvement of the random phase approximation (RPA)
by taking into account (i) discreteness of charges in polymer chains
and (ii) a finite number of wave modes of the charge density
fluctuations. These modifications are an essential element of the
particle-to-field transformation. For strong Coulomb interactions, the
generalized RPA reproduces the free energy of the strongly correlated
Wigner liquid of disjointed charges. The developed theory is applied to describe coil-to-globule transitions in single-chain
polyampholytes as a function of the monomer sequence. Comparison with results of molecular simulations confirms that the theory
reproduces the observed scaling laws for globule size at weak charge correlations, and in addition, it provides a quantitative
description of electrostatic interactions when correlations are strong.

I. INTRODUCTION
Charge correlations dictate the behavior of macroscopically
neutral systems of oppositely charged particles. Perhaps the
simplest example is an electrolyte solution of a monovalent
salt. From the statistical physics standpoint, this system is
equivalent to a plasma of oppositely charged ions. For this
reason, it is called the Coulomb gas or, for weak charge
correlations, the Debye−Hückel plasma, referring to the
authors of the seminal work1 that introduced the concept of
positional charge correlations.
The mean-field Coulomb energy of the ions, which are

distributed in space homogeneously and independently from
each other, is equal to zero. However, each charge is
surrounded by an ionic cloud that contains more ions of
opposite sign, and therefore the assembly carries a net opposite
charge.2 When interactions are weak, electrostatic attractions
between the central ion and the corresponding cloud lead to a
negative correlation-induced correction to the ideal-gas
osmotic pressure of the Coulomb gas, but the system remains
in one phase. If Coulomb interactions are strong, electrolyte
solutions undergo a phase transition into an ion-rich
(condensed) phase and an ion-lean phase.3,4 Correlation
effects in systems of small ions have been studied extensively
for decades, particularly within the restricted primitive
model3−6 (hard-core charges spheres) and the one-component
plasma model (OCP, point charges neutralized by the
homogeneous background) .7,8 They are now well understood,
and excellent summaries can be found in refs 9 and 10.
In contrast, the problem of charge correlations in condensed

phases of ionic polymers�the so-called complex coacervates

that are formed by oppositely charged polyelectrolytes11,12

(PEs) or self-coacervates of polyampholytes13 (PAs)�is not
fully understood. The additional complications arise because
charges are connected by chemical bonds into long flexible
chains. In these systems, in addition to Coulomb and excluded
volume interactions, the connectivity of ionic monomers also
alters positional correlations and hence the attractions between
opposite charges. Another difference from simple electrolytes
is that polymers have very low translational entropy, which
makes them much more sensitive to any form of interaction,
including electrostatic forces. For this reason, coacervates and
self-coacervates readily form even when charge correlations are
weak; that is, the energy of Coulomb interactions per charge is
lower than the thermal energy kBT.

11−13

There is considerable interest in the fundamental physics of
charge-driven phase separation in polymeric systems. PA self-
coacervation and PE complex coacervation are considered to
represent foundational models for the formation of membrane-
less organelles within living cells.13−18 Statistical physics
considerations for PAs have been successfully applied to
describe intrinsically disordered proteins (IDPs)�unfolded
proteins that undergo strong size and shape fluctuations�in
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efforts to rationalize their phase and conformational behaviors
in vitro and in vivo.19−26

Phase separation in solutions of IDPs is sensitive to the
primary sequence of positive, negative, and neutral monomers
within the molecule. Recent experiments have demonstrated
that by simply varying the order in which the ionic monomers
are connected, nature is capable of controlling the formation of
intracellular condensates.27 This phenomenon provides a
striking manifestation of how sophisticated charge correlations
in (bio)macromolecular systems can be.
The random phase approximation (RPA) became the first

theoretical approach with which to explain why the high
clustering of opposite charges leads to their stronger Coulomb
attractions and, therefore, the propensity of charge-clustered
IDPs and PAs to form self-coacervates.19 Interestingly, this
effect had been anticipated by theory28 two decades prior to
the first experimental observation. In that work, a pioneering
approach (initially developed by Borue and Erukhimovich for
PE complex coacervates29,30 to calculate polymer-specific
Gaussian fluctuation corrections due to Coulomb interactions)
was extended to alternating and random PAs by considering
their sequence-dependent charge structure factors.28

The RPA is based on the self-consistent calculation of pair
correlation functions between ionic monomers and takes into
account both their connectivity and Coulomb interactions. It is
also termed the linear response approximation and represents
the generalization of the Debye−Hückel theory of simple
electrolytes to non-point-like objects.29,31 The versatility of the
RPA, which takes into consideration polymer architecture,
stiffness, conformations,29,32 monomer sequence,19,22,23,25,28,33

and even orientational order,34−36 has made it a foundational
tool for description of PE complexation and PA self-
coacervation. The validity of the RPA has been established
through comparisons to more precise field-theoretic methods,
such as renormalized Gaussian fluctuation (RGF) theory37 and
field-theoretic simulations (FTS).22,23,38,39 RGF is the RPA
modification that incorporates chain conformations in a self-
consistent manner, instead of using a priori assumptions.37,40

Numerical FTS is even more exact as it solves the field-
theoretic problem by considering all (not just Gaussian)
fluctuations of the polymer density fields. Both RGF and FTS
have confirmed the (scaling-informed) RPA assumption for
the ideal-coil statistics of flexible PEs and PAs in condensed
phases under Θ solvent conditions.37−39 Moreover, the
predictions of the RPA for the density of coacervates and
self-coacervates in the regime of weak correlations are
consistent with the limiting power laws obtained from scaling

considerations41−45 and have been corroborated by coarse-
grained simulations.25,43,45 Finally, the RPA can be consistently
refined by calculating fluctuation corrections to the mean-field
pair correlation functions.46

An important drawback of the RPA, however, is the inability
to consider strong charge correlations, which, strictly speaking,
limits its applicability to weakly charged PEs and PAs, that is,
molecules that contain a low fraction of ionic monomers, f ≪
1.29 Synthetic polypeptides and IDPs tend to be highly charged
polymers and necessitate that more sophisticated approaches
be developed. In these molecules, the distance between
adjacent connected charges is comparable to the monomer
size along the backbone, a ≈ 0.3 nm, which is lower than the
Bjerrum length in water, lb = e2/ϵkBT ≈ 0.7 nm. Several
methods have been proposed to describe the internal structure
and charge correlations in condensed phases of ionic polymers
with f ≈ 1.
Perry and Sing developed a PRISM-based theory of homoPE

coacervation that incorporates charge connectivity into the
standard liquid state theory (LST) machinery, which relies on
the Ornstein−Zernike equations.47 The PRISM theory,
however, requires numerical solution of the underlying integral
equations, which limits the tractability of the overall approach.
Building on Blum’s original works,48,49 Wang et al. proposed

another LST-based approach that provides a closed-form
expression for the correlation free energy. Specifically, these
authors combined the mean spherical approximation (MSA)
for disjointed ions with the perturbation correction responsible
for chain connectivity.50−52 The resulting formalism provides a
good description of dense coacervates with strong correlations.
Improvements are needed for weak correlations, where the
theory does not reproduce the limiting power law for polymer
concentration. (Note that the same applies to the transfer
matrix theory of complex coacervation, which neglects the
conformational statistics of PEs.53) In its current form, this
LST-based method does not consider the role of monomer
sequences.
More generally, an important body of work has sought to

describe strong charge correlations within various models of
ion pairing54−59 or the adsorption of one chain onto another.53

This approach is better suited for weakly charged systems, f ≪
1, where Coulomb correlations can be viewed as effectively
pairwise; for highly charged polymers, Coulomb interactions
are inherently many-body, as discussed below.
The above summary underscores the need for a general

theory that retains all the advantages of the RPA for the
description of weak charge correlations and that is also capable

Figure 1. Blob picture of the polyampholyte globule in the regimes of weak and strong charge correlations for alternating, random, and diblock
copolymer sequences. Neutral monomers are not shown explicitly and are represented by the black threads.
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of describing strong correlations. In this work, by generalizing
the RPA to the latter case and actually to any correlations
strength, we present the unifying theory describing Coulomb
interactions in condensed phases of ionic polymers. To
demonstrate the advantages of the proposed approach, it is
applied to compare the behaviors of alternating, ideally
random, and diblock PAs in a wide range of Coulomb
interaction strengths.
This paper is organized as follows. Section II is devoted to a

scaling analysis of weak and strong charge correlations in self-
coacervates and globules of sequence-specific PAs. Section III
presents the derivation of the closed-form results for the
generalized RPA (GRPA) free energies and discusses their
consistency with the scaling analysis. In section IV we apply
the proposed framework to describe the sequence-dependent
collapse of single-chain PAs. Our theoretical results are then
compared to those of molecular simulations in section V.
Section VI summarizes our main conclusions.

II. SCALING ARGUMENTS
II.1. Regime of Weak Charge Correlations. In a Θ

solvent, Coulomb attractions between charges of opposite sign
cause long globally neutral PAs of arbitrary monomer sequence
to form globules. In the regime of weak charge correlations,
their internal structure is strongly sequence-dependent, as
illustrated in the top panel of Figure 1. Recent works25,26 have
examined the scaling laws for globule densities and correlation
lengths within them. We briefly revisit the particular cases of
alternating, random, and diblock PA carrying a fraction f of
equidistant ionic monomers, which are assumed to be pH-
independent. Chains are flexible, and the statistical segment
containing one monomer has length a. The concentration of
monomers within the globule is expressed in 1/a3 units and is
denoted by ϕ; up to a numerical coefficient, it coincides with
the polymer volume fraction.
In alternating PAs, Coulomb interactions are reduced to

effectively short-range dipole−dipole attractions between the
pairs of adjacent positive and negative charges. Two dipoles
with moments p ≃ eaf−1/2 interact via a Keesom potential WK
≃ −lb2p4/r6 (all energies are expressed in kBT units), which
enables direct calculation of the second virial coefficient,25,60

Bdip ≃ −a3u2f−1/2, with u = lb/a. The energy of pairwise
dipole−dipole attractions per blob, given by Fdip ≃
ξalt3Bdip( fϕalt)2, is equal to the thermal energy kBT. Using the
closure between the correlation length (blob size) and the
globule density provided by ideal-coil chain statistics in Θ
solvent, ξ ≃ aϕ−1, one finds

u falt
2 3/2

(1)

au falt
2 3/2 (2)

Blobs within a globule of an alternating PA are electroneutral
and contain galt ≃ (ξalt/a)2 ≃ u−4f−3 monomers, that is, fgalt ≃
u−4f−2 charges. The requirement of weak charge correlations
implies that the energy of Coulomb interactions per charge is
much lower than the thermal energy, fgalt ≫ 1. It can be
written as uf1/2 ≪ 1.
The globules formed by ideally random PAs are stabilized by

bare Coulomb attractions between oppositely charged
neighboring blobs. Their characteristic charge qrand ≃
e( fgrand)1/2 is provided by the statistical deviation from the
average zero value. The balance between Coulomb attractions

and three-body repulsions, written as FCoul ≃ qrand2/ϵξrandkBT ≃
1, yields

ufrand (3)

au frand
1 1

(4)

and grand ≃ u−2f−2. These results had been first obtained by
Higgs and Joanny,61 and the corresponding scaling picture was
later proposed by Dobrynin et al.41 They hold as long as
charge correlations are weak, fgrand ≫ 1 or, equivalently, uf1/2
≪ 1.
The internal structure of a diblock PA globule can be viewed

as a melt of oppositely charged electrostatic blobs, each of size
ξe ≃ au−1/3f−2/3 and carrying charge qe ≃ efξe2 ≃ eu−2/3f−1/3. It
is analogous to that of a charge-symmetric polyelectrolyte
complex coacervate.39,42,44,45,62 The balance between long-
range Coulomb attractions and short-range three-body
repulsions is provided by qe2/ϵξekBT ≃ 1. The resulting
globule properties are given by

uf( )db
2 1/3

(5)

a uf( )db e
2 1/3 (6)

and gdb ≃ (uf 2)−2/3. The number of ionic monomers within the
blob fgdb is high, and charge correlations are weak provided
that uf1/2 ≪ 1.
II.2. Regime of Strong Charge Correlations. We

emphasize that the crossover between the regimes of weak
and strong charge correlations is universal for all types of
sequences, and is given by59,63

uf 11/2 (7)

At the crossover, each concentration blob within the globule
contains on the order of one charge. Therefore, at uf1/2 ≫ 1, in
the regime of strong charge correlations, there is on average
less than one charge per concentration blob. In this case,
charge correlations within the globule are not affected by the
sequence of ionic monomers in the PA. One can compare the
distance between two consecutive ionic monomers along the
chain, Rf ≃ af−1/2, and the concentration blob size ξ, which are
equal at the crossover. In the regime of strong charge
correlations, the former is higher, Rf ≫ ξ. That is, at uf1/2 ≫
1, the nearest-neighbor charges along the chain are not the
spatially closest charges. This observation clarifies why charge
correlations�and the resulting structure and dimensions of
the PA globules�become sequence-independent when charge
correlations are sufficiently strong. The bottom panel in Figure
1 illustrates the internal structure of these globules.
Irrespective of the monomer sequence, each charged

monomer within a homogeneous PA globule is preferentially
surrounded by its oppositely charged counterparts. The energy
of Coulomb attractions per charge (in kBT units) can be
estimated as

W
e

dk T
l
d

2

B

b

(8)

Here the distance d between the most spatially proximal
charges is a function of the globule density.

d a f( ) 1/3 (9)

The free energy density of Coulomb interactions (expressed in
units of kBT/a3) is therefore given by
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=F f W u f( )SC
4/3 (10)

This result is well-known for homogeneous systems of strongly
correlated pointlike charges and is often termed the correlation
free energy of the strongly correlated “Wigner liquid” (WL) or
of the OCP.9,63−66 At very high u values one expects the
formation of the ionic (Wigner) crystal. We limit our
considerations to the liquid (amorphous) state but note that
in the presence of the long-range order the scaling result given
by eq 10 remains valid and is usually termed the Madelung
energy,67 with a numerical prefactor defined by the type of
crystalline lattice.
Equation 10 is the key result of a scaling analysis. By

combining it with the free energy for three-body repulsions,
Fvol ≃ ϕ3, one can find the globule density, ϕSC ≃ u3/5f4/5.63,68

However, this power law does not hold over a broad range of
parameters because of the high globule density in the regime of
strong correlations and is difficult to attain in experiments or
simulations, which actually reveal ϕ ∼ f 0.4 for f ≥ 0.5.69 Already
at the crossover for weak and strong correlations, uf1/2 ≃ 1, the
density is high, ϕ ≃ f1/2, because f cannot be very low without
violating the assumption of internal globule homogeneity (see
item i below). This makes the virial expansion form of Fvol
inapplicable, and one should instead use the Flory−Huggins
free energy with χ = 1/2 corresponding to the Θ solvent
conditions or the modified Carnahan−Starling expression.
II.3. Discussion. There are several important remarks to be

made on the obtained scaling results:
(i) The picture of strong correlations outlined above holds

for a homogeneous globule, which is the case for sufficiently
high f values. In this respect, fully charged PAs, f = 1, represent
a limiting case. In contrast, for low fractions of ionic
monomers, f ≪ 1, one expects the formation of finite-size
clusters rich in ionic monomers. This is confirmed by
molecular dynamics simulations, where chains collapse into
microstructured globules containing single ion pairs or
aggregates (dense ionomer domains) surrounded by more
swollen loops of neutral monomers.43 Several theoretical
models are available to describe aggregate formation in the
context of ionomer melts,70−72 polyelectrolyte solutions/
gels,73−75 and complex coacervates.59 A detailed analysis of
the instability of a homogeneous globule with respect to this
type of microphase separation at decreasing f and/or increasing
u is beyond the scope of this work and requires additional
considerations.
(ii) From a theoretical point of view, the approach described

above for strong charge correlations differs from those that
have considered the association of charges into ion
pairs54−59,76−78 and further into multiplets.73−75 The energy
gain ΔEip due to the formation of the contact ion pair with the
f ixed distance between the ions is always assumed to be
independent of polymer concentration. Therefore, when
charge attractions are strong and almost all ions associate,
ion-pairing models predict the free energy density of Coulomb
interactions to be54−59,73−78

F f ESC ip (11)

This result is linear in ϕ and differs from eq 10, suggesting that
FSC ∼ −ϕ4/3. Approaches based on ion pairing are better suited
for weakly charged PAs and PEs containing a small fraction of
ionic monomers, f ≪ 1.54,55,59,73−76 In this case, one can
assume that ΔEip is independent of ϕ for a single isolated ion
pair. However, for strongly charged polymers with f ≃ 1, each

charge is surrounded by numerous opposite and even charges.
These collective Coulomb interactions cannot be reduced to
effective pairwise, saturating ion associations, and for that
reason, our proposed approach to strong correlations (as well
as the LST route47,50−52) would appear to be better justified
for highly charged PAs and PEs than ion-pairing frameworks.
The suitability of these two approaches depends on the

microscopic (chemical) structure of ionic monomers. The
concept of ion pairing is expected to work better for PEs and
PAs that carry compact ionic groups at the end of long side
chains, while interactions of bulky charges located near or
along the backbone are better described as collective
interactions. The second method should be also better
applicable to the standard coarse-grained simulation models,
with the electric charge placed in the center of the bead.79

(iii) The scaling regimes outlined above correspond to the
limiting cases of weak and strong charge correlations, and the
crossover between them is relatively wide. The latter is
exemplified by the ratio ϕSC/ϕdb ≃ (uf1/2)4/15, which increases
slowly with u. Perhaps the most interesting case of strongly
charged PEs and PAs in aqueous solution corresponds to f = 1
and u ≈ 1−3, depending on backbone chemistry, and therefore
belongs to the crossover region. This underscores the need for
a field-theoretic approach that quantitatively and accurately
describes charge correlations over the entire range of their
strength. This challenge is addressed in the following section.

III. RANDOM PHASE APPROXIMATION
III.1. Derivation of Unifying Closed-Form Results. The

mean-field free energy of Coulomb interactions within globally
neutral PA globules is zero. The random phase approximation
(RPA) provides Gaussian corrections to the mean-field result;
pairwise correlation functions are calculated at the mean-field
level. The inverse charge structure factor of the PA solution
(i.e., the globule interior) is written as the sum of the inverse
charge structure factor of noninteracting chains and the
contribution due to Coulomb interactions of charges:19,25,28

= + = +G q G q U q G q
u

qa
( ) ( ) ( ) ( )

4
( )

1
0

1
0

1
2 (12)

Owing to the ideal-coil statistics of PAs under Θ solvent
conditions, the first contribution can be written as25,28

= = +G q f g q f( ) ( )
1 e

1 e

qa f

qa f0

( ) /6

( ) /6

2

2
(13)

with λ = −1, 0, and 1 corresponding to alternating, ideally
random, and diblock PAs.25 Chains are assumed to be
infinitely long, N → ∞.
To arrive at the analytical results for the RPA free energy

correction, the single-chain charge structure factors of
alternating and diblock PAs are approximated as follows:

+
g q

qa
f qa

( )
( )

12 ( )alt

2

2 (14)

=g q( ) 1rand (15)

+g q
f

qa
( ) 1

12
( )db 2 (16)

These results are derived by assuming ideal-coil chain
conformations at all length scales. While at the lengths larger
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than the blob size this is the case for any solvent quality,44

Gaussian statistics within the blob is provided by Θ solvent
conditions. We emphasize that the form adopted here for the
structure factors takes into account the pointlike nature of
charges in PA chains:77,82 For any sequence, gλ(q) → 1 and
G0(q) → fϕ at q → ∞, where fϕ is the density of charges in the
system. This first aspect of the RPA calculations is critical for
the generalization to the regime of strong charge correlations.
The second key aspect of our approach is to introduce a

cutoff in the RPA integration over the fluctuation wave modes
in a manner that considers only physically meaningful
fluctuations of the charge density f ield:

=

= +

i
k
jjjjj

y
{
zzzzz

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅ
i
k
jjjjj

y
{
zzzzz

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑ

F
a q G q

G q
F

a q g q

r q

g q

r q

2
d

(2 )
ln

( )
( )

2
d

(2 )
ln 1

( )

( )

( )

( )

q

q

RPA

3

0

3

3

1

0
1 self

3

0

3

3
D

2
D

2

0

0

(17)

Here rD = (4πufϕ)−1/2a is the Debye length for the system of
disjointed charges and Fself is the self-energy of the PA.

40,83

The integration cutoff idea has its roots in the classical work by
Debye on the heat capacity of solids,2,84,85 where Einstein’s
calculations were improved and the well-known Cv ∼ T3 law
for the low-temperature region was derived. The minimal
wavelength of the (charge) density fluctuations cannot be
lower than the distance d between the nearest (charged)
particles�atoms in solids or charged monomers in the present
problem. Therefore, the q-integration should be performed
over q ≤ q0 with

q d f a( )0
1 1/3 1

(18)

This adaptation of Debye’s idea to calculations of the
correlation free energy in ionic systems was first proposed in
the context of a non-Debye, strongly correlated plasma86 and
later applied to various ionic systems.64,77,87−89 Following
Brilliantov,64,88 the cutoff value q0 can be found by calculating
the total number of fluctuation modes in a system of volume V
containing = f V a/ 3 particles:

=V q q2
(2 )

4 d 3
q

3 0

20

(19)

The numerical coefficient on the left-hand side of this equation
is due to two (sine and cosine) fluctuation modes
corresponding to the same q vector, while that on the right-
hand side takes into account that there are three translational
degrees of freedom per charge. The latter depends on the
microscopic model of the PAs and would be lower if the ionic
monomers were connected by stiff bonds of fixed length, as
opposed to flexible Gaussian or harmonic springs. Equation 19
leads to a cutoff wavevector given by64

=q f a(9 )0
2 1/3 1

(20)

A similar value of q0 was reported by Bohm and Pines in their
seminal work on the degenerate electron gas, where the RPA
method was first introduced.90 The idea of the RPA integration
cutoff has appeared before in the PE literature in the context of
semidilute solutions,77 albeit the physical motivation in that
work was somewhat different.91 To recapitulate, the integra-
tion cutoff adopted here is not an ad hoc ansatz but represents
a fundamental physical aspect of the particle-based problem,

which is important for arriving at a correct representation in
terms of fluctuating fields.
The final results for the RPA correlation free energies given

by eq 17 can be found analytically for all three sequences
considered here. For alternating sequences, λ = −1, one can
find
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where
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Here rp = (48πuf 2ϕ)−1/4a is the polymer screening radius, and
Rf = (12f)−1/2a the distance between adjacent charges along
the chain.28−30 For f = 1, eq 21 is similar to the correlation
energy recently reported for polyzwitterions with monomer
dipole moments perpendicular to the chain backbone.89

For ideally random PAs, λ = 0, our result coincides with that
reported by Brilliantov for OCP:64
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Finally, the correlation free energy for diblock PAs, λ → 1, is
given by
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with ϰ2 = 1−4 s−2. In eq 24, the term linear in ϕ is physically
irrelevant and has been omitted.92

Equations 21, 23, and 24 are the main results of our work.
They are equally applicable to macroscopic self-coacervate
phases of PAs and to the interior of the PA globules. Moreover,
eq 24 is valid for symmetric PE complex coacervates. Below we
demonstrate that these results unify the regimes of weak and
strong charge correlations.
The strength of Coulomb interactions and charge

correlations is controlled by the dimensionless parameter t0
= q0rD = 1.598Γ−1/2, which is closely related to the Coulomb
coupling parameter9,64,66
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(25)

Γ is equal to the ratio between the Coulomb energy of the
charge and the thermal energy kBT, Γ ≃ |W| (see eq 8).
Therefore, t0 ≫ 1 (Γ ≪ 1) and t0 ≪ 1 (Γ ≫ 1) describe the
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regimes of weak and strong correlations, respectively. Figure 2
summarizes the regimes of charge correlations predicted here.

III.2. Regime of Weak Charge Correlations. For weak
charge correlations, t0 ≫ 1 (Γ ≪ 1), our results coincide with
those of the standard RPA without the integration cutoff:29,30

= [ + ]F
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The parameter s defines the density regime of the system as
well as the charge screening regime,29 as seen from eq 22. If
charge correlations are weak, the equilibrium densities of PA
globules in a Θ solvent are low, s ≪ 1. In this case, the
correlation free energies for alternating and diblock PAs are
given by

F u f
4 3RPA

alt 2 3/2 2

(29)

F uf
(48 )

6 2
( )RPA

db
3/4

2 3/4

(30)

where the term linear in ϕ in eq 29 (the self-energy of dipoles)
has been omitted. Combining the results above for the
correlation free energies with the three-body repulsive
contribution, Fvol = wϕ3, we arrive at the equilibrium globule
densities in the regime of weak correlations
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8 3alt

2 3/2 1

(31)

= i
k
jjj y

{
zzz ufw

36rand

1/3
2/3

(32)

= uf w
1

2 (3 )
( )db 2/3 1/9

2 1/3 4/9

(33)

They are consistent with the scaling results given by eqs 1, 3,
and 5.25 The numerical coefficient in ϕalt differs slightly from
that reported earlier25,28,93 because of the approximation
adopted here for the charge structure factor galt. One can also
confirm that the low density requirement, s ≪ 1, is fulfilled
provided that charge correlations are weak, t0 ≫ 1.
Finally, for weak charge correlations and high polymer

densities, t0 ≫ 1 and s ≫ 1 (see Figure 2), the RPA correlation
free energy is sequence-independent and reduces to the
Debye−Hückel result given by eq 27 for any PA.82 This regime
does not arise for equilibrium PA globules in a Θ solvent and
can only be realized if the globule is compressed by external
forces or if a high polymer concentration is created by the non-
Coulomb attractions between monomers (e.g., poor solvent
conditions).
III.3. Regime of Strong Charge Correlations. At t0 ≪ 1

(Γ ≫ 1), charge correlations are strong and the system is
therefore dense, st0 ≳ 1. The latter condition demonstrates that
adjacent charges along the chain are no longer the only nearest
spatial neighbors of a given charge, Rf ≳ d. In the asymptotic
limit of st0 ≫ 1, when the closest connected charges cease to
be the nearest spatial neighbors, Rf ≫ d, the RPA correlation
free energies are independent of the PA sequence:
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Equation 34 is consistent with the scaling estimate given by eq
10 and the microscopic picture of the charge spacing at Rf ≫ d
shown in Figure 1.
The limit of st0 ≫ 1 and Rf ≫ d cannot occur for highly

charged PAs with f ≃ 1, which represent the primary interest of
this work, particularly in the context of strong correlations.
Fully charged PAs at high Bjerrum lengths are expected to
exhibit Rf ≃ d and st0 ≃ 1. According to the scaling picture of
dense PA globules shown in Figure 1, the WL behavior should
remain valid at the Rf ≃ d crossover, when each charge is
surrounded by many other charges (the coordination number
for a 3D liquid of spheres is ≃10), with just two of them
connected by a chemical bond. If that is the case, the question
arises: why is the requirement of Rf ≫ d necessary to obtain
the asymptotic eq 34 from the general RPA results, eqs 21 and
23−24?
The answer is provided by the different reference levels

(states) with respect to which the energy of Coulomb
interactions is calculated within the RPA and the scaling
approaches. Scaling estimates of eqs 8−10 implicitly assume
that the ground level is the system of disjointed point charges at
infinite distance. For the RPA calculations, the reference state
depends on the self-energy subtraction and, according to eq 17,
corresponds to the point charges already connected by Gaussian
threads (chemical bonds) into single PA chains located far
from each other.40,83 In the presence of the q cutoff, when (the
term corresponding to) the self-energy of PA chains becomes
nonlinear in ϕ and therefore relevant for thermodynamics, this

Figure 2. Scaling regimes of charge correlations in polyampholyte
self-coacervates/globules and correlation free energy densities
predicted within the generalized RPA: (a) results of the standard
RPA for low densities and weak correlations; (b) Debye−Hückel law
for high densities and weak correlations; (c) Wigner liquid scaling for
dense systems with strong correlations. The shaded area corresponds
to a nonphysical range of parameters. The arrow illustrates the
evolution of the system with increasing u.
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choice of the ground state, provided by Fself = FselfPA, is necessary
to properly describe Coulomb attractions between opposite
charges and the resulting collapse of PAs. Thus, FRPA does not
account for 1−2, 1−3, and further electrostatic interactions
along the chain and does not reproduce WL scaling without
fulfilling the condition that Rf ≫ d.
Nevertheless, substituting the subtracted self-energy of PAs

with that of the point charges in eq 17
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allows us to change the reference energy level and obtain F̃RPA,
thereby satisfying WL scaling, eq 34, without the requirement
that Rf ≫ d (st0 ≫ 1). In contrast to FRPA, the renormalized
F̃RPA takes into account electrostatic interactions between all
connected charges, including those between the nearest
bonded monomers. For ideally random PAs, charge statistics
provide a zero self-energy for their connectivity and FRPArand =
F̃RPArand. For alternating PAs, F̃RPAalt is given by eq 21 without the 3
s−1arctan(st0) term in the brackets. For diblock PA, F̃RPAdb can be
obtained from eq 24 by canceling the 3/s2t0 contribution in the
brackets because the latter arises from the integration of the
connectivity-related part of the diblock PA structure factor,
gdb(q) − 1 = 12f/(qa)2. We emphasize that FRPA, rather than
F̃RPA, should be used to find the equilibrium globule density ϕ;
after ϕ is obtained, the calculated F̃RPA represents the energy of
Coulomb interactions between all ionic monomers in the
system and can be compared to that obtained directly from
simulations.
Finally, it should be noted that the case of strong charge

correlations, t0 ≪ 1, and simultaneously low densities, st0 ≪ 1
(Rf ≪ d), seems unphysical and is not considered here. It
corresponds to an unstable configurations of charges, which
interact strongly but do not approach each other closely.
III.4. Comparison to the Mean Spherical Approxima-

tion (MSA). The MSA is the classical approximation in the
LST, which extends the DH theory of simple electrolytes from
weak to strong Coulomb interactions. The MSA provides the
correlation free energy of the restricted primitive model of
simple electrolytes (disjointed charged hard spheres) in
analytical form:5,6

= [ + + + ]F
a

x x x1
12 ( / )

3 6 2 2(1 2 )MSA 3
2 3/2

(36)

Here σ is the diameter of ions, and x = σ/rD is the ratio of the
ion diameter to the Debye length. The MSA50−52 (and related
LST approaches47) have been recently used to describe strong
charge correlations in fully charged PE complexes and PAs
with f = 1. It is of interest to compare the results of the
improved RPA and the MSA. In the regime of weak charge
correlations, rD/d ≫ 1 and therefore x → 0, the MSA
reproduces the DH correction for disjointed charges, FMSAWC ≈
−a3/12πrD3. For strong charge correlations, rD/d ≪ 1 and
therefore x → ∞, the leading contribution is given by

F
l

MSA
SC b

(37)

This asymptotic result predicts a slightly different power-law
dependence on ϕ as compared to eq 10, FSC ∼ ϕ versus FSC ∼
ϕ4/3 (ion pairing scaling versus Wigner liquid scaling).

However, we note that the basic MSA assumption is that
ions are treated as charged hard spheres interacting via the
following pairwise potential
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(38)

This form of vij(r) suggests that when charge correlations are
very strong and the system is almost incompressible, the
concentration of ions and ionic size are coupled through ϕσ3/
a3 ≃ 1. Using this relationship, one arrives at

=F uMSA
SC 4/3 (39)

which is consistent with our result and WL scaling.
The similarity between the MSA and the generalized RPA

stems from the linearity of both approaches. Within the MSA,
the closure between the pairwise potentials and direct
correlation functions is given by cij(r) = −vij/kBT for r > σ.
The interaction-induced contribution to the RPA correlation
functions, which is defined by the second term in eq 12, is
identical. Moreover, the q cutoff introduced into the
generalized RPA virtually implies that the system is locally
incompressible, cij(r) ≈ 0 for r ≲ q0−1 ≃ d, because no
integration over these short-wavelength fluctuations is
performed. When the system is so dense that the dependence
of q0 on ϕ is negligible and d ≃ σ, this coincides with the MSA
closure approximation for short distances, cij(r) = 0 for r < σ.
In a similar way, Ermoshkin and Olvera de la Cruz have argued
earlier that introducing the ϕ-independent integration cutoff to
the RPA, q0

1, can be used to account for the hard-sphere
nature of monomers.77 Using this hard-core cutoff would yield
FSC ≃ −ufϕ scaling for the RPA correlation free energy, which
exactly coincides with the MSA, as demonstrated in the
Supporting Information. In contrast, using the concentration-
dependent cutoff q0 ≃ d−1 ≃ a−1( fϕ)1/3 results in FSC ≃
−u( fϕ)4/3. We, however, emphasize that the latter cutoff,
which is defined by eq 20, has more rigorous and universal
physical grounds, as discussed earlier. It is not limited to the
hard-sphere case and is applicable to more realistic systems
with arbitrary repulsive parts of the pairwise interaction
potentials. Recall that the MSA indeed exhibits some artifacts
caused by hard-sphere interactions, which can be eliminated if
the repulsion is softened.10

The key advantage of the improved RPA over the MSA is
that it accounts for charge connectivity in a reasonable manner,
which is crucial in the weak correlations regime. Additionally,
the generalized RPA is not limited to f = 1.
III.5. Applicability Range of the Generalized RPA. The

RPA is applicable to concentrated homogeneous systems with
weak density fluctuations.80,81 It is therefore expected that the
generalized RPA is valid in the regimes of both weak and
strong correlations. To rigorously demonstrate that, the next
order term F(3) should be compared with the calculated
Gaussian correction. The former is given by29
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where Γ(3)(q1,q2,q3) is the third-order vertex function, G(q) is
given by eq 12, and the same integration cutoff has been
introduced as that used for the second-order term calculations.
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The RPA’s validity has been established when charge
correlations are weak.29,46 To illustrate this, consider ideally
random PAs with Γrand

(3) (q) ≃ ( fϕ)−2 and Grand(q) = fϕ/(1 +
rD−2q−2). Neglecting the integration cutoff, one can obtain the
estimate Frand(3) ≃ a6/fϕrD6 and find that the perturbation theory
parameter (PTP) is small
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provided that d ≫ lb. This constraint is nothing but the
requirement of weak correlations, which, under Θ solvent
conditions, reads uf1/2 ≪ 1.
If charge correlations are strong, and an integration cutoff is

essential, t0 ≪ 1, the next order correction is given by Frand(3) ≃
(arDq02)6/fϕ ≃ (q0a)3t06, which is independent of the PA’s
sequence. The validity of the RPA
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is now provided by d ≪ lb, satisfied in the regime of strong
correlations. This conclusion is consistent with the detailed
analysis of ref 87 serving to demonstrate that for strongly
correlated OCP higher-order corrections to the improved RPA
term are essentially negligible.
The discussion above underscores that the improved RPA is

rigorous and asymptotically exact for both weak and strong
correlations. Using the integration cutoff due to hard-core
repulsions between monomers, q a0

1, instead of that due to
a finite number of fluctuation wave modes, q0 ≃ d−1, would
change the above analysis and slightly compromise the
applicability of the generalized RPA, as demonstrated in the
Supporting Information.
The only unexplored assumption is that of the globule/

macrophase internal homogeneity. To perform a stability
analysis with respect to microphase separation, one should
calculate the RPA spinodals by also taking into account short-
range repulsive interactions. This interesting problem is
beyond the scope of this work.
Other aspects neglected within the considered theoretical

model and the following simulations are polymer−solvent
dielectric (polarizability) mismatch and related solvation

effects.54,73−75,78,94−97 They become important at high
polymer densities, when the dimensionless Bjerrum length u
substantially depends on ϕ and should be accordingly
renormalized.
We finally note that the extension of the developed

framework to the salt-containing systems appears straightfor-
ward and should be performed in forthcoming publications.

IV. COLLAPSE OF POLYAMPHOLYTES OF DIFFERENT
SEQUENCES

To describe the collapse of sequence-specific PAs induced by
the increasing strength of Coulomb interactions, we use the
Flory-type approach formulated by Birshtein and Pryamitsyn,98

which was later refined by Grosberg and Kuznetsov.99 Chain
size is described by the dimensionless swelling ratio

=
R

R
g

g
id

(43)

where Rg is the equilibrium radius of gyration, and
=R a N / 6g

id is that for the ideal-coil state. The free
energy of the PA chain

= + +conf Coul vol (44)

consists of three terms responsible for (i) the conformational
entropy, (ii) Coulomb correlation attractions, and (iii) short-
range excluded volume repulsions. The entropic term is written
as an interpolation between the regimes of swollen and
collapsed PA99

= +9
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2 2

(45)

which takes the minimal value at α = 1 in the ideal-coil state.
The second term is given by
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Here we have used the relationship =R R/ 3/5g between
the radius of gyration and the geometrical radius in the
globular state.99 FRPA is given by eqs 21 and 23−24, which
were derived for the sequences considered in the previous

Figure 3. Collapse of alternating, random, and diblock PAs induced by Coulomb interactions under Θ solvent conditions: (a) swelling ratio α of
PAs and (b) polymer volume fraction η within them as functions of the dimensionless Bjerrum length, u = lb/a. PAs are fully charged, f = 1, and
consist of N = 103 monomers. A comparison of these results with those obtained within the standard RPA is performed in the Supporting
Information.
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section. The third contribution, due to short-range repulsions,
can be calculated in a similar way, = VF a/vol vol

3.
After several simple transformations invoking α3 = t3/N1/2ϕ

closure with =t 81/5 103 and minimization of with
respect to the globule density ϕ, one arrives at an equation that
expresses the balance of osmotic pressures

+ + =t
N N t
3

2
3

2
0vol RPA

2

4/3
1/3

2/3 2
5/3

(47)

Here πRPA = ϕ·∂FRPA/∂ϕ − FRPA and
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with η = πϕ/6 equal to the dimensionless packing fraction
(volume fraction) of the monomers. Here we have assumed
that the diameter of the spherical monomer and the polymer
statistical segment are equal, σ = a. Equation 48 is the
Carnahan−Starling (CS) result,10,50,100−102 with the last term
in the brackets subtracted to accommodate Θ solvent
conditions, πvol ∼ η3 for η → 0. Another option would have
been to use the Flory−Huggins expression with χ = 1/2, but it
strongly overestimates the globule’s compressibility at high
densities.
The resulting dependence of the PAs dimensions and

densities on the strength of Coulomb interactions are shown in
Figure 3. High clustering of opposite charges facilitates the
early onset of the PA contraction, continuous shrinking, and a
high density in the resulting globule. Figure 4 shows that in the
regime of weak charge correlations PA dimensions approx-
imately follow the expected scaling laws25
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(49)

that stem from eqs 31−33. These slopes are obtained within
the so-called volume approximation, neglecting the conforma-
tional entropy and/or the surface energy of the globule.99,103

The collapse of alternating PAs resembles that of a neutral
polymer in a poor solvent (see section II.1), with a distinctive
deviation from the volume approximation scaling in the early
stages of the collapse.99,103 The scaling given by eq 49 works
the best for diblock PAs and less well for alternating PAs, as
seen in Figure 4. This is because of the different u-width of the
regime of weakly correlated globules for different sequences:25

( f N)1/4 for alternating, ( f N)1/2 for ideally random, and
( f N)3/2 for diblock PAs. Here we refer our earlier work25 and
eq 60 herein for a detailed discussion.
When charge correlations become strong, the swelling ratios

of different PAs start to deviate from the scaling laws (49) but
they approach each other, and so do the globule densities. This
behavior is consistent with the universal, sequence-independ-
ent scaling picture of strongly correlated PA globules shown in
Figure 1. Because short-range repulsions within the dense
globule (which we describe by eq 48) do not follow any power
law, no scaling power law is expected for the swelling ratio α.
One can, however, inspect the theoretical scaling for the

energy of Coulomb interactions within the globule (eq 34). To
this end, in Figure 5, we plot the corresponding free energy

density F̃RPA with the reference state being the system of
disjointed charges, as discussed in section III.3. F̃RPA decreases
with increasing Bjerrum length. It is the lowest for a diblock
PA because of the higher density of its globule, and it is the
highest for the most swollen alternating chain. The inset shows
that the limiting strong-correlations law F̃RPASC /uϕ4/3 ≈
−(9/π)1/3 ≈ −1.42 is fulfilled with reasonable accuracy for
all types of sequences at u ≳ 10.
In the limit of weak Coulomb interactions, PAs have ideal-

coil conformations. Here F̃RPA is low, and it coincides with
their self-energy: F̃RPAdb /uϕ4/3 > 0, F̃RPAalt /uϕ4/3 < 0, and F̃RPArand/
uϕ4/3 → 0 at u → 0. These results correspond to the positive,
negative, and zero self-energies of diblock, alternating, and
random PAs.40,83

Figure 4. Swelling ratios of (a) alternating, (b) ideally random, and
(c) diblock PAs in Θ solvent in the regime of weak charge
correlations. The respective scaling laws derived within the volume
approximation are shown with the dashed lines. PAs are fully charged,
f = 1, and consist of N = 103 monomers.
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V. COMPUTER SIMULATIONS
The validity of our theoretical predictions is assessed by
comparing them to results of coarse-grained (CG) molecular
dynamics simulations of chain collapse for single-chain PAs.
Simulations are performed with the LAMMPS package.104 The
Kremer−Grest model105 is augmented with Coulomb
interactions to consider alternating, ideally random, and
diblock copolymers.25 The connectivity of the monomers is
provided by a FENE potential with K = 30kBT/σ2 and R0 =

1.5σ, and all monomers interact via the Lennard-Jones (LJ)
potential. The LJ parameter between all nonbonded monomers
is εLJ = 0.30kBT, and the cutoff distance is Rc = 2.5σ to create
Θ solvent conditions.45 The strength of Coulomb interactions
is controlled by the Bjerrum length; the range of 10−6 ≤ lb/σ ≤
32 is studied here. To assess the reliability of our results at high
Bjerrum lengths, for each chain statistics and lb value, we
performed at least two simulation runs starting from
substantially different PA conformations, typically, a fully
extended rodlike and a compact globular obtained at lower lb.
The state is considered to be at equilibrium if the same value of
Rg (within the statistic error) is obtained for all initial
configurations of the chain. Owing to this procedure of
generating reproducible results, for diblock PAs, we were
limited to lb/σ ≤ 12. For higher lb, diblock PA globules are
essentially frozen in, and the final Rg depends on the starting
conformation of the PA; these nonequilibrium results are not
shown in what follows. We note that 1−2 electrostatic
interactions between adjacent bonded monomers are turned
off to maintain the bond length, but the corresponding energy is
taken into account (using post-analysis with pseudo-simulation
runs) when the Coulomb energyW per one charged monomer
is calculated. Additional simulation details can be found in ref
25.
The simulated dependence of Rg for all PAs, normalized by

the value Rg0 in the absence of Coulomb interactions, is shown
with dots in Figure 6a. The simulation results are consistent
with our theoretical expectations. Figure 6b−d shows that the
predicted scaling laws for the PA globule size in the regime of

Figure 5. Density of the free energy of Coulomb interactions within a
PA chain F̃RPA as a function of the dimensionless Bjerrum length u.
The free energy reference level is the system of disjointed pointlike
charges; i.e., F̃RPA contains the contribution due to the PA self-energy.
The inset shows the dependence of F̃RPA/uϕ4/3 on u. Curves
correspond to Θ solvent conditions, N = 103, and f = 1.

Figure 6. (a) Collapse of PAs with different sequences in Θ solvent. Simulations (dots) were performed for fully charged PAs, f = 1, containing N =
1024 monomers. The value of the radius of gyration in the absence of Coulomb interactions is Rg0 = 18.2 ± 4.4. The error bars are equal to the
standard deviations and highlight the fluctuation regime of the PA. Theoretical curves (solid lines) are calculated for N = 103 and f = 1. (b−d)
Comparison between simulation data (dots) and scaling laws (solid lines) in the regime of weak charge correlations for each of the PA sequences
considered here.
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weak correlations are well reproduced. Note that these scaling
laws were also confirmed in our earlier work25 within another
simulation model, serving to highlight the universality of the
power laws given by eq 49.
A quantitative comparison with the theory developed in

section V can be achieved by plotting (Figure 6) the
theoretical values of Rg/Rg0. They differ from the swelling
ratio α shown in Figure 4 because the latter was calculated with
respect to the ideal-coil state and exceeds unity for u → 0. This
swelling of the (neutral) polymer chain at the Θ point�a
point where the second virial coefficient vanishes�is due to
the three-body and higher-order repulsions,103,106 which are
taken into account by the modified CS expression (eq 48).
The agreement between simulations and theory is

reasonable over the entire range of Bjerrum lengths considered
here. Theory predicts higher dimensions for the PAs at very
high u because of the underestimation of the globule
compressibility. In simulations, monomers are modeled by
soft LJ particles, while the modified CS approach approximates
them by hard spheres. Another inaccuracy is the assumption of
equality between the monomer size and the statistical segment
length, σ = a. In fact, within the KG model, the latter is twice
as large as the former.107 The modification of the RPA charge
structure factors to account for the local rodlike chain
conformations is straightforward40 but would not enable
derivation of closed-form results for the correlation free
energies.
Because the osmotic pressure of repulsive interactions

defined by eq 48 does not follow any power law at high
densities, the theoretical scaling for F̃RPA in the regime of
strong correlations cannot be corroborated by the Rg/Rg0

dependence. For this reason, the (internal) energy of Coulomb
interactions per charged monomer W has been directly
calculated in simulations.68 (In the regime of strong
correlations, free energy and internal energy asymptotically
coincide.) Figure 7a shows the reduced energy of Coulomb
interactions, WRg/u. At low u values, it is positive for diblock
PAs and negative for alternating PAs and tends to zero for
random chains, in accordance with the theoretical expectations
shown in the inset of Figure 5. At high u, when Coulomb
interactions are strong, the reduced energies are very close. If
the Wigner liquid scaling F̃RPA = fϕW ≈ FRPASC ≃ −u( fϕ)4/3 is
correct, the ratio

= i
k
jjj y

{
zzz

WR

u
fN3

5
27
4

g
2

1/3

(50)

is independent of u and of the monomer sequence for u ≫ 1.
Figure 7a illustrates that this is indeed the case. The reduced
energy rapidly reaches a plateau for all PAs considered in our
simulations, WRg/u ≈ −3.5 ± 0.5 in the regime of high
Bjerrum lengths.
The value WRg/u = −6.88 predicted by theory, which is

found by substituting f = 1 and N = 1024 into eq 50, is
noticeably lower. This discrepancy is due to the neglected role
of the globule surface, that is, the volume approximation
implied by the theoretical estimate. In fact, each surface charge
has a 2 times lower number of neighbors and hence half
(absolute value of) the energy of Coulomb interactions. The
random PA globule that forms at u = 32 is shown in Figure 6a;
i t ha s R g = 4 .75σ and a geomet r i c a l r ad iu s

= =R R5/3 6.13g . The resulting globule area A = 4πR2

≈ 470σ2 suggests that nearly half of the monomer is at the
surface, and WRg/u ≈ − 6.88 × 0.75 = −5.16 should be
expected in simulations. This estimate is within 30% of the
actual value and confirms the accuracy of the derived FRPA in
the limit of strong correlations. Moreover, eq 34 was derived
under the assumption that the charges are connected by
flexible Gaussian threads, which does not diminish the number
of degrees of freedom, that is, three per monomer. In
simulations, FENE bonds with K = 30kBT/σ3 are remarkably
stiff and vibrations of the bond length are weak and negligible,
so that each charge may effectively have only 2 degrees of
freedom. If so, substituting 3 → 2 in the right-hand side of eq
19 yields q0bond = (6π2fϕ)1/3a−1 and

= =i
k
jjj y

{
zzzF u f F6

( ) 0.87RPA
SC,bond

1/3
4/3

RPA
SC

(51)

This improves the theoretical estimate further,WRg/u ≈ −5.16
× 0.87 = −4.49, leading to an accuracy of about 20%. The
numerical agreement is reminiscent of the high accuracy of the
RPA with the integration cutoff for the strongly correlated
OCP.64,87 The remaining discrepancy can be partially
attributed to the approximate, asymptotic equality between
the free energy of Coulomb interactions found theoretically
and their internal energy obtained in simulations. More
rigorous tests of the predicted numerical coefficient could be
performed via simulations of macroscopic (self-)coacervate

Figure 7. Reduced energies of Coulomb interactions per charge WRg/u (a) and W/u (b). According to the Wigner liquid and ion-pairing
theoretical models, the values of WRg/u andW/u, respectively, should be independent of u in the regime of strong charge correlations, u ≫ 1. The
snapshot shown here depicts the structure of the strongly correlated globule of a random PA at u = 32.
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phases and comparing the results to the theoretical internal
energy of electrostatic interactions. The latter can be found
from the free energy, for example, by using a Legendre
transform.2

Finally, Figure 7b shows the values of W/u, which should be
independent of u if the model of ion pairing and formation of
the dipoles of fixed size was valid. One can see that W/u
decreases substantially, even at very high u values, when |ΔEip|
≫ 1 and all monomers should form ion pairs. This continuous
decrease in W/u is caused by the decreasing distance between
nearest charges. The concerns raised earlier regarding pairwise
ion association models in the context of strongly charged PAs
are illustrated by the image showing a dense PA globule in
Figure 7a. Every ionic monomer, even at the globule surface, is
surrounded by approximately 5−7 surface counterparts as well
as some others from the globule bulk. This correlation picture
corresponds to the Wigner liquid representation sketched in
Figure 1.
In summary, simulations confirm the limiting power laws

derived here for weak and strong correlations. Furthermore,
their agreement with theoretical results demonstrates that the
generalized RPA with the q cutoff is nearly quantitative for
strong charge correlations.

VI. CONCLUSION
The random phase approximation (RPA) has been extended to
strong charge correlations, thereby providing a method to
describe the equilibrium structure and thermodynamics of
ionic assemblies such as polyampholyte and IDP globules, their
self-coacervates, and complex coacervates of oppositely
charged polyelectrolytes. The generalization of the RPA was
achieved by (i) taking into account the pointlike nature of
charges in polyampholyte or polyelectrolyte chains and by (ii)
introducing an ultraviolet wavevector cutoff into the
integration over the charge density fluctuations. The second
aspect is sensitive to the microscopic detail of the polymer
model, such as the chain stiffness and the type of the bond
between the monomers, which define the number of
independent degrees of freedom in the system. The proposed
theoretical framework uniquely combines all of the following
four features, which are not simultaneously available in other
treatments of charge correlations in ion-containing polymeric
systems:

(1) It is microscopic, does not rely on adjustable parameters,
and is based on first-principles field-theoretic calcu-
lations of the Gaussian fluctuation correction to the
(zero) mean-field free energy.

(2) It retains the advantages of the standard RPA, such as a
consideration of polymer chain architecture, stiffness,
conformational statistics, and distribution (sequence) of
positively/negatively charged and neutral monomers.

(3) It is rigorously valid in the regime of strong charge
correlations and is in quantitative agreement with results
from simulations. At the scaling level of accuracy, it is
consistent with results for the strongly correlated Wigner
liquid (WL), the one-component plasma (OCP) model,
and the high-density limit of the mean spherical
approximation (MSA) in the liquid state theory (LST)
for simple electrolytes.

(4) It provides the correlation free energies in closed,
analytical form; this enables simple calculations that do

not rely on numerical solution of the integral equations
required within the LST and PRISM frameworks.

One limitation of the proposed approach is it is not
applicable to spatially inhomogeneous systems. However,
violations from homogeneity are only expected in the special
case of low content of ionic monomers, f ≪ 1, and
simultaneous strong attractions, u ≫ 1 (that is, for ionomer-
type systems).
The theory introduced here has been applied to describe

coil-to-globule transitions in polyampholytes with alternating,
random, and diblock sequences of opposite charges. Coarse-
grained computer simulations of polyampholyte collapse were
performed to corroborate key and universal theoretical
predictions. In the regime of weak correlations, when
monomer sequence is critical, the scaling laws for the size of
alternating/random/diblock PA globules are reproduced in
simulations. In the regime of strong charge correlations, our
theoretical result for the energy of Coulomb interactions has
also been confirmed, with reasonable numerical agreement
between theory and simulations. This agreement highlights the
applicability of our approach to single-chain IDPs108−110 and
their self-coacervates27�systems where the precise description
of the crossover region between weak and strong charge
correlations is desired.
We believe that the key ideas of the proposed frame-

work�(i) incorporation of the pointlike nature of charges into
the charge structure factors and (ii) considering only physically
meaningful fluctuations of the charge density field�may also
be helpful for the improvement of other field-theoretic
methods, such as the renormalized Gaussian fluctuation
(RGF) theory by Wang et al. and the field-theoretic
simulations (FTS) by Fredrickson et al. These methods are
generically more accurate than the standard, nongeneralized
RPA but, in their current form, are only applicable to weakly
correlated systems. We emphasize that aspects i and ii are
aimed at providing a consistent formulation of the particle-
based problem in terms of the fluctuating fields, that is, proper
particle-to-field transformations. Therefore, they are universal
and independent of whether the formulated field-theoretic
problem is thereaf ter solved approximately, as within the RPA
and RGF, or exactly, as when FTS is employed.111
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